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A DIOPHANTINE EQUATION 
E. T. BELL, California Institute of Technology 
1. Introduction. Partial integer solutions of the diophantine equation 
(1.1) X?-Y2=Z'— ws, 


some involving integer parameters, but all far from complete, have been given. 
In contrast, the more difficult equation in which the left member is X?+ Y* 
(obviously it is immaterial whether the right member is Z*— W* or Z*+ W*) was 
completely solved in integers by Rosenthall [8] by operating in a certain 
(Dirichlet) biquadratic domain. For (1.1) the rational domain suffices through- 
out. The solution goes through on the strictly elementary level because Dickson 
[2, 4, 5] recast his first proof [1] of the theorem of which Lemma 2 below is an 
instance so as to obviate ideals, and indeed algebraic numbers, entirely. This 
was possible because multiplication of ideals is equivalent to composition of 
certain (composable) forms. Each of the three lemmas is a very special case of 
a corresponding general theorem having numerous applications to diophantine 
analysis. None has yet been fully exploited. 

The structure of the complete integer solution of (1.1) is best seen by leaving 
it in unreduced form. Each of X, Y is of degree 9, and each of Z, W of degree 6, 
in the 9 independent integer parameters a, ), c, f, g, h, k, n, p; the integers 
a, B, y, are defined by 


(1.2) P= y= 1; (5,0) = (y, 47), (27,27), (47,7). 
The solution falls into two parts, (A), (B). 

8X = j[nx(t2 + 302) + + 3s?)], 

8Y = j[nx(t + 30) — fw(r? + 3s*)], 

2Z = jla(rv + st) + B(rt — 3s0)], 

2W = jla(rv + st) — B(rt — 3s0)], 


(A) 


in which j, x, w, 7, s, t, v are integers ranging over all solutions (j, - - - , 9) of 
(1.3) xw = Bj(rt — 3sv). 


All solutions of (1.3) are given by 
j = Bn, x = p(ag + bh), w = ckn, r = ak, 
s = kb, t = bf + cg, v = (af — ch)/3, 
where a, f, c, kh are such that 
(1.5) af = chmod 3. 


The values (1.4) of j, - - - , v substituted into (A) give the first part of the 
complete integer solution of (1.1). We shall omit the details of solving (1.5) 
explicitly and assigning the forms modulo 8 of the parameters. 
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(1.4) 
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4X = j[nx(t? + w + v2) + fw(r? — rs + 
4Y = j[nx(t? + tv + v*) — fw(r? — rs + 5%)], 


(B) 2Z = jla(rv + st) + B(2rt — 2sv — st + or) ], 

2W = jla(rv + st) — B(2rt — 2sv — st + or)], 
in which (j, - - - , v) ranges over all sets of integer solutions of 
(1.6) xw = Bj(2rt — 2sv — st + or). 


All solutions of (1.6) are given by 

j = Bnp, x = — p(ag + bh), w= — ken, r = bf + cg, 
s=-—aft+ch, t= k(2a + b)/3, v= — k(a + 28)/3, 

where k, a, b are such that 


(1.8) k(a — b) = Omod 3. 


(1.7) 


It is readily verified that (A), (B) actually are solutions. Their completeness 
follows from the lemmas stated next. 


2. Three lemmas. In the following lemmas the complete integer solutions of 
the respective equations are as indicated. 


Lemma 1. [6] 
RS = TV: 
R= S = sv, T =r, V = st, 
r, S, t, v independent integer parameters, t, v, coprime if desired. 


Lemma 2. [4, 5] 


R? + 3S? = TV: 
R = Bj(rt — 3s), S = j(rv + st), 
T = j(r? + 35%), V = j(# + 30’); 
(B’) R = Bj(2rt — 2su — st + or), S = +52), 
T = j(2r? — 2rs + 2s?), V = j(2t + 2t + 20%), 
j, 7, Ss, t, v independent integer parameters. 
Lemna 3. [7] 


+ X2¥2 + Xs¥3 = 0: 
X, = kn, = + Xayo, 
Xo = kxo, Yo = — 4191 + X3ys, 
X3 = = — xiy2 — X2ys, 


the small letters independent integer parameters. 
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3. Verification. By the change of notation X+ Y=X’, X— Y= Y’, (1.1) be- 
comes 
(3.1) = Z + ZW + W?). 
By application of Lemma 1, 
X' = 28, Z—W = 
(3.2) 
Y’ = yw, Z7°>4+ZW + W? = yz; 
whence, by elimination of W, 
(3.3) 3Z? — 3xwZ + x?w? — yz = 0, 
to be solved in integers Z, x, y, z, w. The Z-discriminant of (3.3) is the integer 
12yz—3x*w?. This must be the square, (3«)*, of an integer multiple « of 3: 
(xw)? + 3u? = 4yz. 
Referring to (1.2), we write y’=ny, 2’={z. Then 
(3.4) (xw)? + 3u? = y's’. 
Thus far, with Z, W from (3.2), (3.3), and 2X =X’+ Y’, 2Y=X’—Y’, we have 
8X = + fwy’, 8Y = nxz’ — fwy’, 2Z = au+ 
(3.5) 
2W = au — xw, 


where x, w, u, y’, 2’ are to be determined from (3.4). 
Application of Lemma 2 to (3.4) and substitution of the values of x, w, u, y’, 
z’ thus determined into (3.5) give the two parts (A), (B) of the solution, where 
now j, x, w, 7, Ss, t, v are to be found from (1.3) for (A), and from (1.6) for (B). 
Application of Lemma 1 to (1.3) gives 


x = pR, w= Qn, Bj = pn, rt — 3sv = QR, 
and by application of Lemma 3 to the last of these written as 
r-t + s-(—3sv) +Q:(—R) = 0 
we get 
ry = ka, t = bf + cg, 
s = kb, 3v = af — ch, 
Q = ke, R = ag + bh. 


Collecting results we have (1.4), (1.5). This disposes of (A). 
From Lemma 1 applied to (1.6), x=pR, w=Qn, Bj =pn, 


(2¢ + v)-r — (¢+ 20)-s —Q-R =0; 


whence, by Lemma 3, 


} 
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2t ka, bf + cg, 
t+ 20 = — kb, s= —af+ch, 
Q= — ke, R= — ag — bh. 


Collecting results we have (1.7), (1.8), disposing of (B). 
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ON THE MONGE POINT OF THE TETRAHEDRON* 
VICTOR THEBAULT, Tennie, Sarthe, France 


1. Introduction. In recent years some properties, possibly new, have been 
added to this chapter of the geometry of the tetrahedron [1]. We shall mention 
some of them after having generalized the definition of the Monge point in 
order to call attention to various spheres associated with it. Many of the prop- 
erties of these spheres seem to have remained unpublished. 


2. History. In a memoir entitled, Sur la pyramide triangulaire, Monge proved 
that the planes drawn through the midpoints of the edges of a tetrahedron per- 
pendicular to the opposite edges meet at a point M, and that M is the midpoint 
of the segment joining the centroid and the circumcenter [2]. In this memoir 
the hyperboloid of center M, determined by the altitudes, is not mentioned. Its 
fundamental properties seem to have been cited first by Steiner [3]. According 
to Chasles, Monge and Hachette had found the rectilinear generators of these 
second degree surfaces analytically. He adds, “For a long time the only demon- 
stration of this property of the hyperboloid was the initial analytical proof. 
While a student at the Ecole Polytechnique I gave a purely geometric discus- 
sion, which became a part of the course at Polytechnique” [4]. 


* Translated from the French by Col. W. E. Byrne. 
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3. Generalization. The properties proved by Monge are particular cases of 
the following: 


THEOREM I. [f the planes drawn through the midpoints of the edges of a tetra- 
hedron T=ABCD perpendicular to the corresponding (or opposite) edges of a tetra- 
hedron T'’=A'B'C'D’ intersect in a point Q’, the planes drawn through the mid- 
points of the edges of T’ perpendicular to the corresponding (or opposite) edges of T 
intersect tn a point Q. 


Let Ai, Bi, Ci, Ai, By, Ci, and a, bi, af, by, ci be the midpoints of the 
edges BC, CA, AB, DA, DB, DC and B’C’, C’A’, A'B’, D’A’, D’B’, D’C’ of T and 
T’. If the planes drawn through the points A, Bi, C; perpendicular to the edges 
B'C’', C'A’, A’B’ of T’ intersect in a point Q’, these planes are coaxal and the 
triangles A:B,C; (or ABC) and A’B’C’ are said to be skew orthological.* The 
planes through a1, d, c: perpendicular to the sides BC, CA, AB of triangle ABC 
have in common a line dg. For the same reason the planes perpendicular to the 
sides AB, DA, DB of triangle DAB drawn through q, aj, 5) have a common 
line d,. The lines dg and d,, both in the plane through c; perpendicular to AB, 
meet in a point Q, éommon to the five planes considered. The plane drawn 
through cf perpendicular to DC is coaxal with the planes drawn through a; 
perpendicular to BC and through 6b/; perpendicular to DB; hence this sixth 
plane also contains Q, thus proving the theorem. 

If we replace the corresponding edges by the opposite edges, the planes in 
question meet at the points Q; and Q/, symmetrical to Q and Q’ with respect 
to the centroids of T’ and T. The points T and 7” are orthological with respect 
to the midpoints of the corresponding (or opposite) edges. The points Q, and 
Q’ (or Q;, and Q/) are their respective centers of orthology [6]. If T and T”’ 
coincide, Q and Q’ coincide with the circumcenter O of T; Q: and Qi coincide 
with the point symmetric to O with respect to the centroid G of T. We find 
thus the construction indicated by Monge of the point M which bears his name 
and observe at the same time the fundamental property of this point. 


4. Notations. Let the edges of T=ABCD be denoted by BC=a, DA =a’, 
CA =b, DB=b', AB=c, DC=c’. Also let us designate by (O, R) the circum- 
sphere; G the centroid; G,, Gs, G., Ga the centroids of the faces BCD, CDA, 
DAB, ABC; Gi, Gi, Gi, Gi the midpoints of the medians AG,=M,, 
BG, = My, CG. = M., DGa= Ma; Oa, O., Oz the circumcenters of the faces op- 
posite the vertices A, B, C, D; Ay, Bi, Ci, Dj the points of intersection of the 
altitudes AA’, BB’, CC’, DD’ with the circumsphere. 


5. Metric relations. Let O’ be the orthogonal projection oi O on the altitude 
AA’ and let O;, G/’, M!, (t=a, 6, c, d), be the orthogonal projections on the 
planes BCD, CDA, DAB, ABC of O, G, M. We have (in magnitude and sign) 

* If the planes drawn through the vertices of a triangle ABC perpendicular to the correspond- 


ing sides of a triangle A’B’C’ are coaxal, then the planes drawn through the vertices of A’B’C’ 
perpendicular to the corresponding sides of ABC are coaxal. [5]. 


} 
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AA' + AA' + Aj A’ 
2 2 
00.+MMi AA’ 
2 


From the above relations it follows that 


AA’ 
MMi =—-+00=——» 


and 


Hence we have 


THEOREM II. Jn a tetrahedron T the necessary and sufficient condition that the 
Monge point M be interior or exterior to T is that the points A and Aj, Band Bj, 
C and Ci|, D and Dj be separated, respectively, by the planes of the faces BCD, 
CDA, DAB, ABC or that one of these pairs of points be on the same side of the 
plane of the corresponding face. 


COROLLARY. For the point M to be on the surface of the tetrahedron, in the plane 
of a face, or on an edge, or at a vertex, it is necessary and sufficient that the foot of 
the altitude drawn from the opposite vertex, the feet of the two altitudes drawn from the 
vertices opposite the faces which intersect along the edge in question, the feet of the 
three altitudes drawn from the three other vertices, respectively, be on the circum- 
sphere. 


We recall the formulas: 


2 12 
(1) 
2) a’? + + ¢? a? + + ¢”? 
3) 


18 


where pa is the radius of the director circle of the inscribed Steiner ellipse of 
triangle BCD. By applying the theorem on medians to the triangles AOM, 
BOM, COM, DOM and AMG,, BMGs, CMG,., DMGu,, then using Stewart’s 
theorem for the four last named triangles to calculate MG;, we obtain [7], 

a’? + + — a? — — 


(4) MA =R + 


| 
| 
B'B{ CEL D'D{ 
MMi =——, MMi =——;, 
2 2 2 ¢ 

| 1 
( 

| 

} 
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3(a’2 b? 2 2 b’2 /2 
(5) ( + + + a? + +c 
36 
2 a? + 52+ __, 


which will be used later. 


6. Spheres associated with the Monge point. (a) The Longchamps sphere 
of the medial tetrahedron ¢ of T. 


THEOREM III. Jn a tetrahedron T=ABCD, twice the sum of the squares of the 
edges issued from a veriex diminished by the sum of the squares of the edges of the 
opposite face equals six times the power (P;) of that vertex with respect to the Long- 
champs sphere of the medial tetrahedron t=G.G»G.Ga. 


In calling attention to the Longchamps sphere of a tetrahedron T for the 
first time, we established that its center M, coincides with the symmetric of the 
Monge point M with respect to the circumcenter O of T, and that its radius 3p 
is given by [8], 

a? + a” 
(7) 9p? = 3 . 


4 


The Longchamps sphere of ¢ is the transform of the sphere (Mi, 3p) by the ho- 
mothety (G, —1/3); its center coincides with M.* The theorem may be proved by 
using (4) and (7) to show that 


2(a’? + b? + — a? — — 
6 


COROLLARY. In a tetrahedron T the power (P/) of a vertex with respect to the 
Longchamps sphere (Mi, 3p) equals half the sum of the squares of the edges of the 
opposite face. The sum of the powers of the four vertices equals the sum of the squares 
of the edges. 


The median theorem applied to triangle A MM, gives 
3(a? + + c?) +a? + +c”? 


2 
AM,=9R — 4 
and 
(PZ) Am: 9 2 a? + ¢”? 
2 
so that 


(Pi!) = (a? + a”). 


* The sphere (M, p) coincides with the quasi-polar sphere of T of N. A. Court. [9]. Several 
of its properties given by N. A. Court are identical with those contained in our memoirs of 1932 
and 1937 [8]. 


| 
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THEOREM IV. In a tetrahedron T=ABCD the Monge point M coincides with 
the radical center of: the spheres described on the medians as diameters, the spheres 
which admit as great circles the director circles of the inscribed Steiner ellipses of the 
faces, the Longchamps spheres of the medial tetrahedrons of Ta=MBCD, Ty, 
= MCDA, T,=MDAB, These twelve spheres are orthogonal to the 
Longchamps sphere of the medial tetrahedron t. 


From formulas (1) to (7) we have 


1G. 2 72 — } 3 

2 a 2 

x. ~ = R — = = MG, — pa 
4 12 3 


Furthermore, by using the formula for (P,) we obtain the power (Py) of M with 
respect to the Longchamps where (M,’) of the medial tetrahedron of Tu, 


2(M B? + MC? + MD?) — (BC? + BD? + CD?) 
6 


(Pu) 


a? + a”? 


12 


R-> 


Hence the point M is the radical center of the twelve spheres in question and 

its power with respect to these spheres is 

a?+ a’? — R? 


= p’; 


they are all orthogonal to the Longchamps sphere (M, p) of t. 


Coro.iary. Ina tetrahedron T the spheres (G; , M;/2) described on the medians 
as diameters intersect the spheres (Gi, pi) traced on the director circles of the inscribed 
Steiner ellipses of the faces in four circles located on the director sphere (G) of the in- 
scribed Steiner ellipsoid of T [10]. 


CoROLLARY. The Longchamps sphere (M, p) of the medial tetrahedron t is 
orthogonal to the sphere (G) mentioned above [8]. 


THEOREM V. The thirteen spheres (G/,, Mi/2), (Gi, pi), (Mi')) and (G) are 
orthogonal to (M, p). 


(b) Orthocentric sphere. By analogy with the orthocentric circle of a tri- 
angle (Tucker) let us agree to call the sphere (L) of center L described on MG 
a diameter the orthocentric sphere of T [11]. 


THEOREM VI. Eight times the power of a vertex of T with respect to (L) equals 
twice the sum of the squares of the edges issued from this vertex less the sum of the 
squares of the edges of the opposite face. 


1949] ON THE MONGE POINT OF THE TETRAHEDRON 9 


The powers (P;) of the vertices A, B, C, D of T with respect to (L) are equal 
to 
4AL? — GM? 4BL? — GM? 4CL? — GM? 4DL? — GM? 
4 4 4 4 
By application of the median theorem to triangles AGM, BGM, CGM, CGM 
we have, using formulas (1) to (6), 
2(a’? + b? + c?) — a? — — 


(8) (Pa) = 


thus proving the theorem. 


COROLLARY. In a tetrahedron T the sum of the powers of the vertices with re- 
spect to (L) equals the sum of the square of the distances from the centroid G to the 
four vertices. 


By adding relations (8) we find 


x 


THEOREM VII. In a tetrahedron T=ABCD the Menge point M is the radical 
center of the orthocentric spheres (La), (Le), (L-), (La) of tetrahedrons T,, Ts, T-, Ta. 


= GA? + GB? + GC? + GD’. 


By virtue of (8) the power P(M, L,) of M with respect to (L.) may be written 


2(M B? + MC? + MD?) — BC? — CD? — DB? 


P(M, L.) = 3 
4 4 
Likewise, 
(10) P(M, Ls) = P(M, L.) = P(M, Ls) = 0°. 


CoROLLARY. The diameter of the sphere (M, co) orthogonal to the orthocentric 
spheres of T; 1s equal to the radius of the director sphere of the Longchamps sphere 
of the medial tetrahedron t. 


We have 


a? + a’? 
= MO? — = 3R*?— = 


8 

| 
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As a more general proposition, we have 


THEOREM VIIa. The radical center of spheres (wi), (¢=a, b, c, d), such that 
the powers of the vertices of T; with respect to (wi) are k times twice the sum of the 
squares of the edges issued from these vertices less the sum of the squares of the edges 
of the opposite faces, is the Monge point M of T, k being positive or negative. 


By formula (4) we find for the power of M with respect to (wa), 
k[2(MA? + MB? + MC?) — BC? — CA? — AB?] 
F = — > (a? + a’) 


| = 2k(MO? — R?). 
As we shall see later, for k = 1/6 the spheres (w;) are the Longchamps spheres of 
the medial tetrahedrons ¢; of T;. Theorems VII and VII a correspond to k=1/8. 
For k=1/9, the (w;) are the twelve-point spheres of T;. From this we obtain 
the following proposition. 


CoROLLARY. The Monge point M of T is the radical center of the twelve-point 
spheres of the tetrahedrons T;. 


THEOREM VIII. In a tetrahedron T the Monge point is the radical center of the 
spheres described on Aga, Bg», Cg-, Dga as diameters, where g; is the centroid of T;. 


The twelve-point sphere (w, R/3) of T (the circumsphere of the medial 
tetrahedron ¢ of J) is the homothetic transform (G, —1/3) of the circum- 
sphere (O, R) of T. The sphere (w, R/3) is also the homothetic transform 
(M, 1/3) of (O, R). Consequently, the lines MG,, MG, MG., MGa meet (O, R) 
at the points A», Be, C2, Dz, diametrically opposite the vertices A, B, C, D, and 
also at the points A3, B3, C3, D3. Hence 


MAz = 3MG, = 4Mga. 


The point A; is on the sphere described on Ag, as a diameter. The power of M 
with respect to this sphere is 


MA,-MA,; MO? — R? 


11 Mg,:MA;3 = 
(11) g 3 4 4 


thus proving the theorem. 


COROLLARY. That the spheres described on Aga, Bg», Cg., Dga as diameters are 
orthogonal to (M, a) follows from (9), (10), and (11). 


THEOREM IX. In an orthocentric group of five tetrahedrons ABCDH the ortho- 
center of any one of the orthocentric tetrahedrons T=ABCD, T,=HBCD, Ty 
=HCDA, T,=HDAB, Tz=HABC coincides with the radical center of the ortho- 
centric spheres of the four other tetrahedrons. 


| 
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For this configuration the Monge points of tetrahedrons T and 7; coincide 
with the orthocenter H and the vertices A, B, C, D of the orthocentric tetra- 
hedron T. 


COROLLARY. The radical planes of each of the orthocentric spheres of tetra- 
hedrons T; associated with the orthocentric sphere of T coincide with the planes of 
the faces of T, and the six radical axes of the orthocentric spheres of a pair of tetra- 
hedrons T; associated with the orthocentric sphere of T coincide with the edges of T. 


(c) Other spheres. 


THEOREM X. In a tetrahedron T=ABCD the spheres described on the director 
circles of the inscribed Steiner ellipses of the triangles BCD, CDA, DAB, ABC as 
great circles are orthogonal to the spheres described on MA, MB, MC, MD as di- 
ameters. 


The power of the centroid G, of the face BCD with respect to the sphere 
(Ai) of center A; described on MA as a diameter has for its value 


4G,A2—MA? AG2+MG2— MA? 
4 2 
By formulas (1) to (6) the above expression may be reduced to 
a? + b/? + ¢”? 
= 


Analogous formulas hold for P(G,), P(G.) and P(Ga), thus verifying the proposi- 
tion. 


= 


= pe. 


COROLLARY. In the medial tetrahedron t the vertices Ga, Gs, Ge, Ga are situated 
in the radical planes of the Longchamps sphere (M, p) associated with each of the 
spheres (Ax), (B1), (Ci), (Di). 


THEOREM XI. In a tetrahedron T the circumsphere intersects the spheres 
(Ga, Par\/ 2) in great circles. 


_From (3) and (6) it follows that 


ROG = 


7. Coaxal pencils of spheres. The spheres (GZ ), (g/), (A1) described on AG,, 
Ag., AM as diameters have the points A and A; in common; 44; is their radical 
axis. Since the sphere (Ga, pa) is orthogonal to (A1) and to the Longchamps 
sphere (M, p) of the medial tetrahedron #, the radical plane of (A1) and (M, p) 
perpendicular to A:M, passes through G, and intersects AA; at the radical 
center A, of (A:), (M, p), (Gi), (gd), (O, R). AsM meets AG, at right angles at 
As, since M is the orthocenter of the triangle AG,A,4. Hence A; is on the ortho- 
centric sphere (L), 
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A4A3:A4A = A4M 


the spheres (O, R), (L), (M, p), whose centers O, L, M are collinear, belong to a 
coaxial pencil (F) of spheres. Their common radical plane (7), perpendicular 
to OG, contains the point A, as well as the analogous points By, C4, Dy. Further- 
more, since the Monge point M has the same power with respect to the spheres 
(GZ) and (Ga, p2) by Theorem IV, the radical plane of these spheres, perpendicu- 
lar to G/ Ga, contains the line A4A5. The line A4As is situated also in the radical 
plane of the spheres (G,, pa) and (G, a). Hence the sphere (G, a) is a fourth 
sphere of the coaxal pencil (F). If the radical plane (7) of (G, «) and (O, R) inter- 
sects OG at K, we have 


— a? — GO? — R*) = 2G0-GK. 


Since 
a? 
and 
a? + a” 
GO? = R? — ’ 
16 
we find 
a? + a” 
GK = 
48GO 


The point w, the center of the circumsphere (w, R/3) of the medial tetrahedron . 


t (twelve-point sphere of 7), is on OG, and 


Gw 1 
3 
GO 
Kw = KG -- — 
3 
KO = KG + GO. 


As ‘KG?—o? = Kw*— R?/9, K has the same power with respect to (G, o) and 
(w, R/3). We conclude that (w, R/3) belongs also to the coaxal pencil (F). 


THEOREM XII. The great circles cut from the spheres (Ga, Pa), (Gs, pr), (Gey Pe), 
(Ga, pa) by the diametral planes of these spheres perpendicular to MGa, MG,, MG., 
MGz are on a sphere (m, r) which belongs to the coaxal pencil (F). 


| 
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If m is the Monge point of ¢t we observe that mG,= MA/3, mG,=MB/3, 
mG.= MC/3, mGa= MD/3. Formulas (3) and (5) show that 
— [R? + >> (a? + a’?)/4] _—? 


mGe + pa 


II 


The common centroid G of T and ¢ is at an algebraic distance d, from the 
radical plane of (m, r) and (G, o) such that 


2GO-d, 
Gm? — + 0? = 2Gm-d, 


Hence d, = > (a?+a"2)/480G =GK; so (m, r) belongs to (F). 


CoROLLARY. In an orthocentric tetrahedron T the director circles of the in- 
scribed Steiner ellipses of the triangular faces of T are on the same sphere, whose 
center 1s the orthocenter of t. 


THEOREM XIII. For a tetrahedron T the circumsphere, the twelve-point sphere, 
the orthocentric sphere, the director sphere of the inscribed Steiner ellipsoid, the 
Longchamps sphere of the medial tetrahedron t [13] and the sphere (m, r) belong to 
the same coaxal pencil (F). 


Note 1. The homothetic transform (G, —3) of this configuration is another 
coaxal pencil of spheres to which we have called attention [13], adding (M, 3r) 
as the transform of (m, r). 

Note 2. This theorem generalizes and completes a known proposition relative 
to a triangle [14]. 
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A NOTE ON PURE RECURRENCE RELATIONS 
SISTER MARY CELINE FASENMYER, Mercyhurst College 


1. Introduction. The pure recurrence relations of many of the classical poly- 
nomials, for example, the Laguerre [5], and in particular those of the hyper- 
geometric type, such as the Jacobi [5], Legendre [5], and so on, are readily 
obtained by the method exhibited in this paper. Many of the recently studied 
polynomials, as Rice’s H,(£, p, v), [4] and [3], Bateman’s J%", [1] and [3], 
and Bateman’s Z,(#) [1], lend themselves to this treatment. It is particularly 
useful for polynomials which do not form an orthogonal set, and for which there 
are not available the extremely simple methods of the theory of orthogonal 
polynomials. 


2. Pure recurrence relation for Bateman’s Z,(t). To illustrate we use the 
polynomial 
6(—n),(n + 1),¢" 
Z(t) = oF o(—n, n + 1;1,1;4 = >> 
r=0 (r!)8 
in which (a),=a(a+1) - ++ (a+r—1); (a)o=1. To simplify the exposition we 
let 


Z,(t) 


where, of course, 
(—n),(n + 
We list a sequence of the Z;,(#) and ¢Z,(t) in which for 


clarity we exhibit each in both its explicit form and also in a form involving 
B, as defined above. Thus 


= 


r=0 (r!)8 r=0 
= (—n + = —r 
(r at 1)!3 = (n r)(n + r) By 
r=0 (r!)8 (n+r)\(n—1+7) 
+ 2)1(m — — r(n — 1) 
Zn-2 = 
(r — ro —-2+4+7) 6 


14 
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(—n + 3),(m — 


If the coefficients of 8, in the above series are written with a least common de- 
nominator, and the numerators are polynomials of degree at most four in r, 
then a linear combination of the six series would have as numerator of its coeffi- 
cient of 8, a polynomial of degree four in r. Such a linear combination would 
leave five undetermined constants with which to make the five coefficients in 
the fourth degree polynomial vanish. This suggests that for m= 3 there exists a 
linear recurrence relation of the form 


(1) Zn(t) + (A + + (C + Di) Zn-2(t) + EZn-s(t) = 0, 


in which A, B, C, D, and E are rational functions in m and are independent of t. 
To determine the coefficients in (1) we replace the several Z,(¢) and ¢Z,;(t) by 
their respective forms where the factor 8, occurs explicitly under the summation 
sign. Equating coefficients of 8,, we have for r20 


A(n — r) Br’ C(n — r)(n — 1 — 1) 
(2) (n + (n+ r)(n —1+ 7) (n+r)(n—1+ 7) 
Dr*(n — r) E(n — 2-7) 


Clearing the above expression of fractions gives the following identity in r: 
(r+ +n— +n — +n — 2) 

(3) — Bri + — 2) + + + 2 — + — 2) 
+ 9) + + + — 2) = 


From this identity we can readily determine the coefficients in (1). Substituting 
the values thus obtained and clearing the result of fractions, we get, for 23, 
the four-term recurrence relation: 


“) ‘n?(2n — 3)Z, — (2n — 1)[3n? — 6n + 2 — 2(2n — 3)t]Z,-4 
4 
— (2n — 3)[3n? — 6n + 2 + 2(2n — 1)t]Z,-2 — (2n — 1)(m — 2)%Z,_-3 = 0. 


3. A generalized hypergeometric polynomial with one parameter. We use a 
special case of a set of generalized hypergeometric polynomials [2], namely, 


(5) fala; —; x) = n + 1, a; 3,1; x) = + 1)r(a) 


r=0 (3)-rir! 


(a is independent of m and does not equal one or one-half) as a second example 
to depict the method in a more concise form. In the array below, the quantity 


| 

| 
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following the colon is the factor by which 


(—m)-(n + 1),(a),x* 


(3)rir! 
must be multiplied under the summation sign to give the respective expres- 
sions summed for each of the f; and xf, (k=n, n—1, +--+) where f; is an ab- 
breviation for f,(a; —; x). Then 
| 
(—r +n) 
(r+ n) 
—r(r—} 
2) 


“(r+ 
a n)(—r +n — 1) 
(r+ n)(r +n — 1) 
+0) 

(r+ n)(r +n — 1)(r7 +n — 2) 
It is easily seen that when the above fractions are written with a least common 
denominator, neither it nor any numerator exceeds degree four in r. Hence, a 
linear combination of these fractions, with five constants to be determined, 


equated to zero gives an identity in 7 from which we can readily find the coeffi- 
cients of a pure recurrence relation involving four of the f;,. For n2=3 


nf, — [(3n — 2) — 4(n — 1+ a) x] 
+ [(3n — 4) — 4(n — 1 — a)x]f,-2 — (mn — = 0. 


Xfn—2 


(6) 
It is worth noting that for the polynomial 


r=0 ao 


the recurrence relation 
(7) nf, — (3n — 2 — 4x) + — 4+ 4x) fro — (m — 2)fr-3 = 0 


can be obtained from (6) by a limiting process. The reader may also derive (7) 
by using the method of this note. 
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THE NUMBER OF REPRESENTATIONS OF AN INTEGER AS THE 
SUM OF A PRIME AND A k-FREE INTEGER 


L. MIRSKY, University of Sheffield, Sheffield, England 


1. Introduction. T. Estermann* has discussed the representation of an in- 
teger as the sum of a square and a square-free number. Making use of a some- 
what similar method, I shall establish the following result. 


THEOREM 1. Let k be any integer greater than 1, and H any positive number. 
Then every sufficiently large integer n can be represented as the sum of a prime and 
a k-free integer.** For n— © the number T(n) of such representations is given by 


du 
Lin= 
2 log u 


and the O-constant depends at most on k and H. 


where 


-2. Notation. Our notation is as follows. The symbols u(m), (”) denote, as 
usual, the functions of Mébius and Euler, and p;(m) is defined as 1 or 0 according 
as 7 is or is not k-free. 

The letter x denotes a certain function of m (to be fixed later) which tends 
to infinity with m; other small letters denote positive integers, and p is reserved 
for primes. 

The highest common factor of a and b is denoted by (a, b). 

The O-notation refers to the passage n—> ©, and O-constants depend at most 
on kand H. 


* Einige S§tze iiber quadratfreie Zahlen, Math Annalen, vol. 105, 1931, pp. 654-662, §1. 
** An integer is called k-free if it is not divisible by the kth power of any prime. 
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3. Proof of Theorem 1. Since 


(a), 


a* 


we have 


T(n) = mlm) = 


m+p=n a" b+p=n 
a* p=n,aSz a” b+p=n,a>z 


| 


say. To evaluate >. we use the well known result* that, for (d, g) =1, | 
1 


1 n 
1=——Lint+ o( ) 
p<n,p= d(modgq) $(q) log?# n 
Hence we have 


aSz p<n, p=n(moda*) 


Furthermore 


2 


Il 


IIA 
IIA 
© 
ll 


Thus we have 


a*bin=p,a>z 
1 n log log *) 
T(n) = 1— ——— })Li n + O| ————_- 
») p*"(p =) ( x log n 


nx n 
+0(“=-) +00) +0(*), 
n x 


* See, e.g., J. G. van der Corput, Sur l’hypothése de Goldbach pour presque tous les nombres 
pairs, Acta Arith., vol. 2, 1937, pp. 266-290, Footnote 4. 


1 
= 
| 
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and Theorem 1 follows on putting x =log #n. 


4. Another result. In his paper referred to previously, Estermann also ob- 
tained an asymptotic formula for the number of square-free integers not exceed- 
ing m and having the form a?+/, where / is a given non-zero integer. Cor- 


_ respondingly, we have the following result. 


THEOREM 2. Let l be any non-zero integer, k any integer greater than 1, and H 
any positive number. Let, moreover, U(n) denote the number of k-free integers 
m Sn, having the form m=p-+l. Then, asn—>, 


where the O-constant depends at most on k, 1, and H. 


The proof of this result is very similar to that of Theorem 1, and may be left 
to the reader. 


MATHEMATICS 
C. O. OAKLEY, Haverford College 


Mathematics is one component of any plan for liberal education. Mother of 
all the sciences, it is a builder of the imagination, a weaver of patterns of sheer 
thought, an intuitive dreamer, a poet. The study of mathematics cannot be re- 
placed by any other activity that will train and develop man’s purely logical 
faculties to the same level of rationality. Through countless dimensions, riding 
high the winds of intellectual adventure and filled with the zest of discovery, the 
mathematician tracks the heavens for harmony and eternal verity. There is not 
wholly unexpected surprise, but surprise nevertheless, that mathematics has 
direct application to the physical world about us. For mathematics, in a wilder- 
ness of tragedy and change, is a creature of the mind, born to the cry of human- 
ity in search of an invariant reality, immutable in substance, unalterable with 
time. Mathematics is an infinity of flexibles forcing pure thought into a cosmos. 
It is an arc of austerity cutting realms of reason with geodesic grandeur. Mathe- 
matics is crystallized clarity, precision personified, beauty distilled and rigor- 
ously sublimated. The life of the spirit is a life of thought; the ideal of thought 
is truth; everlasting truth is the goal of mathematics. 


} 
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A SIMPLE PROOF THAT, FOR ODD p>1, ARC COS 1/p 
AND x ARE INCOMMENSURABLE 


B. H. ARNOLD and Howarp Eves, Oregon State College 


The purpose of this note is to give a short and elementary proof that, for p 
an odd integer greater than 1, @=arc cos 1/p and 7m are incommensurable. The 
case p=3 is of importance in the theory of equivalence of polyhedra by dissec- 
tion, and proofs for this special case, not so simple as the following, have been 
given [1, 2, 3]. On the other hand a more general theorem, embracing ours, but 
utilizing more advanced notions, has been given by D. H. Lehmer [4]. 

The proof proceeds by contradiction. Assume the existence of two relatively 
prime integers r and s such that 


(1) 10 = sr. 
Consider the binomial expansion 
(2) (cos 6 + i sin = @ sin” 6. 
n=0 nN 


Taking the imaginary parts of both members, and remembering (1), we find 


r 
0 = sin rd =(") sin 


r 
( ) n (2"+1) 6 sin2"+1 6, 
2n+1 


n=l 


where [(r—1)/2] denotes the largest integer not greater than (r—1)/2. Sub- 
stituting cos 0=1/p), sin p-(p?—1)"/2, we find 


0= 1) {r+ x (p at. 


Since p is an odd integer greater than 1, the quantity in braces must vanish, 
and r must be even inasmuch as each of the terms in the following sum is even. 
Since r and s were chosen as relatively prime, s must then be odd. Thus 
cos (76/2) =cos (st/2) =0. Now, in equation (2), replace r by r/2 and take the 
real parts of both members, obtaining 


20 
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r/2 
0 = cos (70/2) = >> ) cos’/?-2" sin?” @ 
n=1 n 


n=1 n 


But this equation is impossible because each term of the sum is even and the 
number in the braces is thus odd and cannot vanish. Therefore our original 
assumption (1) is untenable, and the theorem is proved. 
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ON A PROBLEM OF ERDOS 
V. L. KLEE, JR., University of Virginia 


In his neat solution of a problem proposed by Erdés, Lampek has shown [this 
MonrTRLyY, vol. 55, 1948, p. 103] that if x,=(k!)2/o(k!), then d(x.) =k!, @ being 
Euler’s function. We have x,;=1, x2=2?, x3=2-3?, x4=2°-3?, - - -, and are led 
to notice that for each k the following result holds. 


(1) Either x, has the property that each of its primes factors appears to the 
power two or higher, or x~=2yx, where y, is an odd integer having this property. 


Thus we are led to make the following definitions: P; is the collection of all 
integers m such that exactly 7 distinct primes appear to the first power in the 
canonical factorization of m; S;(n) is the number of solutions x € P; of the equa- 
tion, =n. 

Then (1) implies 
(2) So(k!) 2 1. 


I conjecture that also S,(k!) 21, although Iam not able to prove this. It may 
be of interest to note that for 2<k <6, S,(k!) is the (e—1)th Fibonacci number; 
however, there is no obvious reason for expecting this to hold for larger values 
of k. 


Investigating the functions S; for more general arguments, we arrive at the fol- 
lowing results: 


(3) So(n) 
(4) SUpn S2(n) 


1; 
supn S3(m) = ©. 


IIA 
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It follows from (2) and (3) that So(k!) =1. 
It seems probable that sup, S;(m) = © for 721. 


Proof of (1). Observe that if k is prime, then x,=k*%x,1/(k—1), while 
xz = kx,-1 if k is composite. From this it follows by induction that if p is an odd 
prime and p<k, then p?| x./k, and (1) is an obvious consequence. 


Proof of (3). Suppose that y= [Jv# and z= are in Po, the 
p’s, v's, and q’s denoting distinct primes. (The products involved may be empty, 
in which case they are defir<d to have the value 1.) Then if ¢(y) =¢(z) and y¥z, 
we have 


a;—1 b;-1 a;—1 

where the inequalities are justified by the fact that all the exponents are 22. 
This clearly is a contradiction, so we must have y=z and the proof is complete. 


Proof of (4). This is an immediate consequence of results of Erdés, who has 
shown (Quart. Journ. Math., vol. 7, 1936, pp. 16 and 227) that the number of 
solutions of ¢(x) =m which are products of two (three) distinct primes is un- 
bounded as 


SOME EQUATIONS INVOLVING EULER’S TOTIENT FUNCTION 


LEo Moser, University of Manitoba 


We give some new results concerning certain equations involving ¢(”) which 
have previously been discussed by V. L. Klee, Jr. [1]. 

The equation ¢$(m)=¢(n+1) has the following solutions for »<10,000: 
n=1, 3, 15, 104, 164, 194, 255, 495, 584, 975, 2204, 2625, 2834, 3255, 3705, 
5186, 5187. The last four entries are new and were found from Glaisher’s table 
[2]. Klee noted that for 3<n<3000 the odd numbers of m and n+1 are divisible 
by 15 but »=5187 shows that this is not always the case. Note that »=5186 
is a solution of ¢(”) =¢(n+1) =¢(n+2). P. Erdés mentioned the existence of 
such a solution in [3] and conjectured that for every k, ¢(n) =o(n+1) =6(n+2) 
= =¢(n+k) is solvable. 

The equation ¢(m) =¢(”+2) is satisfied by n=2(2p—1) if both p and 2p—1 
are odd primes, and by n=2?"+1 if 22°41 is a Fermat prime. Other solutions 
with »<10,000 found from [2] are: n=7, 70, 308, 572, 635, 728, 910, 1015, 
1330, 2132, 2170, 2590, 2695, 4292, 4338, 5950, 9100. Five of the entries under 
3000 were overlooked in [1] while all those over 3000 are new. 

The equation ¢(m)+2=(n+2) is satisfied if m and +2 are primes, if n 
has the form 4p where p and 2p+1 are primes, and if »=2M, where M,is a 
Mersenne prime M,=2?—1. This last class of solutions was overlooked in 
[1]. We can show that there are no other solutions with n <100,000. To do this 
we make use of the following three lemmas: 


1. If d (n)+2=¢(n+2) then at least one of n and n+2 is of the form p* or 
2p* where p is a prime of the form 4r+3. 


| 
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Proof: If neither m nor +2 is of this form then ¢(”) and ¢(m+2) would both 
be divisible by 4, so that their difference could not be 2. 


2. The case a=1 leads to the classes of solutions mentioned above. 


Proof: If n is a prime then ¢(n) =n—1, while if ” is composite then m has a 
prime factor <4/n, so that Sn(1—1/./n) =n—-+/n. Hence if one of and 
n-+2 is prime so is the other. If n=2p, then (mn) =p—1=(n—2)/2, so that 
+2 =¢(n+2) would imply ¢(m+2) =(n+2)/2, in which case n+2 is clearly 
a power of 2. If n+2=2p’ then =p’—1=n/2, so that $(n) =n/2—-2, 
and m must be of the form 4p. 


3. We have a¥2. 


Proof: lf n=p?, then ¢(n) =n—+/n, while if n+2 is composite (but clearly 
not a square), then $(m+2) <(n+2)(1—1/+/n)?<¢(n)+2. Similarly we can 
dispose of the cases n=2p?, n+2=p? and n+2=2p%. 

This leaves relatively few numbers <10* to be examined and these can be 
tested directly. 
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CONGRUENCES FOR SETS OF PRIMES 
P. A. CLEMENT, University of California, Los Angeles 
1. Introduction. Wilson’s function P;(m) is the function P,(m) =(n—1)!+1. 
By Wilson’s theorem the condition Pi(m) =0 mod 7 is necessary and sufficient 
in order that an integer n >1 be prime. In this note we find a congruence condi- 


tion, similar to the above, for twin primality, and we indicate a method which 
furnishes a condition for sets of prime numbers of any prescribed type. 


2. Twin primes. We shall establish the following result: 


- THEOREM. A necessary and sufficient condition that two integers, n and n+2, 
n>1, both be prime ts that 


(1) 4[(m — 1)! +1] + = Omod n(n + 2). 


Proof. The sufficiency is obvious as divisions by and n+2 separately re- 
duce either to Wilson’s theorem or to a simple modification of it. 

The necessity follows as easily, but we wish to indicate how (1) may be ob- 
tain directly. Thus, with m and n+2 both primes, we have 


(2) (n — 1)! +1 =Omod 2, 
(3) (n + 1)! + 1 = Omod (n + 2). 
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Reducing the factorial of (3) mod (n+2) and rewriting as an equation we ob- 
tain 


(4) 2[(n — 1)!} +1= k(n +2), some integer; 
then, using (2), we must have 
(5) 2k + 1 = Omod 


Substitution of (5) in (4) determines the congruence of the theorem. 
It may be noted that if 1 is considered the first prime, then the restriction 
n>1 can be deleted from the above theorem. 


3. Further congruences. By analogous procedure, now using (1), we find 
that three positive integers n, n+2 and n+6, are a prime triple if and only if 


(6)  4320[4(m — 11+ 1) + ] + 361n(n + 2) = Omod n(n + 2)(n + 6). 


As stated, 1 is admitted as the first prime; if desired this may be obviated by 
requiring 2 >1. A similar congruence may be obtained for the other possible class 
of prime triples given by integers n, n+4, and n+6. 

We indicate a less laborious method than that of the theorem for obtaining 
(6). By a modification of Wilson’s theorem, »+6 is prime if and only if 


(7) 720(n — 1)! + 1 = O mod (n + 6). 
Then using (1) we write 
A[4(n — 1!+ 1) + n] + Bn(n + 2) = 0 mod n(n + 2)(n + 6), 


and seek integers A and B so that this congruence mod (”+6) reduces to a 
multiple of (7). This gives (5) immediately, and the process can be applied in this 
recursive fashion to prime sets of any prescribed type. 


4. Prime quadruples. Let P2(m) be the function on the left of (1), and P3(m) 
be the left side of (6). We then have 


P2(n) = 4P,(n) + 2, 
and 
P;(n) = 4320P2(n) + 361n(n + 2). 


The four positive integers n, n+2, n+6, »+8 may each be prime, the set then 
being a prime quadruple consisting of two sets of twin primes. For the function 
associated with this set, P,(m), we find 


P,(n) = 224P;(n) + 111n(nm + 2)(n + 6). 
The congruence condition 


P,(n) = 0 mod n(n + 2)(n + 6)(n + 8) 


} 
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is necessary and sufficient for the set to be a prime quadruple. By (1) a like 
condition is presented by the two congruences 


P2(n) = 0 mod n(n + 2) 
P2(n + 5) = 0 mod (n + 6)(n + 8). 


As an exercise one might show that these two sets of conditions actually are 
equivalent. 


CLASSROOM NOTES 
EpITED By C. B. ALLENDOERFER, Haverford College and Institute for Advanced Study 


All material for this department should be sent to C. B. Allendoerfer, Institute for Ad- 
vanced Study, Princeton, New Jersey. 


LOGARITHMIC INTEGRATION* 
H. F. MacNeEtsu, University of Miami 


1. Introduction. Logarithmic differentiation is a device by means of which 
complicated products, quotients, and exponential functions may be differenti- 
ated with much less algebraic manipulation than is required by the use of the 
standard formula. We recall the rule for logarithmic differentiation: 
dU(x) 

dx 


d 
(1) = U(x) - In U(x) 


Applying this to a numerical example we have: 


x? 
dx Yat +1 +1 (x8 + 1)4/8 


The integration of the answer, however, cannot be accomplished by stand- 
ard methods. By integration we mean, as usual, the expression of the integral 
in a finite number of terms containing only elementary functions. In this note 
we outline a method for integrating certain expressions of this form, and we call 
the method “logarithmic integration.” 


(2) 


2. Case I. Here we are concerned with a method of integrating certain ex- 


* This paper was delivered before the New Haven meeting of the Association in September 
1947 as a portion of the symposium “How to Solve it.” 
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pressions of the type: f(x) = [Fi(x)]1[Fa(x)]2R(x) where Fi(x), F(x), and 
R(x) are polynomials and , and fz are non-integral rational numbers. The ex- 
tension to more factors F;(x) will be apparent. According to a theorem of Abel: If 
Jf(x)dx is algebraic in x, then it is rational in f(x) and x. (See J. F. Ritt “Jnte- 
gration in Finite Terms” p. 31.) This suggests that we consider as the simplest 
possibility: 


(3) ff = + 
where k and ¢c are constants. 
Using logarithmic differentiation we have that: 
f(x) = + + (p2 + 
Hence formula (3) holds if: 
(4) R(x) = k{ (pi + Fe + (po + }. 
Consequently if (4) holds: 


(5) f = + c. 


Let us apply this to the example: 
x? +4x — 3 
dx 
(x + 1)1/2( x? + 1)4/8 
F,=x+1; +1; R= 4% 


fi=—1/2; — 4/3 
3 
(pi + + (p2 + = 
Hence (4) is satisfied with k = —6. Therefore 
Cc. 
Vx? +1 


If condition (4) fails to hold, the integration of f(x) is not necessarily im- 
possible, even as an algebraic function. For other rational combinations of x 
and f(x) may be tried; for example consider expressions of the form 
Q(x) [F,]**+![F,]2+1 where Q(x) is a polynomial. The general question of the 
existence and determination of such an algebraic integral has been solved by 
Liouville (see Ritt, p. 32), but we shall not enter into this matter here. The 
question as to whether /f(x)dx is expressible in terms of elementary functions 
other than a’gebraic ones in an unsolved problem. 
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3. Case II. Asa further illustration of this method let us consider the integral 
of g(x) where g(x) =[F(x)]?R(x), F(x) and R(x) being polynomials and p a 
non-integral fraction. We assume here that the integral has the form: 


(6) f o(x)dx = (ax + + ¢ 


where a, 6, and ¢c are constants. Differentiating we obtain: 
(7) [F(x) ]R(x) = [F(x)]?{aF(x) + (p + 1)(ax + 
Hence formula (6) works if we can find a and b such that: 
(8) R(x) = aF(x) + (p + 1)(ax + 6)F'(x). 
We illustrate with a numerical example: 
V + 4x4 —i 


x. 


Then we must find a and 6 such that: 
— 3x? + 6x — 3 = a[2x? + 4x — 1] + + b)(6x? +4) 
= 5ax* + 3bx? + 6ax + 2d) — a. 
This is consistent in a and }, giving a=1 and b= —1. Hence: 


I = — 44 


SOME INTEGRAL FORMULAS 
H. W. Smiru, Oklahoma A. and M. College 


When we orthonormalize the set of harmonic functions r” cos 6, r® sin n0 
over the square of side 2 with center at the origin and sides parallel to the co- 
ordinate axes, integrals of the type 


f sec* @ cos p6dé, f sec* @ sin pd0 


f csc* cos p6dé, f csc* @ sin p0d0 


with appropriate limits must be computed. 

Formulas 369-372 of Pierce’s tables may be used as reduction formulas for 
these integrals, but they are given there as the sum of two other integrals of the 
same form. 

To obtain reduction formulas that involve only one integral in the right 
members for the first two of these we integrate 


I 
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f sec* 


by parts, to obtain 
(1) ff sect = 1/ip sec* — sec* tan 


Integrating by parts again we find 


k+1 
f sec* @ tan = 1/ip sec* 6 tan — sec*t? 


ip 


Substitute this result into the right member of (1), solve for { sec*+? Oe‘”*d@ and 
separate the real and imaginary parts to obtain: 


f sect? cos = = tan cos + p sin 
k(k + 1) 
+ f sec* 6 cos p6dé. 
k(k + 1) 
fis sin tan @ sin p0 os | 
ec in = ———— |[k tan @ sin p0 — pce 
hk +1) — pcos p 
k2 
= sec* sin p0dé. 
k(k + 1) 


The last two integrals can be found in the same way and are: 


—csc* @ 
cot 6 cos — psin 


csc*t? cos pod? = ————— 
k(k + 1) 


k2 
+ f csc* @ cos 


—csc* 
cot sin + p cos 


; csc*t? @ sin = 
k(k + 


k2 
+ csc* @ sinpédé. 
k(k + 1) 
The case appearing most frequently in the particular problem above is that 
in which k=p=2n, so that in this case the coefficient of the integral on the 
right is zero. 
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REMARKS ON INTEGRATION BY PARTS 
C. D. Otps, San Jose State College 


This note originated in an attempt to show the calculus student that the 
formula for integration by parts is not merely a useful trick for finding anti- 
derivatives, but is somewhat deeper than that, and is, moreover, tied up 
intimately with the early history of elliptic integrals and functions, starting with 
the work of Fagnano (1682-1766) and leading up to the great discoveries of 
Abel. We also have here an example of a formula which leads to new results 
when in a certain situation it seems to be practically useless. 

The formula for integration by parts shows that there is a mutual relation 
between the two integrals fydx and fxdy by virtue of the equation 


(1) ff say + f = ay te. 


The advantage of this, of course, is that one integration may be substituted 
for the other. The student soon discovers that there are cases in which no 
alternation is produced by this substitution and that is when x=f(y) and 
y=f(x), that is, when x is the same function of y that y is of x. But even in 
this case the equation (1) is not entirely useless, for the equation 


still holds whether /f(x)dx can be integrated in finite terms or not, Clearly, the 
equations x=f(y) and y=f(x), manifestly imply that a symmetrical equation 
exists between x and y. Fagnano clearly perceived the importance of this simple 
remark and he deduced important consequences from it. 

For example, let x be the abscissa of an hyperbola whose principal semi-axis 
is unity. Then its arc is given by 


1 1/2 
x?—1 


where e is the eccentricity. Let y be another abscissa, so related to the abscissa 
x that 
1 1/2 


= + y%) — 1. 


or 


Since this equation is symmetrical with respect to x and y, it follows that 


e*y? — 1 1/2 
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and hence from (2) that 


-) + f -) y=exyt+e. 

The two integrals in this equation are elliptic and cannot be expressed in 
terms of a finite number of the elementary functions. Nevertheless the algebraic 
sum of two such integrals can be so expressed provided a symmetrical relation 
exists between x and y. Fagnano, about 1718 discovered many theorems of this 
type in his attempts to rectify the ellipse and the hyperbola. His methods are 
the starting point of the theory of elliptic functions, and are suggestive of those 
used by Euler in his proof (1761) of the addition theorem for elliptic integrals, 
this theorem in turn being a special case of Abel’s famous theorem (1826) on the 
sum of Abelian integrals. Of course, how much of this can be made intelligible 
to the calculus student depends upon the knowledge and skill of the teacher. 
The writer has often been surprised at how much of this story can be told and 
he is convinced that opportunities like this one should not be overlooked. 
There is always the hope that by such discussions some of the teacher’s enthusi- 
asm for mathematics can be imparted to the student along with a little of the 
spirit for independent investigation. A few students, at least, will be encouraged 
to read more about the history of mathematics. 

Equation (2) can be generalized so that three or more integrals are simul- 
taneously combined. Thus, if two symmetrical equations exist between the vari- 
ables x, y, 2 so that yz=f(x), xz=f(y), xy=f(z), then 


(3) + f fo)dy + f fla)ds = xys +. 


For example, if the two symmetrical equations are 
etyts=6, #+ = 


then f(x) =yz=1/2(a?—b*) —ax+x?, and (3) holds. It is an instructive exercise 
to verify this directly. Such a generalization is by no means as trivial as it 
seems, for it was in this manner that W. H. F. Talbot, the English pioneer of 
photography, was able to show that Abel’s theorem is deducible from symmetric 
functions of the roots of equations and partial fractions. He was in possession of 
these results by 1825, about three years before Abel published his first theorem 
on the subject (1828). 


References 


1. W. H.F. Talbot, Researches in the Integral Calculus, Phil. Trans. Part 1, 1836, pp. 177-215. 
2. One of Fagnanos’ theorems is proved in Joseph Edwards, the Integral Calculus, vol. 1, 
Macmillan 1930, p. 582. See also G. N. Watson: The Marquis and the Land-Agent, Math. Gazette, 
vol. 17, 1933, pp. 5-17. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 


EpitED By Howarp Eves, Oregon State College 


Send ail communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 844. Proposed by Orrin Frink, Pennsylvania State College 


Sum the series 
1+ 1/5! + 1/10! + —5)!+---. 
E 845. Proposed by Joseph Rosenbaum, Hartford, Connecticut 


It is required to write the fifteen combinations of a, b, c, d in a sequence such 
that any two adjacent terms of the sequence shall differ by a single letter. 
How many such sequences are there? How can they be written down? 


E 846. Proposed by H. J. Hamilton, Pomona College 


The following is typical of many characterizations of the principal! part of 
an infinitesimal which are to be found in elementary calculus texts. 

“If an infinitesimal consists of two or more terms of different orders, the 
term of lowest order is called the principal part of the infinitesimal.” 

Show that this is not definitive and give a valid definition. 


E 847. Proposed by Albert Newhouse, University of Houston 
Let a, b, A be the given parts of a triangle in the ambiguous case. Show that 
the area of the triangle is given by 
K = 3b? sin A[cos A + (a? — B® sin? A)"/?]. 


E 848. Proposed by Leo Moser, University of Manitoba 


Prove that every integer greater than 10° can be expressed as the sum of two 
abundant numbers. 


E 849. Proposed by C. W. Trigg, Los Angeles City College 


The area of a triangle is to the area of the triangle determined by the points 
of contact of its incircle (or excircle) as its circumdiameter is to its inradius (or 
exradius). 


E 850. Proposed by L. C. Hsu, National Tsing-Hua University, Peiping, 
China 


Three persons, A, B, and C, in rotation throw a pair of dice. If the points 6, 
7, 8 are consecutively gotten by A, B, C, then A is declared winner; if the 
points 7, 8, 6 are consecutively gotten by B, C, A, then B is declared winner; if 
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the points 8, 6, 7 are consecutively gotten by C, A, B, then C is declared winner. 
Find their chances of winning. 


SOLUTIONS 


Pythagorean Triangles with Equal Perimeters 
E 812 [1948, 248]. Proposed by Monte Dernham, San Francisco, California 


Find the shortest perimeter common to two different primitive Pythagorean 
triangles. 


Solution by Fritz Herzog, Michigan State College. To each primitive Pythag- 
orean triangle corresponds bi-uniquely a pair of integers s, ¢ with s>t>0, 
(s, t)=1, and s#¢# (mod 2), such that the sides of the triangle are 2st, s*—??, 
s?+72, (See Hardy and Wright, An Introduction to the Theory of Numbers, 
Theorem 225, p. 189.) The perimeter of the triangle is 2su, where u=s+t#, and 
the above conditions on s and ¢ read, in terms of s and u: 


(1) $< u<2s; (s, = 1; = 1 (mod 2). 


The problem is, therefore, to find the smallest positive integer y which admits 
of two different representations y=su, where s and u satisfy (1). Let y=su and 
y=s'u’ be two such representations and assume that u<w’ and hence s>s’. 
Let c/d be the reduced form of the fraction u/u’=s'/s and write u=bc, u’ =bd, 
s=ad,s'=ac. The conditions (1) on s, u and s’, u’ together with u<w’ are easily 
shown to be equivalent to the following conditions on the four positive integers 
6.0: 


(2) d/2c < a/b < c/d < 1, 
(3) a, b, c, d mutually relatively prime, 
(4) b=c=d=1 (mod 2). 


Since y=abcd it remains to solve the inequality (2) with the restrictions (3) 
and (4) and such that y=abcd is a minimum. 

We first conclude from (2) that 1/2<a/b<1. Hence the values of a and b 
which give the smallest possible value of ab are a=2, b=3. Let a and b be so 
chosen. Then from (2), 3/4<c/d<1 and, in view of (3) and (4), the values of 
c and d which give the smallest possible value of cd (after the choice a=2, b=3) 
are c=11, d=13. We thus arrive at the solution a=2, b=3, c=11, d=13, which 
yields y=858. 

To show that there is no solution of (2), (3), and (4) which would result in a 
smaller value of y, we observe first that, by (2), 1/2 <c?/d?<1. The only values 
of c and d satisfying this inequality as well as (3) and (4) and yielding a value cd 
smaller than 11-13 are (i) c=9, d=11, (ii) c=7, d=9, and (iii) c=5, d=7. 
However, as was shown above, in these three cases } could not equal 3 so that, 
by (3) and (4) b25 in (i) and (ii) and 629 in (iii). Thus by (2) we obtain for all 
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three of the above choices of c and d 
y = abcd > (bd/2c)bcd = (bd)?/2 = (9-5)?/2 > 858. 


Thus the smallest number having the property required in the proposed 
problem is 2-858=1716, which is the perimeter of the primitive Pythagorean 
triangles 364, 627, 725 and 748, 195, 773. 

Also solved by W. E. Buker, William Douglas, L. S. Kennison, Sidney 
Kravitz, Roger Lessard, D. W. Matlack, F. L. Miksa, and the proposer. 

Several solvers resorted to more or less laboriously constructed tables. 
Miksa found thirty-six perimeters, less than 20000, which are common to two 
different primitive Pythagorean triangles. He also found the perimeter 14280 
as the only one, less than 20000, which is common to three primitive Pythag- 
orean triangles. C. S. Ogilvy found 240 as the smallest perimeter common to 
two non-primitive Pythagorean triangles. This result was also given by Buker 
who, in addition, found 1680 as the smallest perimeter common to three non- 
primitive Pythagorean triangles. 


Editorial Note. For other problems involving Pythagorean triangles see E 18, 
E 67, E 73, E 283, E 324, E 327, E 380, and E 828. 


Magic Square as a Determinant 


E 813 [1948, 248]. Proposed by C. W. Trigg, Los Angeles City College 


Let S be the sum of the integer elements of a magic square of order three, 
and let D be the value of the square considered as a determinant. Show that D/S 
is an integer. 


I. Solution by R. J. Walker, Cornell University. Let 


a 
4 
have the magic sum N=S/3. Then 
—(a@+d+g)—(c+ft i) = 3e, 


and S=9e. Hence, adding rows and columns, 


@ & abe ab 3e abe 
ee}S. 
3e 3e 3e 3e 3e Ye 


II. Solution by Monte Dernham, San Francisco. Every magic square of the 
third order may be written in a form equivalent to 


} 
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m+ x m—-x—-y mty 
m—-xty m 


(See Kraitchik, Mathematical Recreations, p. 148.) Considering the square as a 
determinant, expanding and simplifying, we find its value to be 


9m(y? — x*); 


and, since S=9m, and all elements are integers, D/S is an integer. 

If the square be transformed by rotation, the foregoing result remains un- 
affected; likewise, if it be transformed by reflection in a mirror, except that in 
the latter case x? and y? are interchanged. 


III. Remarks by the Proposer. The property D/S=TI, an integer, may be 
extended to magic squares of higher orders with certain restrictions. 

In the absence of a qualifying adjective, such as pandiagonal, semi-nasik, 
multiplicative, eic., there is a certain looseness in the use of the term “magic 
square.” Sometimes the term is defined as a square array of integers with the 
property that the elements of each row, of each column, and of each of the 
principal diagonals have equals sums (cf. E 791). As shown by the preceding 
proofs, D/S=TI for all third order squares of this broad type. 

An nth order square, for which D/S=J, may have this property spoiled 
without loss of its magical nature by adding the proper integer to each of n 
properly chosen elements. Let the coordinates of an element be determined by 
its row and column. Then, if 2 is even, the square may be spoiled by adding an 


integer x to the m elements (1, 1), (2, 2), (3, 2) (4, 2), --+, (n, n—1). If n>3 
is odd, the square may be spoiled by adding x to the elements (1, 1), (2, 7), 
(3, n—1), (4, 2), (5, 3), +--+, (m, m—2). For example, consider the squares: 
& 3 
is 6 9 4 
4 3 
(3 
B.S 


The fourth order square has D/S= —96. When x is added to each of the 
underlined elements the derived square is still magic, but now 


D/S = (x + 16)(x? + 4x — 24)/4, 


which is an integer only if x is even. The fifth order square has D/S=15600. 
When «x is added to each of the underlined elements we find 


D/S = (x4 + 25x3 + 60x? — 3475x — 78000)/5, 
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which is an integer only when x is a multiple of 5. It may be conjectured that if 
x is prime to n, D/S, is not an integer. 

More frequently, an mth order “magic square” is defined as above with the 
restriction that its elements are the first m? integers. Occasionally this restric- 
tion is weakened to include any n? integers in arithmetic progression. Under this 
latter condition D/S may be examined more profitably. Let the difference in 
the arithmetic progression be d, and let Y be the sum of the elements of any 
row or column. Then 


S = nY = (n?/2)[2a + (n? — 1)d], 
whence 
Y = (n/2)[2a + (n? — 1)d] = n[a + (d/2)(n? — 1)]. 


If m is odd, n?—1 is even, and Y=nk, where bk is an integer. If m is even and d 
is even, then again Y=nk. In the determinant add the elements of the first 
n—1 columns to those of the mth column. In the derived determinant add the 
elements of the first »—1 rows to those of the mth row. Every element of the 
nth row and nth column is now Y(=nk) except the common element of this row 
and column, which is mY. Hence Y and n may be factored out, so that D=n YD’ 
and D/S=D’, which is an integer since the elements of the determinant D’ 
are integers. It will be observed that no use has been made of the sum of the 
diagonals in the proof. 

The case where is even and d is odd offers more difficulty, for then Y=nk/2, 
where k is odd, so that 


= (Yn/2) = YnD'/2. 


kkk 


Then, in order that D/S may be an integer, D’ must be even. 

* In the evaluation of these determinants the rows may be interchanged at 
random, as may be the columns, since only the absolute value is of concern. 
Since m is even and d is odd, there will be n?/2 even integers (e) and m?/2 odd 
integers (0) in the array. If in any pair of columns (or rows) the odd and even 
integers occurs in the same sequence we shall say that the pair is “matched,” 


If in any pair of columns (or rows) the odd and even integers occur completely 
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out of sequence we shall say that the pair is “mismatched,” e.g., 


If in a pair of columns (or rows) reference is made to two integers in the same 
row (or column) they will be called a “couple.” 

If the pair under consideration are rows, interchange the columns and rows. 
If a pair of columns are matched or matched except for a single couple, rear- 
range the columns so that neither of the pair is the mth column. Rearrange the 
rows so that the exceptional couple falls in the mth row. Convert D into YnD’/2. 
In D’ add the elements of one of the pair to the elements of the other of the 
pair, which will then contain all even elements, so D’ is even. (All even-ordered 
magic squares which I have examined fall in this category.) 

If the pair is mismatched or mismatched except for a single couple, prepare 
the determinant as in the case of the matched pair. Convert D into YnD'/2. 
In D’ successively add each column of the pair to the mth column, which will 
then contain all even elements, so D’ is even. 

It may be noted further that if is of the form 4m, then Y is even, so in 
each of the columns, rows, and diagonals the odd and even elements are each 
even in number. If n is of the form 4m+2, then Y is odd, so each column, row, 
and diagonal contains an odd number of odd elements. 

When x =4, all elements of a particular row or column will be like or there 
will be two odd and two even elements. There are 6 permutations of eeoo, and 
15 combinations of distinct permutations taken 4 at a time. (No combination 
containing two like permutations need be considered since they constitute a 
matched pair for which D’ is even.) Only three of these combinations contain an 
even number of odd and an even number of even elements in every column. 
Hence, by interchanging rows, all possible squares devoid of matched pairs 
may be converted into one of the following: 


000 0 00 e 0 


Each of these squares contains a mismatched pair, so D’ is even and D/S=I 
for all fourth order squares composed of 16 elements in arithmetic progression. 
(This fact has been established in another way by this writer in a note on 
Determinants of fourth order magic squares, this MONTHLY, November, 1948.) 
Since the sum of the elements of the diagonals has not been employed, the 
squares need be magical only in their columns and rows. 

When n=6, an arrangement is possible which may be magical in rows, 
columns, and diagonals, although I have no numerical example of this, namely: 
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When this is converted into YnD’/2 and D’ is expanded by minors, D’ is 
found to be odd. Hence this approach will not confirm the integer nature of 
D/S for magic squares with n>4 and even and d odd without calling upon some 
of the other properties of these magic squares. 

Also solved by R. V. Andree, W. G. Brady, J. C. Eaves, R. W. Frankel, 
R. E. Harton, Roger Lessard, N. S. Mendelsohn, Leo Moser, S. T. Parker, and 
T. L. Reynolds. Several solvers gave partial generalizations. 


Location of a Minimum Area 


E 814 [1948, 248]. Proposed by Sidney Kravitz, New York, New York 


Given the curve y =e*/x. Consider all areas under the curve, over the x-axis, 
and between two ordinates one unit apart. Locate the boundary lines of the 
area which is a minimum. 


Solution by D. W. Matlack, North American Aviation, Inc. Let the area under 
consideration be A. Then 
z+1 
A= ydx, 


and 


x+1 x 


Setting dA /dx =0 we find x=1/(e—1), x +1=e/(e—1). 

Also solved by W. G. Brady, Karl Itkin, J. N. P. Lawrence, Roger Lessard, 
Julius Liebleim, Leo Moser, C. S. Oglivy, S. T. Parker, and the proposer. 

Ogilvy stated the general theorem: Of all areas bounded by the curve y=f(x), 
the x-axis, and two ordinates n units apart, the maximum (or minimum) ts that 
whose left-hand ordinate is the solution of x of the equation f(x-+n)—f(x)=0. It 
is interesting to note that no matter how unsymmetrical or irregular the curve 
may be between x and x+m, the two bounding ordinates of the required area 
are of equal length. 

J. N. Eastham pointed out that this problem occurs as Ex. 12, p. 249, in 
Reddick and Miller, Advanced Mathematics for Engineers, 2nd ed. 
Several solvers showed that the minimum of the given curve occurs at x=1. 


) 
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The area in question is approximately equal to 2.83 square units. 


Marble in Bowl 
E 815 [1948, 248]. Proposed by J. S. Miller, Dillard University 


A marble rolls in a hemispherical bowl. Find its period. 


Solution by J. C. Miller, University of California, Berkeley. Denote the 
radius of the bowl by R, the radius and mass of the marble by 7 and m respec- 
tively, and the acceleration of gravity by g. Then in spherical coordinates, with 
the pole directed downwards, the kinetic and potential energies T and V are 


T = (7/10)m(R — r)(6? + ¢? sin 2 6) 
and 
V = mg(R — r)(1 — cos 8). 


The Lagrangian equations of motion are thus 


(1) § — sin cos + [5g/7(R — = 0 
and 
(2) d(¢ sin? 6)/dt = 0. 


Equation (2) integrates immediately to give 
¢ sin? 6 = constant = a. 
Substitution of this solution in equation (1) gives a first integral 
(3) 6? + a*/sin? 6 — [10g/7(R — r)] cos 6 = constant = 6. 
To avoid elliptic integrals keep @ small and replace sin 6 by 0, and cos 6 by 
1—6?/2. Equation (3) may then be integrated for time to give 
t= 6(— + — 
0 
where 
a + and = 5g/7(R — 1), 
provided the motion starts from rest at @=0o. The period Q will be the time re- 


quired for 6 to go from 4) to —@o and back, so that 


80 
Q=4 f 6(— a? + — w°64)-1/2d9 
0 


(2/w) arcsin [(2w9? — c)(c? — 4a%w*)-1/?] 
0 


— (2/w) arcsin [c(c? — 4a%*)-1/2], 


_ 

| 

| 
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For ¢=0, i.e. a=0, the period will be 
— 2n[7(R r)/5g 


which is the time for one complete oscillation in a plane through the polar axis. 
For large @ the time integral will be an elliptic integral of the first kind. 

Also solved by Roger Lessard, who pointed out that this problem may be 
found in Timoshenko and Young, Engineering Mechanics, problem 534, page 
463. It is there shown that the system is equivalent to a simple pendulum whose 
length is 7(R—r)/5. 

Editorial Note: This problem is not to be confused with that where a particle 
slides from the edge to the bottom of a smooth hemispherical bowl of radius R. 


This latter problem furnishes a nice application of the gamma function. The 
time of descent of the particle is 


= [T(1/4)/T(3/4) ] 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 
4325. Proposed by Orrin Frink, Pennsylvania State College 


Show that on every simple closed plane curve there are four points which are 
the vertices of a square. 


4326. Proposed by R. J. Walker, Cornell University 
Prove or disprove: 128 is the only power of 2 of two or more digits each of 
which is a power of 2. 


4327. Proposed by R. J. Walker, Cornell University 


In attempting to solve the preceding problem we tried to show that for some 
positive integer r no power of 2 had its last r digits all powers of 2. Show that this 
attempt had to fail; in particular, show that for each r there exist powers of 
2 each of whose last r digits is either 1 or 2. 


4328. Proposed by Victor Thébault, Tennte, Sarthe, France 


| 
| 
| 
| 
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Given a triangle ABC whose altitudes are AA’, BB’, CC’. Prove that the 
Euler lines of the triangles AB’C’, BC’A’, CA’B’ are concurrent on the nine- 
point circle at a point P which is such that one of the distances PA’, PB’, PC’ 
equals the sum of the other two. 


4329. Proposed by A. W. Goodman, Rutgers University 
Let 6 be an irrational number, a=e”*. Prove that 


fe) = 


n=0 
has the unit circle as a natural boundary. 


4330. Proposed by Paul Erdés, Syracuse University 

Let a;<a2.< --- be an infinite sequence of integers. Prove that there exists 
either an infinite subsequence in which no integer divides another or an infinite 
subsequence where each integer is a multiple of the preceding one. 


SOLUTIONS 
A Permutation Problem 


3731 [1935, 255]. Proposed by Raphael Robinson, University of California at 
Berkeley 

In how many ways can ad; 1’s, dz 2’s, - ++, dn m’s be arranged, so that in 
reading from the beginning, none of the (k+1)’s are reached until at least one 
of the k’s has been reached? 


Solution by W. D. Smith, Student, Rutgers University. All desired arrange- 
ments may be obtained in the following way: (A) place a 1 first and put the 
other 1’s in any selection of a;—1 out of the a;+a2+ - +--+ +a,—1 remaining 
places; then (B) place a 2 in the first remaining vacant place and put the other 
2’s in any selection out of the a2+a3+ - + + +a@,—1 remaining places; then (C) 
continue in the same fashion with the 3’s, 4’s, - - - until the (n—1)’s have been 
placed; and finally (D), the a, n’s will fit into the remaining a, places in just one 
way. The number of ways in which each step can be taken is clearly: 


1 ade 1 
+ — 1 
(C) ( ), ae ( ), 
1 1 
where ()) is the number of combinations of x things taken y at a time. Their 
product is the total number of ways of forming the desired arrangement: 


(1) 


kml a,—1 
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This result may also be put in the following form: 


(a; + a, +4,)! 


I] + + (ax — 1)! 


If instead of a, k’s (k=1, 2,- +--+, ) we had been given a, members of a 
kth class distinguishable one from another, the total number of ways would be 
given by (1) multiplied by a;!a2! - - + a,!. 

A Locus of Radical Centers 
4200 [1946, 225]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given in a plane the triangle ABC and the fixed point P which is center of a 
variable circle (P). Find the locus of the radical center of the circles passing 
through A, B, C, respectively, which have with (P) the sides BC, CA, AB as 
radical axes. Consider the analogous problem for a tetrahedron and a sphere with 
fixed center, and show that the locus is a twisted cubic through the vertices and 
centroid of the tetrahedron. 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France.* Let ABC be the 
triangle of reference in a system of trilinear codrdinates. A circle (P) is given by 


(P) = (ayz + bxz + cxy) + K(ax + by + cz)(ux + vy + wz) 
+ A(ax + by + cz)? = 0. 
A circle (A), having with (P) the radical axis AB, is given by 
(P) + ux(ax + by + cz) = 0. 
It goes through A if Kau+da?+ya=0, whence p= —(Ku-+dAqa) and 
(A) = (P) — (Ku + da)(x)(ax + by + 2). 
The radical center of (A) and the analogous circles (B) and (C) is given by 
(Ku + d\a)x = (Kv + db)y = (Kw + Ac)z. 


It describes a conic whose equation is 


ua i/x 
v b i/y|=0 
wc ‘1/s 


or 
y2(cv — bw) + xz(aw — cu) + xy(bu — av) = 0. 
This conic is easily seen to be circumscribed about the triangle A BC and to pass 


* Translated from the French by O. J. Ramler, Catholic University of America, Washington, 


n 
t 
i 
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through its center of gravity. It could be defined as follows: 
If O is the center of the circle ABC, let U be the point in which a perpendicu- 
lar to OP meets the ideal line; let V be the isogonal conjugate of U, then V is 
on the circle ABC; then the above conic is the triangular inverse of the trilinear 
polar of V. 
In the case of a tetrahedron ABCD, let (S) =0 be the equation of the cir- 
cumsphere and let (r)=Ax+By+Cz+Dt. Then a sphere (P) is given by 


(P) = (S) + K(x)(ux + vy + wz + st) + A(r)? = 0. 


An arbitrary sphere, having with (P) the radical plane BCD is given by (P) 
+px(r) =0. It goes through A if w= —(Ku+)4A), where A is the area of BCD, 
B is the area of ACD, - - - . The radical center of the four analogous spheres is 
given by 

a(Ku + dA) = y(Kv + AB) = 2(Kw + AC) = t(Ks + dD). 


Its locus is the twisted cubic which is circumscribed about the given tetrahe- 
dron and which is the intersection of the cones 


| u <A u A 1/x 
v B i1/y|=0, v B i1i/y|=0. 
| w C 


This cubic goes through the center of gravity of the tetrahedron. 


Divisibility of Factorial Numbers 
4252. [1947, 287]. Proposed by Paul Erdés, Syracuse University 


It is well known that 2n!/n!(n+1)! is always an integer. Prove that for 
every k there are infinitely many m’s such that 2”!/n!(n+k)! is an integer. 


Solution by Fritz Herzog, Michigan State College. Let k be a fixed integer 
greater than unity. For integral m and integral g>1, we put 


(1) F(m, q) = [2m/q] — |m/q] — [(m + k)/q], 


where [x] represents the greatest integer which does not exceed x. It then fol- 
lows from a well known formula in number theory that (2m)!/n!(n+k)!, for 
integral n 20, is an integer if and only if 


(2)  F(n, 2 0 
a=1 
for all primes p. 
We shall need the following facts concerning F(m, q). In the first place, 
we have obviously F(m, q) = F(m’, q) when m=m’ (mod gq). Secondly, we show 
that 


| | 
| 
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(3) F(m, q) 2 0 for q = 2k and for all m. 


By the above, it suffices to assume that 0Sm <q, so that [m/q]=0. For O<m 
<q—k we have [2m/q]=0 or 1 and [(m+k)/q]=0; for g—kSm<q we have 
[2m/q|=1 and ([m+k)/q]=1. Thus (3) follows from (1). Thirdly we show 
that 


(4) F(m, q) = 1 for g = 2k + 2 and for m = — k — 1 (mod gq). 


For we have F(m, q) = F(—k—1,q) and it is easily verified that [(—2k—2)/q] 
= [(—k—1)/¢]=[(—1)/q]= —1. Thus (4) follows from (1). 

From (3) we conclude that (2) holds for all 2 when # is a prime greater than 
2k. Let p be a prime less than 2k, let A be such that p4t+!2=2k and let n=—k 
—1i (mod p4). Then, by (3), F(n, p*)20 when a>A and, by (4), F(n, p*) =1 
when 2k+2Sp*S p4. Thus we may choose A sufficiently large, with n=—k 
—1 (mod p4), so that there will be enough values of a for which F(n, p*) =1 to 
cancel out the effects of those values of a less than 2k+2 for which perhaps 
F(n, p*) <0, whence (2) will hold for », the particular prime under considera- 
tion. We now apply this process to each prime p< 2k, obtaining in each case an 
exponent A=A(p). Let P be the product of all prime powers p4) thus ob- 
tained. Then (2) holds for n=—k—1 (mod P) and for all primes p. Hence 
(2n)!/n!(n+k)! is an integer for at least every n=—k—1 (mod P). 

Also solved by P. T. Bateman, Robert Breusch, R. H. Bruck, and N. J. 
Fine. 

Editorial Note. The Proposer added the following remarks. (a) It can be 
shown that the values of ” for which (2m)!/n!(n+)! is not an integer have 
density zero. More precisely, the number of » <x for which (2n)!/n!(n+k)! is 
not an integer is less than x'~* for large x. (b) Balakran proved (Journal of the 
Indian Mathematical Society, vol. 1) that for infinitely many n, (2n)!/(m+1)! 
-(n+1)! is an integer. A more difficult problem is to decide whether there are 
infinitely many for which (2”)!/(m+2)!(m+2)! is an integer. 


Limit of a Sequence 


4255 [1947, 346]. Proposed by G. Polya, Stanford University. 


"A sequence [x,] is defined recursively, in terms of two numbers xo and x, 
by the formula 


(n — 1)g ‘i 1 
1+(n—1g  1+(n— 1g 


where g is a given positive quantity. Find an expression for the limit of x, 
as n—. (This generalizes problem E 694 (1945, 516) which corresponds to the 
special case g=1.) 


Xn Xn—2y 


Solution by R. C. Buck, Brown University. We solve a somewhat more general 
problem first. Let p, >1 be a given sequence of positive numbers such that 


s 
r 
) 
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lim + | 


Define the sequence {x,} by 
= Xn—1( Pn 1)/pn + Xn—2/ Pn 


Then {x,} converges to the number x;—(x1—x0)K, where K is a constant de- 
pending only on { p,}. 
To see this, we rewrite the recursion formula as 
Xn — = — Pn); 


by iteration, this becomes 


Xn — = (— 1)" "(xi — Pas 


and summing, 


= %1 + — (— 1)*"/papa- de. 
By virtue of the assumptions on pp, the series 


DX (— 1)"/pops- ++ Pn | 


n=2 


is a convergent alternating series. If we denote its sum by K, then the sequence 
{xn} is convergent to the limit x;—(x1—4%o)K. 

Other expressions for K are possible. Thus, by a familiar transformation, K 
can be expressed as the continued fraction 


pe bs ps 
pot 


In the special case of the proposed problem, ~,=1-+-(n—1)g and K can also be 
expressed as a definite integral. Let 


x + 
(1+ g)(1+ 2g) (1+ g)(1 + 2g)(1 + 3g) 
Then, (1+) F(x)+gx F’(x) =x, and solving this we have 


F(x) = 


F(x) = f (ue) “du, 
0 
where c=1/g. Hence 


1 
K = F(1) = ces f (ue") “du. 
0 


n 
n 
= 


Ay 


1949] ADVANCED PRORLEMS AND SOLUTIONS 45 


Also solved by P. T. Bateman, N. J. Fine, J. G. Herriot, Aaron Herschfeld, 
J. Lehner and A. M. Peiser, J. F. Locke, Leo Moser, and the Proposer. 
Editorial Note. The Proposer’s solution is in the form 


1 i@— 1 
lim = + f exp ( ) au 
0 


n— g 


Circles Orthogonal to a Sphere 
4256 [1947, 346]. Proposed by N. A. Court, University of Oklahoma 


Given a sphere orthogonal to two circles lying in two distinct planes. If the 
center of the sphere is conjugate, with respect to one of the circles, to the point 
in which the plane ot that circle cuts the axis of the other circle, the same is true 
of the center of the sphere, if the roles of the two circles are interchanged. 

Note. A circle is orthogonal toa sphere if the plane of the circle cuts the sphere 
along a great circle orthogonal to the given circle (see, for instance, the Pro- 
poser’s Modern Pure Solid Geometry, p. 138, art. 416). 


Solution by P. D. Thomas, U. S. Coast and Geodetic Survey, Washington, D. C. 
Let the sphere have center O, radius R: and the circles have centers 0;, O2 and 
radii 71, 72, respectively. The axis of (O,) meets the plane of (O2) in the point Ps. 
The corresponding point in the plane of (O;) is Pi. From the given orthogonal 
property, 


(1) Oi=nt+R, 
Since the axes are perpendicular to the planes of their circles, 
(2) P,P; = + Pdi = Pid: + POs, 

(3) PO =00:+ P02, =00i:+ 


Consider first the point P;. The powers of P; with respect to the great circle 
section of the sphere (O) and with respect to its orthogonal circle (Q;) are re- 
spectively 


(4) aA=PO-R, 


From the first of equations (1), equation (2), and the second of equations (3) 
find 


(5) = ri = Pir + - PO +R. 
From the second of equations (1) and the first of equations (3) find 


(6) n= PD 


| 
} 
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The condition that P, be the conjugate of O with respect to (O,) is that the 
powers of (4) should be equal. With p; = pe, (5) and (6) become 


PD = Ph: — 


which is exactly the condition that P2 should be the conjugate of O with respect 
to (Oz), which proves the theorem. 
Also solved by Ou Li, and the Proposer. 


Triangle and Orthocenter 
4258 [1947, 346]. Proposed by H. F. Sandham, Trinity College, Ireland 


Prove that the necessary and sufficient condition that four non-collinear 
points are such that each is the orthocenter of the other three, is 


+ 34-42-23 + 41-13-34 + 12-24-41 + 23-31-12 = 0, 


where rs denotes the distance between the rth and sth points, and three of the 
signs differ from the fourth. 


Solution by the Proposer. Let the four points be designated by a, b, c,dina 
system of complex codrdinates, and let 23, 31, and 12 be perpendicular to 41, 42, 
43, respectively. Then 


(c—b)=ip(a—d), (a—c) = ig(b — d), 
(6 — a) = ir(c — d), 
where , g, 7 are real.* Put A=(c—d)(b—d)(a—d). Then 
A = (b—c)(c — d)(d — b) = ipA, B= (c — a)(a — d)(d — c) = 
C = (a — b)(b — d)(d — a) = irA, D= (b — a)(a — c)(c — b) = — ipgrd. 


Note that |A| =34-42-23, |B| =41-13-34, |C| =12-24-41, | D| =23-31-12; 
and that 


(1) 


(2) 


(3) A+B+C+D=0 

is an identity, being the expansion according to the first row of 
abcd 


a? qd? 
Equations (2) and (3) imply 
(4) pb+qtr-— =0. 


* It is easy to show that , q, r are the tangents of the angles of triangle 123, so that( 4) is the 
familiar identity tana + tan8+ tan y — tana tan tan y = 0. 


2.2. 
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Also from (2),it is easy to see that the ratios of A, B, C, D are all real, whence 
(5) +|A|+|B|+|c|+|D| =0, 


and, regardless of the algebraic signs of p, g, r, three of the signs in (5) must dif- 
fer from the fourth. 

Conversely, having given (5) with three signs differing from the fourth, com- 
parison with (3) shows that the closed quadrilateral whose sides are parallel and 
equal in modulus to the quantities A, B, C, D must collapse into a line, whence 
the ratios of A, B, C, Dare all real. If p, g, r be defined as in (1), then (D/A)(B/C) 
= —@’ is real, so that qg is real or imaginary. Then g, r=q(C/B), and p=q(A/B) 
are alike all real or all imaginary. If they are all imaginary, it is easy to see that 
the points 1, 2, 3, 4 are collinear; if they are all real, (1) shows that 23, 31, 12 are 
respectively perpendicular to 41, 42, 43, as required. 


RECENT PUBLICATIONS 


EpITEp By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


A Textbook of Mathematical Analysis. By R. L. Goodstein. New York, Oxford 
University Press, 1948. 12+475 pages. $9.00. : 


The author’s confessed aim is to present a logically correct and clear exposi- 
tion of the differential and integral calculus, which shall still be so simple that 
it can be “appreciated by any student with a School Certificate knowledge of 
arithmetic and algebra.” He begins with the numbers representable as terminat- 
ing decimals, and brings in the other real numbers as limits of decimal sequences, 
that is, as infinite decimals. He is able to develop many of the ideas and theorems 
concerning infinite sequences and series in his very first chapter of 26 pages. 
The discussions of continuity and differentiation, introduced in Chapters II and 
III respectively, are restricted to uniform continuity, and uniform differenti- 
ability. Thus every derivative considered is continuous. The indefinite integral 
(antiderivative) is iatroduced in Chapter VIII, and numerous formulas are de- 
veloped in a space of 21 pages. The integral as limit of a sum is discussed in 
Chapter XIV, with a proof of its existence for uniformly continuous functions. 
The final chapter XVII on double integrals includes proofs of the equality of 
repeated integrals, of Green’s theorem, and of the formula for transformation of 
double integrals. There are other chapters on the definition and properties of the 
elementary transcendental functions, differential geometry of plane curves, dif- 
ferential equations, Taylor’s series, and maxima and minima. A proof of the 
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existence of the limit of a convergent sequence of decimals is given in an ap- 
pendix. The book closes with 37 pages of examples, of a purely mathematical na- 
ture, followed by 101 pages of solutions. A few corrections are listed following the 
index. 

The reviewer does not agree with the view indicated in the author’s preface 
that a presentation of the calculus based to a considerable extent on geometrical 
intuition necessarily leaves the student “the servant, and never the master, 
of a fundamental technique.” A student’s mastery of a subject is a relative mat- 
ter, and can be increased by a book only if that book attracts the student’s inter- 
est and stimulates his imagination and intellectual activity. In the reviewer’s 
experience, young students, even those destined to become mathematicians, do 
not usually begin with an interest in the logical nature of number or the logical 
proofs of function theory. On the other hand, the budding scientist is usually 
ready to learn about the tools of mathematical thought, how they work, and 
what they will do. Thus it would seem that an introduction to the calculus 
should include correct definitions of the notions of limit, derivative, antideriva- 
tive, and the definite integral as the limit of a sum, with ample explanations of 
the meaning of these notions as well as practice in their use, but without undue 
emphasis on proofs. Logical proofs and a complete statement of the assumptions 
used in theorems, should be included when they can be made sufficiently simple. 
A complete definition of the real number system and derivation of its properties, 
and other basic logical ideas and proofs of function theory, can be absorbed much 
more rapidly and effectively by the student after he has had considerable ex- 
perience with the formal and manipulative side of mathematics. 

A natural accompaniment of the representation of the real numbers as deci- 
mals is the author’s use of the notation 0(m) to indicate a number less than 
1/10". This notation replaces the e, 6 notation in the definitions of limit and 
continuity, and in fact throughout the book. There are other points at which 
the terminology is unconventional. This may cause some confusion for the 
student who pursues mathematics further. The style of printing does not make 
it easy to pick out the theorems or other significant points—only occasionally is 
an important result set in bold face. The book seems to be carefully written, 
and may be useful as supplementary reading for the teacher of calculus even 
though he is not likely to want it for a class text. 

L. M. GRAVES 


Essentials of Analytic Geometry. By D. R. Curtiss and E. J. Moulton. Boston, 
D. C. Heath and Co., 1947. 10+259 pages. $2.80. 


This is a revision of the authors’ Analytic Geometry. Rather extensive changes 
have been made including the deletion of several chapters and the inclusion of 
many new exercises. The goal in making the revision was to present the essen- 
tials, as the name implies, in a form that could be presented in a four or five 
semester hour course. 

The selection of topics is in general the usual one including a brief treatment 
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of solid analytic geometry. The latter subject would be more helpful as prepara- 
tion for the calculus if some treatment were given to solids which are bounded 
by two or more surfaces. The last chapter, entitled Systems of Coordinates, con- 
sists of four sections, two on translation and rotation of axes in three space, and 
two on cylindrical and spherical coordinates. The first two of the:e sections 
hardly seem to be “most essential as preparation for the calculus and for engi- 
neering courses.” Perhaps it is intended that the five pages comprising this chap- 
ter might be referred to subsequently in somewhat the same way that a student 
in this course would refer to the seven pages of formulas from algebra and 
trigonometry which are included at the end of the book. 

There are some other features of the book which deserve comment. One is 
the introduction of polar coérdinates in the first chapter along with rectangular 
coérdinates. Thereafter each topic is discussed in terms of both coérdinate sys- 
tems. As to whether this is desirable or not is probably a matter of taste. An- 
other feature is the lists of supplementary exercises at the ends of most of the 
chapters. In this connection one wonders why the authors did not go one step 
further and give references to some other books. Surely, students should be en- 
couraged to use the library. 

The authors are to be commended for their attention to accuracy of state- 
ment. As examples, on page 4, a distinction is made between a segment and the 
measure of a segment and on page 24 between the trigonometric functions of 
angles and of numbers. Figures are well drawn and the book would be quite 
attractive except for the rather small print in the exercises and examples. 

R. H. BARDELL 


College Algebra. By T. S. Peterson. New York, Harper and Brothers, 1947. 
8+334 pages. $2.50. 


In college algebra, the unending controversy between the radicals and the 
conservatives treats of both the material to be covered and the manner of cover- 
ing it. The conservative would teach all the traditional topics and drill them 
thoroughly, in order that the student may become a skilled manipulator able to 
handle any algebraic difficulty which comes his way. The radical, on the other 
hand, would select a limited number of basic topics, present them to show their 
relation to the rest of mathematics, stress algebra as a method of thinking, and 
try to give unity to the whole. 

This book clearly belongs to the former class. It resembles in detail the 
standard college algebra of the past fifty years. It begins with about 100 pages 
of review of elementary algebra; it discusses in a minimum of space the under- 
lying principles of each topic and codifies them into Rule 1, Rule 2, - - - ; it has 
many problems following each article; it covers all the traditional topics from 
rules of signs to infinite series, with induction, inequalities, Horner’s method, 
the cubic and the quartic, and partial fractions given careful attention. All this 
is condensed, by means of a concise style and small type, into 298 pages. 

Some of the more recent additions to the subject have been included. Sig- 
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nificant digits are given two pages; interest and annuities rate a 13-page chap- 
ter; while statistics and curve fitting occupy the last 15 pages. In this respect 
the author has been more successful in bringing the book up to date than in the 
problems, where new cars cost $900, beginning salaries are $1200 per year, cars 
travel 30 and 24 miles an hour, factory employes earn $2.50 a day and fast trains 
get up a speed of 60 miles an hour. 

The Preface suggests that the book would be useful (1) for students with 
only one year of algebra behind them; (2) as a terminal course in mathematics; 
(3) as preparatory for majors in mathematics and science. To the reviewer, it 
seems (1) too brief, too dull, and too difficult in the first 100 pages for the 
average student with only one year of algebra; (2) lacking in unity and not 
sufficiently rich in interpretation and in the breadth of its applications to other 
fields for a terminal course; and (3) while it might develop skilled manipulators, 
its problems are so routine and formal that it neglects development of the stu- 
dent’s powers of analysis. 

However, to a student with sufficient background, with an overwhelming 
determination to master college algebra, and with an inspiring teacher to provide 
motivation, this text would surely give a thorough knowledge of the traditional 
material of college algebra and make him a master of algebraic manipulation. 

R. C. HUFFER 


Fundamentals of Business Mathematics. By W. R. VanVoorhis and C. W. Topp. 
New York, Prentice-Hall, 1948. 8+-454 pages. $3.75. 


Designed to meet the needs of students of business, this book aims to provide 
the kind and amount of mathematical background needed in the study of 
finance, commerce, accountancy, business statistics, and related topics. Be- 
ginning with a brief review of arithmetic and elementary algebra, the text pro- 
ceeds to discuss elementary statistical methods, percentage, simple interest and 
discount, probability, exponents and radicals, logarithms, progressions, prob- 
lems of finance, and equations. Each of these topics is treated in a simple, clear 
manner that should appeal to the student. Ample drill problems have been care- 
fully selected and excellent self-tests are given at the end of each chapter. 

The reviewer noted but two minor criticisms. On page 9, factors are confused 
with divisors. On page 29 it is stated incorrectly (or ambiguously), “This pro- 
cedure of rounding off the answer to the number of decimal places appearing 
in the least accurate number entering into the operation is followed in all arith- 
metic calculations involving approximate numbers.” 

In the reviewer’s opinion, this should prove to be a successful text, par- 
ticularly in schools and colleges of business administration and in junior col- 
leges. 

H. D. LARSEN 


Elements of Nomography. By R. D. Douglass and D. P. Adams. New York, 
McGraw-Hill Book Co., 1947. 9+209 pages. $3.50. 


The purpose of this text is to teach the practical construction of elementary 
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alignment charts, especially to those who study without benefit of instructor. 
Besides a certain maturity, it presupposes, for the most part, only a knowledge 
of algebra, plane geometry and logarithms. It should prove satisfactory for class 
room instruction of engineering students as well as for self-instruction. 

For three variables the authors list six types under which most of the 
charts fall. Type II is the addition nomogram (three parallel straight sup- 
ports); type III, the multiplication nomogram (two parallel straight supports 
crossed by a third straight support, the so-called N- or Z-chart); type V, the 
hexagonal nomogram (three straight supports concurrent in a finite point); 
type VI, the circular nomogram (one straight support crossing two coincident 
circular supports); types I, IV are special cases of II, V in which one support 
bisects, respectively, the distance and the angle between the other two. The 
main portion of the book thus concerns certain nomograms of genus zero and 
one of genus two. The final chapter constructs two nomograms of genus one, 
compounds nomograms of the various types to give nomograms for more than 
three variables, discusses other related graphical devices and gives charts for 
solving quadratic, cubic and trinomial equations. 

The subject is developed by solving problems illustrative of the various 
types. The stress is upon mechanical details of the solution, which is on the 
whole reduced to a series of carefully described steps. Printed forms to be used 
in solving are given in several cases, with a word of caution against using them 
before mastering the principles on which they are based. Questions of sign and 
disposition, which often puzzle the beginner, are dissected at great length. The 
drawings are large scale, numerous and excellent. The discussion of the technique 
for the actual drafting is unusually complete. 

Although the notation is admirably consistent, it is perhaps excessive and 
cumbersome. On page 21, for example, ten symbols, two of which involve a sub- 
script on a subscript and also a superscript, are used in the relatively simple 
operation of adjusting the modulus and the zero of a scale. The exclusion of 
such tools as analytic geometry and determinants, which have had great heu- 
ristic value in the development of the subject and which are available to the 
advanced undergraduate, handicaps the text for use in a strictly mathematical 
course as does also the total absence of references to the pertinent literature. 
The answer to this is perhaps that our overcrowded curriculum has no room for 
such a course. Since apart from and in spite of its applications nomography is a 
fascinating branch of mathematics, this state of affairs would indeed be un- 
fortunate, but it would at least justify the authors in limiting their objective, 
which they seem to have attained with a high measure of success. 

J. M. THomas 


NEW BOOK RECEIVED 
Eleven and Fifteen Place Tables of Bessel Functions of the First Kind, to All 


Significant Orders. By E. Cambi. New York, Dover Publications, 1948. 5+154 
pages. $3.95. 
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CLUBS AND ALLIED ACTIVITIES 


EpITED By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with refer- 
ences, student papers, and other material of interest to L. F. Ollmann, Hofstra College, 
Hempstead, New York. 

CLUB REPORTS 1947-48 


Pi Mu Epsilon, Louisiana State University 


Some of the papers presented at the semi-monthly meetings of Louisiana 
Alpha Chapter of Pi Mu Epsilon include: 

Some early discoveries in modern mathematics, by Dr. F. A. Rickey 

The geometric aspects of the derivative, by Ernest Ikenberry 

Approximation of N! for large N, by Dr. D. B. Sumner 

Geometric remarks on differential equations, by Dr. Solomon Lefschetz of 
Princeton University 

Mathematics in European universities, by Dr. Valdas Merkys 

The Mayan system of numeration, calendar, and astronomy, by M. B. Smith. 

Some elementary mathematics used in the study of electronics, by Donald Shipp. 

The officers for the year 1947-48 were: President, Wendell Craft; Vice-Presi- 
dent, Elinor Ernst; Secretary, Lillian Hudson; Treasurer, M. B. Smith; Faculty 
Advisor, Prof. H. T. Karnes. 


Mathematics Club, Oberlin College 


The activities of the Mathematics Club of Oberlin College included the follow- 
ing talks: 

Pi, by Thomas Morgan 

Number systems and the game of Nim, by Emery Thomas 

Vectors at sea, by Charles Petree 

Men of mathematics, by graphical analysis, by Mary Wright and Jeanne 
Taylor 

An infinity of paradoxes, by Ruth Berger 

Number theorems, by Lester Arnold 

The foundations of geometry, by Joe Solomon 

Ballistic pendulums, by Bruce Clark 

Plane surveying, by Robert Keesey 

Modern mathemaiics, by Walter Wood. 

Prof. S. W. McCuskey of Case Institute of Technology spoke on the subject 
Astronomical statistics at the annual club banquet. 

Officers for 1947-48 were: President, Lester Arnold; Vice-president, Ruth 
Berger; Secretary-treasurer, Mary Wright; Publicity chairman, Evelyn Schmidt; 
Social Chairman, Rosalind Monastersky; Faculty Advisor, Prof. E. P. Vance. 

Officers for 1948-49 are: President, Emery Thomas; Vice-President, Joe 
Solomon; Secretary-treasurer, Evelyn Schmidt; Publicity Chairman, Ann John- 
son; Social Chairman, Jeanne Taylor; Faculty Advisor, Prof. R. W. Wagner. 
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Mathematics Club, Sampson College 


The Mathematics Club of Sampson College functions to promote interest in 
mathematics and in its application. Aiming for this goal, the club presented the 
following lectures: 

Dimensional analysis, by Mr. Petrie 

Mathematics and chemistry, by Jack Bulloff 

What is a real number?, by Mr. R. G. Albert 

Ballistics, by Edwin Peck 

Mathematics in music, by Dr. Paul Squires 

Cartography, by Isidore Greenberg 

Plane geometry and the nine-point circle, by Edmund Frankel 

Vector analysis, by Winton Laubach 

Mathematics in mechanical optics, by H. C. Fish 

Magic, by Jack Martin 

Mathematics of tool and die making, by William Krasnow. 

An intra-club mathematical contest was held during one of the meetings. 

The novel event of the year was the presentation of Mack Martin’s play, 
How to catch a tortoise, enacted by Eugene Hochdanner, Otto Fabian, Jack 
Martin and Howard Fish. The core of the play was a discussion between a mod- 
ern philosopher and Zeno (returned to earth) upon the paradoxical nature of 
motion. 

The schedule of future club activities includes a treasure hunt in mathe- 
matics books, a mathematics exhibition, and a mathematics party. Five minute 
reports by students on books in mathematics will be featured in future meetings. 

The Mathematics Club boasts its own library room with blackboard, books 
and periodicals for informal study. Plans for a,mathematical mural and a 
cabinet of geometrical models have been initiated. 

The members elected to officers’ positions at the second meeting were: 
President, Eugene Hochdanner; Vice-president, Robert Forrest; Secretary, 
Howard Fish; Publicity Director, Gilbert Friedenreich; Science Council Repre- 
sentative, A. W. Vandewinckel; Program Committee, William Krasnow and 
Arthur Siegel; Faculty Advisor, Mr. Richmond G. Albert. 


Mathematics-Physics Club, College of Saint Teresa 


Applications of mathematics to various professions was the theme of the 
year’s programs of the Mathematics-Physics Club of College of Saint Teresa. 
Guest speakers devoted evenings to architecture, engineering, biophysics, and 
chess. Members of the club gave talks on Bridges, Body mechanics in nursing 
arts, The sextant, and Celestial navigation. Mathematics films also had their part 
in the programs. The year closed with a mathematical picnic at which the year’s 
theme was put into effect in a recreational way. 

Officers for the years were: President, Betty Gervais; Vice-president, Gene- 
vieve Suprenant; Secretary, Mary Jane Dyer; Treasurer, Joan Koch. 
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Kappa Mu Epsilon, Upsala College 


The papers presented at the regular monthly meetings of the New Jersey 
Alpha Chapter of Kappa Mu Epsilon were: 

Mathematics at Shrivenham University and other English Colleges, by Dr. 
D. R. Davis of Montclair State Teachers College 

An introduction to nomography, by Marjorie Cohen 

Different methods of proving the Pythagorean theorem, by Frances Rischmuller. 

Nomographic chart for quadratic equations, by Robert Wallace 

The body of mathematics as we have it today, by Dr. M. A. Nordgaard, faculty 
advisor 

Relationship of mathematics to philosophy, by June Davidson 

Theory of probability, by James Gill and Martin Monroe. 

At the Ninth Annual Banquet Dr. Nathan Lazar of Teachers College, 
Columbia University, spoke on The development of the abacus. The members of 
the fraternity joined the Mathematics Club in a trip to Hayden Planetarium. 

The officers during the year 1947-48 were: President, Marjorie Cohen; 
Vice-President and Treasurer, June Davidson; Recording Secretary, Frances 
Rischmuller; Corresponding Secretary, Dr. M. A. Nordgaard. 

The officers for the year 1948-49 are: President, Frances Rischmuller; Vice- 
President, Robert Wallace; Recording Secretary, James Gill; Treasurer, Martin 
Monroe; Corresponding Secretary, Dr. M. A. Nordgaard. 


Mathematics Club, Montana State University 


The Mathematics Club of Montana State University held ten regular meet- 
ings during the year 1947-48. Faculty members of the mathematics and physics 
departments and undergraduate students presented the following papers: 

Diophantine equations, by Mr. Coffee 

Atomic research, by Dr. Miller 

History of pi, by Don Marshall 

Probability and games of chance, by Dr. Ostrom 

Curve fitting, by Dr. A. S. Merrill 

Mathematics in occupations, by Frank McElwain 

One to one correspondence, by Dr. Lennes 

Rubber sheet geometry, by Paul Rygg. 

There were two social meetings during the year, one at the home of Dr. and 
Mrs. A. S. Merrill during the winter quarter, and the other was the annual 
Mathematics-Chemistry Club picnic in the spring. 

The officers for 1947-48 were: President, Don Marshall; Vice-President, 
Jean Popham; Secretary-Treasurer, Veronica Kreitel; Faculty advisor, Dr. T. G. 
Ostrom. 

The officers for 1948-49 are: President, Paul Rygg; Vice-President, Veronica 
Kreitel; Secretary-Treasurer, Elsie Taylor; Faculty advisor, Dr. T. G. Ostrom. 
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NEWS AND NOTICES 


EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 
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Orrin Frink, W. H. Gage, J. W. Givens, L. M. Graves, N. G. Gunderson, F. S. 
Harper, G. E. Hay, E. R. Heineman, M. R. Hestenes, T. H. Hildebrandt, R. T. 
Hood, G. B. Huff, H. K. Hughes, R. D. James, Fritz John, L. S. Johnston, 
P. S. Jones, Fred Kiokemeister, H. D. Larsen, D. H. Lehmer, J. N. Livingood, 
C. C. MacDuffee, Saunders MacLane, H. B. Mann, W. T. Martin, N. H. Mc- 
Coy, A. D. Michal, Norman Miller, C. N. Moore, Marston Morse, Ivan Niven, 
Rufus Oldenburger, C. D. Olds, Oystein Ore, C. G. Phipps, George Pélya, G. B. 
Price, E. D. Rainville, O. J. Ramler, J. F. Randolph, W. T. Reid, P. R. Rider, 
G. de B. Robinson, J. B. Rosser, I. M. Sheffer, H. L. Smith, C. E. Springer, 
E. P. Starke, J. L. Synge, A. H. Taub, R. M. Thrall, R. S. Underwood, H. S. 
Vandiver, R. J. Walker, J. L. Walsh, S. W. Warschawski, Louis Weisner, 
Charles Wexler, R. L. Wilder, H. E. Wolfe, M. A. Zorn. 


PREDOCTORAL FELLOWSHIP OF SIGMA DELTA EPSILON 


The Fellowship Board of Sigma Delta Epsilon, Graduate Women’s Scientific 
Fraternity, announces that applications for the Sigma Delta Epsilon Research 
Fellowship in Science should be submitted before February 1, 1949. Application 
blanks may be secured from Dr. Virginia Barton, 7 Chemistry Annex, Univer- 
sity of Illinois, Urbana, Illinois. Women of outstanding ability, who are predoc- 
toral candidates in the mathematical, physical, or biological sciences and who 
need financial assistance to further a well-defined research project, are eligible 
candidates. 

HARRY BATEMAN RESEARCH FELLOWSHIPS 


Applications are invited for these post-doctorate fellowships in Pure Mathe- 
matics at the California Institute of Technology. Recipients will devote the 
major part of their time to research. In addition, they are expected to teach one 
upperclass course in mathematics. The stipend is $3600 for the academic year. 
For application blanks and further information, address the Dean of the Fac- 
ulty, California Institute of Technology, Pasadena 4, California. Applications 
must be returned before March 1, 1949. 
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RESEARCH GRANTS OF THE INSTITUTE FOR ADVANCED STUDY 


The School of Mathematics, Institute for Advanced Study, will allocate a 
small number of stipends to gifted young mathematicians and mathematical 
physicists to enable them to study and do research work at Princeton during the 
academic year 1949-50. Candidates must have given evidence of ability in 
research comparable at least with that expected for the Ph.D. degree. Blanks 
for application may be obtained from the School of Mathematics, Institute for 
Advanced Study, Princeton, New Jersey and are returnable by February 1, 
1949. 


ORGANIZED RESERVE RESEARCH GROUPS OF THE UNITED STATES ARMY 


The Department of the Army has established a program of particular inter- 
est to mathematicians and other scientists, who hold Reserve commissions in the 
Army, and who are professionally engaged in teaching or research and develop- 
ment. The objectives of the program are to: (1) maintain the useful affiliation 
of mathematicians and other scientists with the Organized Reserve Corps, 
(2) provide peacetime Reserve assignments for these officers, enabling optimum 
utilization of their education, experience and skills, (3) furnish mobilization 
assignments which will fully utilize their talents, and (4) adequately prepare 
these officers for mobilization. 

Reserve officers who are currently engaged in civilian research, college or 
university teaching, or industrial research or development, or who in the past 
have had specific research experience are eligible to make application for assign- 
ment to an Organized Reserve Research and Development Group. A group may 
be organized in any locality where there are twenty or more qualified officer 
scientists who desire to participate in the program. A subgroup may be organized 
with ten qualified members. 

Inquiry about organization of an Organized Reserve Research and Develop- 
ment Group or about assignment to a group already organized should be made 
of the Unit Instructor, ORC, or of the Senior Army Instructor, ORC, in the 
locality in which the officer resides. 


PERSONAL ITEMS 


Professor Charles Blanc of the University of Lausanne and Professor Albert 
Pfluger of the Swiss Federal Institute of Technology have been elected President 
and Vice-President, respectively, of the Swiss Mathematical Society. 

Professor L. M. Graves of the University of Chicago has received the Presi- 
dent’s Certificate of Merit for his work on the panel of applied mathematics of 
the National Defense Research Comiiaittee. 

Associate Professor E. H. C. Hildebrandt has been elected President of the 
National Council of Teachers of Mathematics. He is aiso National Secretary- 
Treasurer of Pi Mu Epsilon and Secretary of the Mathematics Section of the 
Central Association of Science and Mathematics Teachers. 

Professor George Poiya of Stanford University received an honorary degree 
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from the Swiss Federal Institute of Technology, Zurich, on November 15, 1947. 

Professor Hassler Whitney of Harvard University has received an honorary 
degree of Doctor of Science from Yale University. 

It has been announced by the U. S. Army that the following mathematicians 
will serve as an advisory committee especially with regard to speed calculation: 
Dr. Hendrik Bode, Bell Telephone Laboratories; Professor Richard Courant, 
New York University; Professor John von Neumann, Institute for Advanced 
Study; Professor J. B. Rosser, Cornell University; Professor H. P. Robertson, 
California Institute of Technology; Professor J. J. Stoker, New York Univer- 
sity; Professor E. R. Lorch of Columbia University will be mathematics adviser 
to the research group. 

Alabama Polytechnic Institute announces the promotions of Associate Pro- 
fessor Ernest Williams to a professorship and Assistant Professor S. L. Thomp- 
son to an associate professorship. 

Arizona State College reports: Associate Professor R. B. Lyon, who is on 
sabbatical leave, is at the University of Texas; Dr. Lee Byrne, formerly of Pur- 
due University, has been appointed Special Lecturer in Mathematics. 

At Boston College, Dr. R. J. Marcou has been promoted to a professorship; 
Dr. H. G. Haefeli and Dr. T. S. Motzkin have been appointed to associate pro- 
fessorships. 

Butler University makes the following announcements: Professor H. E. 
Crull, head of the Department of Mathematics, is now also Director of the Uni- 
versity College; Mr. William Fuller and Miss Jane Uhrhan have been ap- 
pointed to instructorships. 

Colorado State College of Education announces the appointment of Mr. 
K. E. Hansen to an instructorship. A very successful Summer Conference on 
Science, Mathematics and Social Studies was held on July 9-10, 1948. 

At De Paul University, Mr. Chester Pachuki and Mr. Arthur Saastad have 
been appointed to instructorships. 

Drake University announces the promotions of Associate Professor B. E. 
Gillam to a professorship and Instructor R. W. Gardner to an assistant profes- 
sorship. 

Duke University announces the appointments of the following instructors: 
J. R. Garrett, M. P. Jarnagin, T. D. Reynolds, all formerly graduate students at 
Duke University. 

Emory University reports: Professor C. G. Latimer has been appointed 
Chairman of the Department of Mathematics; Mr. C. R. Partington of Purdue 
University has been appointed to an instructorship. 

Harvard University makes the following announcements: Assistant Profes- 
sor George Mackey has been promoted to an associate professorship; Dr. Oscar 
Goldman of Princeton University, Dr. John Gurland of the University of Cali- 
fornia in Berkeley and Dr. Raymond Redheffer of the Massachusetts Institute 
of Technology have been appointed Benjamin Peirce Instructors of Mathemat- 
ics; Professor D. V. Widder is on sabbatical leave during 1948-49 and is spending 
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the year in California. Professor Garrett Birkhoff was abroad during the spring 
term and summer as a Guggenheim Fellow; he lectured in the London Mathe- 
matical Society and at the Institut Henri Poincaré. Professor Mackey delivered 
an invited address at a conference held at the University of Chicago on Topologi- 
cal Groups during the spring of 1948. 

Johns Hopkins University announces: Dr. W. L. Chow of the University of 
Shanghai and the Institute for Advanced Study has been appointed to an asso- 
ciate professorship; Dr. L. G. Peck of New York University and the Institute 
for Advanced Study has been appointed Assistant Professor; Mr. E. D. Carey 
of New York University, Dr. M. L. Juncosa of Cornell University, and Doctors 
E. A. Coddington, C. R. Putnam, Sylvan Wallach of Johns Hopkins University 
have been appointed to instructorships. Professor F. D. Murnaghan has resigned 
to accept an offer from the Brazilian government; he will assume his new duties 
in Brazil in January 1949. Professor B. L. van der Waerden has resigned to re- 
sume his duties with the Royal Dutch Oil Company. 

Lehigh University reports the following: Associate Professor A. E. Pitcher 
has been promoted to a professorship; Mr. Paul Meier of Princeton University 
has been appointed to an assistant professorship; Mr. Michael Tikson has been 
appointed to a graduate assistantship; Assistant Professor H. G. Means has re- 
tired. 

Louisiana State University makes the following announcements: Assistant 
Professor L. I. Wade of Duke University has been appointed Professor and 
Head of the Department of Mathematics; Mr. B. B. Townsend of the University 
of Texas has been appointed to an assistant professorship; Professor I. C. 
Nichols has retired with the title of Professor Emeritus. 

New York University announces these promotions: Associate Professor 
H. R. Cooley to a professorship; Assistant Professor H. E. Wahlert to an asso- 
ciate professorship; Dr. Joseph Keller who has been connected with the Institute 
of Mathematics and Mechanics to a research assistant professorship; Instruc- 
tors Beatrice G. Edison and David Gans to assistant professorships. The Pi 
Mu Epsilon Mathematics Contest was held at Washington Square College on 
March 13, 1948 with representatives of one hundred eighty-three schools par- 
ticipating. 

Northwestern University reports the following: Instructor D. H. Potts has 
been promoted to an assistant professorship; Mr. E. W. Banhagel of Wayne 
University, Mrs. Helen Betz, Morton Junior College, and Mr. W. M. Boothby, 
Rackham Fellow at University of Michigan, have been appointed to instructor- 
ships; Professor W. T. Reid served as visiting professor at the University of 
California at Los Angeles during the second Summer Session of 1948. Assistant 
Professor M. E. Wescott has been elected Chairman of Board of Editors of 
Industrial Quality Control. 

At Purdue University the following appointments to instructorships have 
been made: Mrs. Nadine Johannesen of Wayne University, Miss Ruth King and 
Mr. James McKnight of Purdue University, Dr. Harold Shniad, University of 
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California at Los Angeles, and Mr. Erskine St. Clair, University of Michigan. 

Rice Institute announces the promotion of Dr. H. D. Brunk to an assistant 
professorship. 

Sam Houston State Teachers College reports: Mr. M. W. Wells of Texas 
Agricultural and Mechanical College has been appointed to an assistant profes- 
sorship; Associate Professor B. M. Wall is on leave and is studying at the Uni- 
versity of Texas. 

At Simmons College a separate Department of Mathematics has been organ- 
ized effective with this academic year. Miss Sybil Tanenbaum, formerly at 
Brown University, has been appointed to an instructorship. 

Syracuse University announces the following: Assistant Professor F. W. 
Borgward and Professor I. S. Carroll have retired with che title of Professor 
Emeritus; Dr. O. O. Pardee has been appointed to an instructorship. Professor 
P. C. Rosenbloom has returned from Sweden where he spent eighteen months on 
a Guggenheim fellowship. Professor Abe Gelbart has returned after a year at 
the Institute for Advanced Study. 

United States Military Academy makes the following announcements: Colo- 
nel W. W. Bessell, Jr. has been appointed Professor and Head of the Depart- 
ment of Mathematics; Colonel C. P. Nicholas has been appointed to a professor- 
ship; Lieutenant Colonel R. C. Yates has been promoted to an associate profes- 
sorship; Lieutenant Colonel J. T. Honeycutt and Lieutenant Colonel A. W. 
Oberbeck have been promoted to assistant professorships. Brigadier General 
Harris Jones, formerly head of the Department of Mathematics, is now Dean of 
Academic Board; Colonel W. N. Underwood is District Engineer on Guam; 
Lieutenant Colonel J. S. B. Dick is overseas. 

United States Naval Academy annc:'nces the following promotions: Assist- 
ant Professors J. M. Holme, J. F. Milos, R. C. Morrow, V. N. Robinson, S. S. 
Saslaw, and C. W. Seekins to associate professorships; Instructors B. H. Buik- 
stra, A. R. Craw, M. V. Gibbons, J. R. Gorman, E. C. Gras, F. P. Kowalewski, 
K. F. McLaughlin, G. J. Mann, Joseph Milkman, Robert Molly, N. O. Niles, 
A. J. Pejsa, J. W. Popow, R. W. Rector, R. C. Simpson, H. K. Sohl, A. H. 
Streinbrenner, M. F. Stilwell, W. J. Strange, G. R. Strohl, Jr., E. G. Swafford, 
C. E. Thompson, J. A. Tierney, E. C. Watters, Jr., J. H. White, and H. Wie- 
renga to assistant professorships. 

At the United States Naval Postgraduate School, Assistant Professor R C. 
Campbell of the University of Pennsylvania and Assistant Professor B. J. Lock- 
hart of the University of Michigan have been appointed to assistant professor- 
ships; Mr. N. F. Spraggins, formerly at Stanford University, has been ap- 
pointed to an instructorship. 

University of Chicago reports: Visiting Professor Andre Weil has been pro- 
moted to a professorship; Assistant Professor Leopoldo Nachbin of the Univer- 
sity of Brazil and Professor Candido Lima Da Silva Dias of the University of Sao 
Paulo have been appointed Research Associates. Instructor E. J. Akutowicz 
is now an Atomic Energy Post Doctoral Fellow; Instructor J. B. Crabtree is with 
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the ONR in London. 

University of Colorado announces the appointment of Mr. Burrowes Hunt, 
Jr. and Mr. Gideon Culpepper of the University of Colorado to instructorships. 

University of Florida announces: Mr. Kenneth Walters of Lehigh University 
has been appointed to an instructorship; Mr. L. H. Potter, graduate student of 
the University of Florida, has been appointed to an acting instructorship; Mr. 
M. J. Cleveland, Mr. A. J. Owens, Mr. J. M. Robertson, and Mr. W. B. Stovall, 
Jr. have been appointed to teaching assistantships; Mr. J. A. Adkinson, Mr. 
J. R. Duffett, Mr. G. B. Findley, and Mrs. Orpha Ingwalson have been ap- 
pointed to graduate assistantships. 

University of Georgia makes the following announcements: Professor Tom- 
linson Fort has been appointed Distinguished Service Professor; Associate Pro- 
fessor J. A. Ward was promoted to a professorship; Professors W. V. Parker 
and J. A. Ward have been given special research grants by the University of 
Georgia; new members of the staff are Associate Professor G. M. Conwell and 
Instructor James Bercos; Professor G. B. Huff is on leave of absence for the 
current year and is at Harvard University. The Department of Mathematics has 
been authorized to offer the Ph.D. Degree. 

At the University of Houston, Associate Professor A. A. Aucoin has been 
promoted to a professorship and Assistant Professor Albert Newhouse has been 
promoted to an associate professorship. 

University of Kansas reports: Associate Professor P. O. Bell has been pro- 
moted to a professorship; Dr. I. N. Herstein, Dr. G. K. Overholtzer, Mr. Robert 
Marceau, and Miss Minnie Stewart have been appointed to instructorships; 
Associate Professor H. E. Jordan has retired with the title of Associate Professor 
Emeritus. Mr. S. G. Kneale, graduate student, has been awarded a scholarship 
at Harvard University. 

The University of Illinois announces: Professor W. G. Madow of the Uni- 
versity of North Carolina has been appointed Professor of Mathematical Sta- 
tistics; Professor Loo Keng Hua, Institute for Advanced Study, has been ap- 
pointed Visiting Professor; Dr. Lowell Schoenfeld, Harvard University, and 
Dr. Irving Reiner, formerly of the Institute for Advanced Study, have been ap- 
pointed to assistant professorships; Assistant Professor F. E. Hohn of the Uni- 
versity of Maine, Mr. R. G. Langebartel of the University of Illinois, and Mrs. 
Irma M. Reiner of Temple University have been appointed to instructorships; 
Instructors W. A. Ferguson, Joseph Landin, B. E. Meserve, and M. E. Munroe 
have been promoted to assistant professorships. 

Dr. H. L. Alder, instructor at the University of California at Berkeley, is 
now an instructor at the University of California at Davis. 

Associate Professor H. C. Ayres of the United States Naval Academy has 
accepted a position as professor and head of the Department of Mathematics of 
Jersey City Junior College. 

Dr. L. J. Burton has been appointed to an assistant professorship at Bryn 
Mawr College. 
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Mr. P. F. Cauffman of Lehigh University has been appointed Professor and 
Head of the Department of Mathematics of State Teachers College, Salisbury, 
Maryland. 

Dr. J. H. Curtiss, chief of the National Applied Mathematics Laboratories, 
has assumed temporary additional duties as acting chief of the Institute for 
Numerical Analysis at the University of California at Los Angeles. 

Assistant Professor M. P. Fobes of the College of Wooster has been promoted 
to the headship of the Department of Mathematics. 

Associate Professor T. J. Higgins of the Illinois Institute of Technology has 
been appointed to a professorship in the Department of Electrical Engineering 
of the University of Wisconsin. 

Mr. K. R. Jones, who has been associated with the NEPA Project, Oak 
Ridge, is now employed at Ordnance Research Number One, University of 
Chicago. 

Dr. Samuel Karlin has been appointed Research Instructor for the current 
academic year at California Institute of Technology. 

Mr. A. W. Kaufman is now an instructor at Aurora College. 

Assistant Professor R. R. Kuebler of Dickinson College has been promoted 
to an associate professorship. 

Mr. J. V. Limpert of Syracuse University has been appointed to an assistant 
professorship at St. Lawrence University. 

Dr. Eugene Lukacs has a position as statistician at the United States Naval 
Ordnance Test Station, Inyokern, California. 

Mr. K. E. McLachlan of Baylor University has been promoted to an assist- 
ant professorship. 

Mr. H. W. Morrow, Jr. has been appointed Instructor in Mechanics at the 
University of Florida. 

Mr. L. R. Norwood of Yale University is now employed as a mathematician 
at the United States Army Signal Corps Laboratory, Fort Monmouth, New 
Jersey. 

Miss Gloria Olive of the University of Arizona has accepted an appointment 
as instructor at Idaho State College. 

Mr. R. V. Person has been appointed to an instructorship at American 
University. 

Reverend Albeni Poitras of St. Joseph’s University, New Brunswick, Canada 
has been made Dean of Studies. 

Mr. R. M. Schmied, graduate fellow at Brown University, has been ap- 
pointed to an instructorship at Tulane University. 

Assistant Professor Abraham Schwartz of Pennsylvania State College is now 
an instructor at the College of the City of New York. 

Mr. R. R. Seeber has been made Senior Staff Member with the International 
Business Machines Corporation, New York City. 

Mr. W. H. Simons of the University of British Columbia has been promoted 
to an assistant professorship. 
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Mr. M. L. Stein of the University of California at Los Angeles has accepted 
a position as mathematician at the Institute for Numerical Analysis, U. C. L. A. 
Mr. H. W. Stephens of the University of Florida has accepted an instructor- 


ship at the University of Maryland. 


Professor Gabor Szego of Stanford University was on leave of absence during 
the Summer and Autumn Quarters for scientific work in Europe. 
Associate Professor Alexander Tartler, Drexel Institute of Technology, has 


been promoted to a professorship. 


Mrs. Maria Weber has been appointed to an instructorship at Goucher Col- 


lege. 


Professor C. O. Williamson of the College of Wooster has been promoted 
to the headship of the Department of Applied Mathematics. 

Mr. H. W. Zeoli, formerly a secondary school teacher at Hyannis, Massa- 
chusetts, has been appointed to an assistant professorship at Central Michigan 


College. 


Professor Emeritus G. W. Finley of Colorado State College of Education 


died on May 17, 1948. 


Professor Emeritus J. H. M. Wedderburn of Princeton University died early 


in October, 1948. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
seventy-six persons have been elected to membership on applications duly 


certified: 


M. K. At-Guita, M.S. (Michigan) Graduate 
Student, University of Michigan, Ann 
Arbor, Mich. 

H. W. B.S.(Buffalo S.T.C.) In- 
structor, University of Buffalo, N. Y. 

D. Y. Barrer, B.S.(New York University) 
Graduate Asst., Northwestern University, 
Evanston, IIl. 

R. C. F. Barterts, Ph.D.(Wisconsin) Asst. 
Professor, University of Michigan, Ann 
Arbor, Mich. 

RENE Baus, Jr., B.S.(Tulane) Graduate Stu- 
dent, Tulane University, New Orleans, La. 

MiLprep E. BLAcKMAN, B.S.(St. Ambrose) 
Instructor, St. Ambrose College, Daven- 
port, Iowa 


May C. Briacxstock, M.A.(Brown) _ Instruc- 
tor, University of Tennessee, Knoxville, 
Tenn. 

DaNIEL Btock, B.A.(Yeshiva) Instructor, 
Yeshiva University, New York, N. Y. 

W. H. Bium, M.A.(West Virginia) 505 Kru- 
ger Street, Elm Grove, W. Va. 

Mamie I. BRasweELi, M.A. (George Peabody) 
Asso. Professor, Alabama College for Wom- 
en, Montevallo, Ala. 

R. C. Brown, Jr., M.S.(West Virginia) In- 
structor, West Virginia University, Mor- 
gantown, W. Va. 

R. K. Brown, B.Sc.(Muhlenberg) Teaching 
Asst., Rutgers University, New Brunswick, 
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EmMALou BruMFIELD, M.A.(Ohio State) In- 
structor, Kent State University, Kent, 
Ohio 

J. M. Cameron, M.S.(North Carolina State 
College) Mathematician, National Bu- 
reau of Standards, Washington, D. C. 

W. F. Carnes, A.M.(Harvard) Tutor, St. 
John’s College, Annapolis, Md. 

J. G. Curerstiano, M.S.(Pittsburgh) Asst. 
Professor, University of Pittsburgh, Pa. 

J. L. Cottins, B.S.(St. Mary’s) Instructor, 
St. Ambrose College, Davenport, Iowa 
BROTHER DAMIAN CONNELLY, F.S.C., Ph.D. 
(Catholic University) Asst. Professor, 

LaSalle College, Philadelphia, Pa. 

R. R. Croxton, M.Ed.(South Carolina) In- 
structor, University of South Carolina, 
Columbia, S. C. 

R. A. Deutscu, B.S.(Long Island) Electrical 
Engineer, Kellex Corporation, New York, 

P. W. Epmonson, M.A.(Michigan) Teacher, 
Dearborn Junior College, Mich. 

C. G. Goa, D.Ing. (Venezuela) Engineer, Min- 
istry of Public Works, Caracas, Venezuela 

E. GoopMan, Ph.D. (Pennsylvania) 
Asst. Professor, Duquesne University, 
Pittsburgh, Pa. 

Rusy M. Grimes, A.M.(Illinois) Asst. Pro- 
fessor, North Dakota Agricultural College, 
Fargo, N. D. 

G. B. Haccerty, M.A.(Bucknell) Asst. Pro- 
fessor, Rhode Island State College, Kings- 
ton, R. I. 

Exa O’D. Haron, B.S. (Prairie View College) 
Teacher, Phillis Wheatley High School, 
Houston, Tex. 

R. C. HAsEttTtnE, M.A.(Pennsylvania State 
,College) Chairman of Dept., Pennsyl- 
vania State College (Swarthmore Center), 
Swarthmore, Pa. 

HELEN M. Heater, M.S. (West Virginia) In- 
structor, West Virginia University, Mor- 
gantown, W. Va. 

P. F. Huttouist, B.A.(Colorado) Assistant, 
University of Wisconsin, Madison, Wis. 

R. Y. IwAncuux, M.A.(Columbia) Asst. 
Professor, Kent State University, Kent, 
Ohio 

AYRLENE McG. Jones, M.A.(Texas) Asst. 

Professor, Mississippi Southern College 

Hattiesburg, Miss. 
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H. J. Jones, M.A.(Texas) Teacher, Leuzinger 
High School, Lawndale, Calif. 

J. J. Jones, M.A.(George Peabody) Asst. 
Professor, Mississippi Southern College, 
Hattiesburg, Miss. 

R. L. Jones, M.S.(South Carolina) Adjunct 
Professor, University of South Carolina, 
Columbia, S. C. 

ABRAHAM Karrass, Boys High School, Brook- 

lyn, N. Y. 

F. L. KIOKEMEISTER, Ph.D.(Wisconsin) Asso. 
Professor, Mount Holyoke College, S. 
Hadley, Mass. 

E. H. Larcuter, S.J., Ph.D.(Michigan) Pro- 
fessor, Spring Hill College, Mobile, Ala. 

J. A. La Rue, B.A. (West Virginia) Teaching 
Fellow, West Virginia University, Morgan- 
town, W. Va. ° 

T. H. Lee, M.A.(North Carolina) Adjunct 
Professor, University of South Carolina, 
Columbia, S. C. 

E. J. Lowry, M.Sc. (Nebraska) 
Hastings College, Neb. 

W. C. Lowry, M.Ed.(Ohio University) In- 
structor, Kent State University, Kent, 
Ohio 

L. J. MATTESON, JR., A.B. (Colgate) Actuarial 
Trainee, Mutual Life Insurance Co., New 
York, N. Y. 

J. E. McGauecay, B.S.(Chicago) Instructor, 
Lawrence College, Appleton, Wis. 

J.S. Mrnas, Student, Wayne University, De- 
troit, Mich. 

B. N. Moyts, Ph.D.(Harvard) Asst. Profes- 
sor, University of British Columbia, Van- 
couver, B. C. 

T. F. Mutcroneg, S.J., M.S. (Catholic Univer- 
sity) Asst. Professor, Spring Hill College, 
Mobile, Ala. 

BERNICE OrSHANSKY, B.A.(Hunter) Mathe- 
matics Editor, Educational Testing Serv- 
ice, Cooperative Test Division, New York, 

S. J. PaGano, M.A.(Washington University) 
Instructor, Missouri School of Mines, 
Rolla, Mo. 

L. G. RucGs, 


Professor, 


M.S.(Syracuse) Instructor, 


Northwestern University, Evanston, IIl. 
G. B. Rosison, M.A.(Columbia) Asst. Pro- 
fessor, Sampson College, N. Y. 
Rev. E. J. Rocue, M.S.(Notre Dame) Pro- 
fessor, St. Dunstan’s University, Charlotte- 
town, P. E. I. 
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W. G. Rovuteau, A.B.(Catholic University) 
Statistical Clerk, National Bureau of 
Standards, Washington, D. C. 

R. R. SEEBER, JR., A.B.(Harvard) Senior 
Staff Member, International Business 
Machine Corp., New York, N. Y. 

C. J. SENSALE, Student, New Jersey State 
Teachers College, Montclair, N. J. 

J. R. SEwE Lt, B.S.(Rollins) Graduate Stu- 
dent, Northwestern University, Evanston, 
Ill. 

E. I. SHaprro, M.A.(Cornell) Instructor, 
Brooklyn College, N. Y. 

R. L. Suivety, M.S.(Michigan) Teaching 
Fellow, University of Michigan, Ann Ar- 
bor, Mich. 

C. E SHotwe.t, B.A.(Tusculum) Asst. In- 
structor, University of Missouri, Columbia, 
Mo. 

A. T. SkrnnER, M.A.(Columbia) Asst. Pro- 
fessor, Sampson College, N. Y. 

R. E. Smart, B.S.(Ohio State) Engineer, 
Anchor Hocking Glass Corporation, Lan- 
caster, Ohio 

J. L. SoLomon, 
Ohio 

R. L. Spencer, M.A.(Michigan) Instructor, 
Dearborn Junior College, Mich. 

W. L. Stamey, B.A.(Colorado State) Asst. 
Instructor, University of Missouri, Colum- 
bia, Mo. 

R. H. Stark, Ph.D.(Northwestern) Instruc- 


Student, Oberlin College, 


[January, 


tor, Northwestern University, Evanston, 
Ill. 

R. F. Srewarp, B.S.(Wheaton) Teaching 
Asst., New Jersey College for Women, 
New Brunswick, N. J. 

R. B. Stites, A.B.(Middlebury) Instructor, 
Vanderbilt University, Nashville, Tenn. 

J. C. TourMAN, M.A. (Vanderbilt) Asst. Pro- 
fessor, Vanderbilt University, Nashville, 
Tenn. 

J. T. VALLANDINGHAM, A.B. (Georgetown) In- 
structor, Cumberland College, Williams- 
burg, Ky. 

JOHNNIE VAN, P.O. Box 27, Hastings, Fla. 

F. E. VAN BERGEN, D.Sc.(Brussels) Teacher, 
Royal Athenaeum of St. Niklaas, St. 
Niklaas-Waas, Belgium 

A. A. VUYLSTEKE, Student, Wayne Univer- 
sity, Detroit, Mich. 

J. G. WENDEL, Ph.D.(California Tech.) In- 
structor, Yale University, New Haven, 
Conn. 

W. D. Wiiiams, M.S. (Illinois) Instructor, 
Hannibal La Grange College, Hannibal, 
Mo. 

E. H. Wouter, M.A.(Toledo) Asst. Profes- 
sor, Bowling Green State University, Ohio 

J. E. Woop, M.A.(Colorado State) Director 
of Aviation, Scottsbluff Junior College, 
Neb. 

L. G. WorTHINGTON, M.A. (North Texas State) 
Head of Department, John Tarleton Col- 
lege, Stephenville, Tex. 


THE APRIL MEETING OF THE KANSAS SECTION 


The thirty-second annual meeting of the Kansas Section of the Mathematical 
Association of America was held at Mount St. Scholastica College in Atchison, 
on Saturday, April 10, 1948. Sessions were held in the morning and afternoon. 
Sister Helen Sullivan presided at these sessions. 

The attendance was one hundred forty-one including the following forty-four 


members of the Association: R. W. Babcock, Wealthy Babcock, H. H. Barnett, 
Florence Black, Frances Breneman, C. H. Brown, Virginia L. Chatelain, L. E. 
Curfman, Lucy T. Dougherty, Paul Eberhart, Albert Furman, W. H. Garrett, 
Laura Z. Greene, Edison Greer, J. R. Hanna, W. C. Janes, L. E. Laird, C. F. 
Lewis, Anna Marm, Margaret E. Martinson, Thirza A. Mossman, C. V. New- 
som, Sister Jeanette Obrist, S. T. Parker, O. J. Peterson, Rev. P. S. Pretz, 
G. B. Price, O. M. Rasmussen, C. B. Read, C. A. Reagan, L. M. Reagan, E. S. 
Robbins, R. G. Sanger, Robert Schatten, J. A. G. Shirk, G. W. Smith, R. G. 
Smith, Sister Helen Sullivan, C. B. Tucker, Gilbert Ulmer, Frances E. Walsh, 
E. B. Wedel, A. E. White, P. M. Young. 
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At the business meeting the following officers were elected for next year: 
Chairman, R. G. Sanger, Kansas State College; Vice-Chairman, R. G. Smith, 
Kansas State Teachers College, Pittsburg; Secretary-Treasurer, Anna Marm, 
Bethany College. 

The following papers were presented: 

1. Establishing our mathematical perspective, by Professor C. V. Newsom, 
Oberlin College. 


A fundamental problem of education is that of perfecting the powers of a person, especially 
insofar as he is enabled to comprehend and control his environment. This requires an understanding 
of the methods employed in attempting to bridge the gap between the mind of man and the con- 
duct of nature. The systematic construction of various models, including symbolic systems, that 
are useful in coordinating and predicting events in nature characterized the scientific reformation 
of the seventeenth century. Since that time the use of the symbolic patterns of mathematics has 
grown, and virtually every science acknowledges the importance of mathematical procedures. 
These facts make it essential that early courses in mathematics should make clear the true role of 
mathematics. It should be emphasized that (a) mathematics is manmade, and, in general, a 
mathematical pattern fits any segment of nature only approximately, although the fit may be 
amazingly good; (b) the utility of mathematics would be quite limited except for the generality 
inherent in its formalizations; (c) abstract mathematical systems employ the method of postula- 
tional thinking, and every attempt should be made to acquaint students with the mathematical 
method and the desire for rigor. A corollary of these conditions is the fact that the mathematician, 
or at least the teacher of mathematics, must be extremely versatile in his preparation and interests. 


2. Panel: Mathematics and the development of civilization. 


This discussion consisted of five parts. First the role of mathematics in physical sciences was 
treated by G. B. Price of the University of Kansas. He remarked that mathematics is concerned 
with the study of structure. The role of mathematics in the physical sciences is to supply, through 
the study of the structure of mathematical systems, mathematical models which can be used to 
explain physical phenomena and to predict results which have not been observed. Three im- 
portant examples are Newton’s model of the universe, Fourier’s model for the study of the flow of 
heat, and Einstein’s model of the universe. 

Then Frances M. Breneman of Washburn University dealt with the role of mathematics in 
the business world. Direct application of mathematics to accounting, interest, and annuities was 
mentioned. The place of mathematics in a liberal arts education and the importance of this training 
in the business world was considered. Emphasis was placed upon the importance of sound reasoning 
and the role of formal mathematics in developing this type of thinking. 

Mathematics in its relation to learning was discussed by Frances E. Walsh of St. Louis Uni- 
versity. It was remarked that the title of this paper might well be A Defense of the Mathematics 
Scholar. The author advocates an attempt to elevate the masses to accept the criteria of the scholar. 
This necessitates the creation of scholars among whom the mathematician holds a prominent 
position because he deals with a speculative science. Intrinsically mathematics has much to offer 
the scholar. In considering the study of pure mathematics the following points illustrate the con- 
tribution of mathematics in the training of scholars: (1) The study of mathematics from a historical 
point of view gives one a cultural background; (2) The pursuit of mathematics gives the student 
an understanding and an appreciation of what constitutes rigorous thinking; (3) The process of 
deductive reasoning provides training in the ability to relate precise statements so as to formulate 
valid conclusions, 

O. J. Peterson of Kansas State Teachers College at Emporia then discussed the general at- 
titudes to be developed in our future mathematics teachers. He presented a number of desirable 
general attitudes consistent with present-day educational aims, and indicated how these attitudes 
would aid in promoting general citizenship competency and professional or vocational success. 
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The merits and limitations of the mathematical method were then treated by P. M. Young 
of Kansas State College. Abstraction, generalization, logical structure and rigor were discussed as 
merits of the mathematical method. Utility of results, adherence to logical principles, and the 
danger of overformalization are among the limitations inherent in the method. 


3. Recognition and constructions of conic sections without the use of the dis- 
criminant, by Albert Furman, Kansas State College. 


The equation 

(1) ax? + 2hxy + by? + 2gx + 2fy +¢ = 0 
can be written in the form 

kx +f4A 
where 

A = (i? — ab)x* + 2(hf — bg)x +f? — be. 

The graph of (1) can thus be constructed as the composite y=41+2, where y: = —(hx+/f)/b and 
¥2= +A. The latter equation represents the conic section 
(2) (1? — ab)x® — b*y? + 2(hf — bg)x + (f? — bc) = 0. 


Classification may be effected by use of the principle that equations (1) and (2) agree as to type 
and degeneracy or non-degeneracy. 


4. Vector methods in analytic geometry, by L. M. Reagan, University of 
Wichita. 


It was pointed out that vector methods, widely used with great effectiveness in Mechanics 
and other branches of applied mathematics are equally effective in the development of many 
branches of pure mathematics, and there is a growing tendency to use them, especially in Trigo- 
nometry and Geometry, including Analytic Geometry. Some texts for use in standard courses in 
Analytic Geometry and Calculus, based on vector methods, have appeared recently, and while 
not widely adopted as yet, have a great deal of merit. The simplicity of vector methods in Analytic 
Geometry was illustrated with several examples. In particular, the development of the standard, 
intercept, slope and y-intercept forms of the straight line, condition for collinearity of three points, 
condition that four points lie in a plane, equation of the circle in various positions, and equation 
of a tangent to a circle, were treated by use of vectors. 


5. A characterization of a sphere, by Robert Schatten, University of Kansas. 


Point-sets whose all plane sections are Jordan curves are considered in the three-dimensional 
euclidean space. In particular, a point-set whose every plane section is the circumference of a circle 
characterizes the surface of a sphere. 


ANNA MarM, Secretary 
THE APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association of 
America was held at The Rice Institute, April 23-24, 1948. Professor R. S. 
Underwood, Chairman of the Section, presided. 

The following members of the Association were present: Ina Mae Bramblett, 
H. E. Bray, H. D. Brunk, J. W. Calkin, J..A. Daum, Alice C. Dean, E. H. 
Hanson, H. M. Hardy, E. R. Heineman, N. C. Hunsaker, H. A. Luther, Hazel 
Mason, Harlan C. Miller, Edith Morgan, Albert Newhouse, J. W. Querry, C. B. 
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Rader, L. W. Ramsey, Dorothy Rees, C. R. Sherer, M. M. Slotnick, F. W. 
Sparks, E. J. Stulken, Jennie Tate, H. E. Taylor, W. B. Temple, F. E. Ulrich, 
R. S. Underwood, and T. J. White. 

The following officers were elected for next year: Chairman, F. E. Ulrich, 
The Rice Institute; Vice Chairman, H. J. Ettlinger, University of Texas; 
Secretary-Treasurer, C. R. Sherer, Texas Christian University. The next meet- 
ing will be held at Denton, Texas under the joint sponsorship of North Texas 
State Teachers College and Texas State College for Women. 

An informal dinner was held at The Rice Institute, April 23 at 7 p.m. Dr. 
H. A. Wilson, Professor Emeritus of Physics, The Rice Institute, gave a very 
interesting address. 

The following papers were presented: 

1. The application of group theory to the normal vibration of a cubic crystal, 
by Dr. W. V. Houston, President, The Rice Institute. 

This paper was delivered by special invitation. 

2. On a differential equation of infinite order, by Dr. H. D. Brunk, The Rice 
Institute. 

3. College level problems from seismic prospecting, by Dr. E. J. Stulken, Geo- 
physical Service, Inc. 

4. Some applications of extended analytic geomeiry, by Dr. R. S. Underwood, 
Texas Technological College. 

5. The exact square root of any positive number by construction, by P. J. C. 
Lauback, Westminister College, introduced by the Secretary. 

6. Freshman mathematics for business students, by C. R. Sherer, Texas 
Christian University. 

7. The training of mathematics teachers for secondary schools, by Dr. E. H. 
Hanson, North Texas State Teachers College. 

C. R. SHERER, Secretary 


APRIL MEETING OF THE MISSOURI SECTION 


The annual meeting of the Missouri Section of the Mathematical Association 
of America was held at the University of Kansas City, Kansas City, Missouri, 
on April 23, 1948. Professor P. R. Rider presided. 

About sixty persons were in attendance, including the following twenty- 
eight members of the Association: L. M. Blumenthal, C. H. Brown, C. B. 
Burcham, L. H. Cutting, C. E. Denny, W. C. Doyle, D. H. Erkiletian, Jr., 
G. M. Ewing, D. G. Ewy, C. A. Johnson, L. O. Jones, J. C. Koken, Sister M. 
Pachomia Lackay, L. E. Laird, Walter Leighton, C. W. Mathews, E. F. Moore, 
S. T. Parker, A. D. Pierson, G. B. Price, R. M. Rankin, P. R. Rider, J. S. 
Rosen, R. G. Sanger, G. W. Smith, R. G. Smith, C. B. Tucker, G. B. Van 
Schaack. 

The University of Kansas City was host at a luncheon, at which Dean 
Norman Royall welcomed those present. 

The following officers were elected for the coming year: Chairman, P. R. 
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Rider, Washington University; Vice-Chairman, W. C. Doyle, Rockhurst Col- 
lege; Secretary, C. W. Mathews, Washington University. 

The program was arranged by Professor J. S. Rosen of the University of 
Kansas City. The following papers were presented: 

1. Almost periodic functions, by Mr. Asger Aaboe, Washington University, 
introduced by Professor Walter Leighton. 


The theory of almost periodic functions of a real variable, created by Harold Bohr, is briefly 
outlined. 


2. Convergence regions for continued fractions, by Professor W. J. Thron, 
Washington University, introduced by Dr. C. W. Mathews. 


The historical development of the subject is outlined. This includes the contributions of 
Worpitzky, A. Pringsheim, H. B. Van Vleck, H. S. Wall, W. Leighton, and the author. The second 
part of the paper consists of a brief discussion of the principa! methods of proof used. 


3. The definition of the Dirac 5-function, by Professor G. M. Ewing, Uni- 
versity of Missouri. 


The so-called Dirac 6-function not only appears in the literature as far back as Kirchhoff, but 
is introduced in many recent books, usually with an apology, followed by the statement that never- 
theless valid results are obtained by following the stated conventions. The present paper introduces 
a certain class K of functions 6,(¢), and points out that the limits of a number of integrals involving 
5, provide interpretations for familiar statements about the 6-function. Such results are independent 
of the choice of 5, in K. Linear differential equations F(D)x=6,(t) are also considered. 


4. The exponential function in applied science, by Professor Herman Betz, 
University of Missouri, introduced by Professor L. M. Blumenthal. 


The assumptions usually made in describing certain theorems occurring in the natural sciences 
by means of the exponential function can be considerably relaxed. This paper indicates how this 
may be done, even in undergraduate courses. 


5. Rational right triangles, by S. G. Campbell, University of Kansas City, 
introduced by Professor J. S. Rosen. 


The speaker discussed the problem of finding a method of obtaining a series of primitive ra- 
tional right triangles, the ratios of whose sides are increasingly close approximations to the ratios of 
the sides of any given irrational right triangle. The method used involves use of a theorem by Euler 
for expressing the roots of a quadratic equation in terms of a continued fraction. He also dealt with 
the problem of finding a general method of locating the series of all primitive rational right triangles 
with a given relation between the sides (as a given difference between any two sides.) The method 
developed uses a series (recurrent) with scale which is also satisfied by consecutive coefficients gene- 
rated by a particular rational fraction. 


6. A theorem on determinants, by Professor G. B. Price, University of 
Kansas. 


This paper contains a simple proof of the following theorem and some of its generalizations: 
If (asx), 7, R= 1, 2, , m, is any matrix of complex numbers such that 


then the determinant | a] #0. This theorem has been rediscovered repeatedly ever since Levy 


1949] THE MATHEMATICAL ASSOCIATION OF AMERICA 69 


published the first proof of it in 1881—two first discoveries are reviewed in the 1947 volume of 
Mathematical Reviews. The theorem is one of considerable importance in both pure and applied 
mathematics, and its history emphasizes the need for a better dissemination of known results. 


7. The importance of computational technique in applied mathematics, by 
Y. L. Luke, Midwest Research Institute, Kansas City, Missouri, introduced 
by Professor J. S. Rosen. 

The complexity of many problems in applied mathematics makes important the need for com- 


putational technique. Some examples met in actual practice are given. The need for courses in ap- 
plied mathematics in the undergradutate school is emphasized. 


8. A new trigonometric shifting theorem, by Professor Eugene Stephens, 
Washington University, introduced by Professor P. R. Rider. 


We may shift sin ax, cos ax, sinh ax, cosh ax across a linear differential operator of the form 
F(D) =>.a,D" in the following manner: 


(A) F(D):sin ax = sin ax: F(D + aC), C = cot ax 
(B) F(D)-cos ax = cos ax: F(D — aT), T = tan ax 
(C) F(D)-sinh ax = sinh ax- F(D + aC), Cr = coth ax 
(D) F(D) -cosh ax = cosh ax: F(D + aT7}), T, = tanh ax 


If in the right hand side of these operator identities there appears anywhere C°, T?, G be each can 
be replaced by —1. These are considered as constants and as commutative with the operator D. 
The resulting operations on a given subject are simplified by the elementary operational theorems. 
In the final results the C, T, Cy, Ty are replaced by their respective trigonometric forms. 


9. The real representation of imaginary loci, by L. E. Laird, Kansas State 
Teachers College. 


This paper presents a method of representation of the pairs of complex numbers (complex 
points) which satisfy an equation w=f(z), where w=u-+iv and z=x-+iy. The method sets up a 
one-to-one correspondence between the complex points and real lines in space by use of Plucker’s 
line coordinates. If a functional relationship is assumed between x and y, a single infinity of real 
lines is determined which constitute a ruled surface. 


10. The convergence in probabilities of statistical sequences, by Dr. Maria 
Castellani, University of Kansas City, introduced by Professor J. S. Rosen. 

The theory of fitting a curve to a given statistical sequence of data may be considered as a spe- 
cial type of convergence in probabilities. The purpose of the paper is to show how the several defi- 
nitions.of convergence may suit the statistical data, and how results obtained may be tested. The 
continuity in probabilities of statistical sequences is also considered with special regard to the case 
in which the sequence converges to a parabola or to a sinusoid. 


11. Mathematics placement tests at the University of Kansas, by Professor 
G. W. Smith, University of Kansas. 

Professor Smith points out the need for some kind of a placement test in mathematics, and 
explains the plan used at the University of Kansas. He points out that in September 1946 about 
twenty per cent of the entering freshmen were affected by the test. The classes were made more 
nearly uniform, and the college algebra course was strengthened. 


12. Preparation for college mathematics, by Professor W. C. Doyle, Rock- 
hurst College. 
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Professor Doyle conducted a panel discussion on ways and means to encourage high schools to 
strengthen their mathematics programs. It was remarked that colleges should better coordinate 
what they expect of freshmen, and make better use of placement tests. 


P. R. Riper, Secretary 


APRIL MEETING OF THE ROCKY MOUNTAIN SECTION 


The thirty-first annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at Colorado A. and M. College, 
Fort Collins, Colorado, April 23 and 24, 1948. Professor H. T. Guard presided 
at all the sessions. 

Among the eighty-one persons who registered were the following thirty 
members of the Association: C. F. Barr, D. L. Barrick, W. G. Brady, J. R. 
Britton, F. M. Carpenter, A. G. Clark, G. S. Cook, A. B. Farnell, F. N. Fisch, 
H. T. Guard, Leota C. Hayward, I. L. Hebel, Ruth I. Hoffman, LeRoy Holubar, 
Burrowes Hunt, J. A. Hurry, C. A. Hutchinson, A. J. Kempner, Claribel 
Kendall, A. J. Lewis, M. L. Madison, A. E. Mallory, W. K. Nelson, Greta 
Neubauer, K. L. Noble, Nathan Schwid, S. R. Smith, L. C. Snively, V. J. 
Varineau, Lillie C. Walters. 

At the business meeting, the officers elected for the coming year were: 
Chairman, Professor I. L. Hebel, Colorado School of Mines; Vice-Chairman, 
Professor A. J. Lewis, University of Denver; Secretary-Treasurer, Professor 
J. R. Britton, University of Colorado. Professor A. J. Lewis was also elected 
Sectional Governor for a term of three years. A resolution commending Pro- 
fessor Abraham Wald for the excellence of his invited addresses was unanimously 
adopted. 

The program of papers presented was as follows: 

1. A method of defining the real number system, by Robert Howerton, Uni- 
versity of Denver, introduced by A. J. Lewis. 

2. A slow-motion algorithm, by Burrowes Hunt, University of Colorado. 


The euclidean algorith for two relatively prime integers a >b which leads to the equations 
a=qb+n, b = 


is modified by taking each g;=1. This algorithm terminates if and only if a and b are successive in- 
tegers of the Fibronacci sequence. The least positive remainder is 1 if and only if, as a regular con- 


tinued fraction, a/b=(1; 1, being an arbitrary positive integer. If 
1n, Gi, and (ao; a, , =Q/r, the algorithm gives a least positive remainder r on 
the nth step. Nip 


3. A note on expansion of determinants, by Professor W. R. Eikelberger, 
University of Denver, introduced by A. J. Lewis. 


4. An approximation to the solution of a non-linear partial differential equa- 
tion, by Professor Nathan Schwid, University of Wyoming. 


The differential equation of heat conduction 


cee— = —( K—)+— x=) 
ot ox ox oy oy oz 
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is non-linear when the conductivity K is a function of wu. Here the diffusivity K/cp is taken as a? 
+6*u, where the ratio §*/a? is small. The heat is considered as flowing in the x direction only in a 
plate of finite width. The solution of the resulting non-linear equation is approximated by a modifi- 
cation of a method given by Kirchoff about 1890 in the Annalen der Physik for an. analogous prob- 
lem involving flow of heat in one direction in a semi-infinite solid with the same type of diffusivity 
as above. 


5. Expansion of functions in combinations of generalized hypergeometric func- 
tions, by Professor Leonard Bristow, University of Wyoming, introduced by 
C. F. Barr. 

The purpose of this paper is to obtain the expansion of a suitable arbitrary function of a real 
variable in a series of solutions of a self adjoint differential equation of the Cauchy or Euler type 
containing a parameter. There are one-point boundary conditions (taken to be at x=1) together 
with regularizing conditions at the regular singular point (taken to be at x=0) of the differential 
equation. A Green’s function is obtained. Fourier series, Fourier-Bessel, and Dini expansions in 
Bessel functions are obtained as special cases. 


6. Introduction to sequential analysis, by Professor Abraham Wald, Columbia 
University. 

7. Principles of sequential analysis, by Professor Abraham Wald, Columbia 
University. 

These papers by Professor Wald were invited addresses. 


8. Ivory Towers, by Miss Ruth I. Hoffman, Denver, Colorado. 


There is need for college mathematics teachers to step down and become acquainted with the 
content of secondary mathematics, the problems and factors that influence the type of courses of- 
fered, and the quality of these courses. The university people should know of the valiant struggle 
that mathematics teachers in secondary education are making to keep up with modern educational 
trends, and to meet the needs of the present student body while still teaching sound mathematics, 
and even showing the beauty, as well as the usefulness, of mathematics. 


9. On certain equations involving radicals, by Harlan Bartram, University of 
Colorado, introduced by A. J. Kempner. 
The following problem was discussed: Given 


If a, b, c, and d are real, and the signs of the radicals are properly chosen, when will f be real? The 
necessary and sufficient condition for this was found to be that (b*—d*)* =4(a —c) (ad? —cb*). 


10 Some teaching devices in undergraduate mathematics, by Professor S. R. 
Smith, University of Wyoming. 

Experience has shown that the majority of students entering college have difficulty in mathe- 
matics courses. At least part of this difficulty is due to lack of organization of their work, particu- 
larly in the solution of problems, and to the interpretation of the solutions found. Teaching de- 
vices, not necessarily new, are suggested to facilitate the solution of systems of quadratic equa- 
tions, the discussion and sketching of plane curves in analytic geometry, and the application of 
the first and second derivatives in calculus. 


11. The book says so, by Professor A. E. Mallory, Colorado State College 
of Education. 
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In this paper attention is called to the importance of teaching the connection between the solu- 
tion of equations and the concept of a function. 


12. What constitutes good mathematics for undergraduates? by Professor A. G. 
Clark, Colorado A. and M. College. 


The author used the article, Can We Teach Good Mathematics to Undergraduates? by R. G. 
Helsel and T. Radé, which appeared in the January, 1948 issue of this MONTHLY, as the basis for 
his discussion. He agreed in part with the opinions of Helsel and Radé, but the extent of the agree- 
ment was dependent upon the connotation given the word “elegant,” a term which mathematicians 


seem to have appropriated. The concept of “efficient” mathematics for undergraduates was pre- 
sented. 


13. Report on entrance requirements, by Professor A. J. Kempner, Uni- 
versity of Colorado. 


This paper was a brief report on the discussions which were held and the resolutions which 
were passed at the meetings of the Mathematical Association at Athens, Georgia, and the National 
Council of Teachers of Mathematics at Indianapolis, Indiana, in connection with the problems of 
lowering college entrance requirements and standards in general, and those pertaining to mathe- 
matics in particular. 

Following a short discussion of the last paper, the following resolution was unanimously 
adopted: The Rocky Mountain Section of the Mathematical Association of America approves 
whole-heartedly the recent action of the Mathematical Association and the National Council of 
Teachers of Mathematics in expressing their desire for the closest cooperation in the critical prob- 


lems confronting secondary and college mathematics. 


J. R. Britton, Secretary 


CALENDAR OF FUTURE MEETINGS 


Joint Meeting with American Society for Engineering Education, Troy, 


New York, June 20-21, 1949. 


Thirty-first Summer Meeting, Boulder, Colorado, August 29-30, 1949. 
Thirty-third Annual Meeting, New York City, December 30, 1949. 


ALLEGHENY Mountain West Virginia Univer- 
sity, Morgantown, May 7, 1949 

ILurno1s, Bradley University, Peoria, May 13- 
14, 1949 

INDIANA, University of Notre Dame, Spring, 
1949 

Iowa, Drake University, Des Moines, April 15- 
16, 1949 

Kansas, Manhattan, April 2, 1949 

KENTUCKY 

University of Missis- 

sippi, Oxford, Spring, 1949 

MARYLAND-DistRIcT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York Brooklyn College, 
April 9, 1949 

MICHIGAN 

MINNESOTA 

Missouri 

NEBRASKA, Lincoln, May, 1949 

NORTHERN CALIFORNIA 


Oun10, Ohio State University, Columbus, April 
2, 1949 

OKLAHOMA 

Paciric NortHwest, Oregon State College, 
Corvallis, March 25-26, 1949 

PHILADELPHIA, Haverford College, November 
26, 1949 

Rocky Colorado School of Mines, 
Golden, April, 1949 

SOUTHEASTERN, University of Alabama, Uni- 
versity, March 18-19, 1949 

SOUTHERN CALIFORNIA, John Muir Junior Col- 
lege, Pasadena, March 12, 1949 

SOUTHWESTERN 

Texas, Denton, Spring, 1949 

Upper New York StaTE, University of Buf- 
falo, April 30, 1949 

Wisconsin, Lawrence College, Appleton, May 
14, 1949 
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“Definitely an improvement on every existing textbook of Col- 
lege Algebra.”—C. Chevalley, Princeton University 


COLLEGE ALGEBRA 


By Moses Richardson 


By combining lucid explanation of procedure with reasonable motivation and justi- 
fication of the processes, this text is suitable for freshman classes with almost any 
degree of preparation. Informal, searching discussions, without oversimplification, 
are substituted for proofs too rigorous for the first year level. Many chapters are 
independent of each other and may be taken in any order desired. Starred sections 
and problems can be omitted without disturbing the continuity, making the book 
practicable for a one- or two-semester course, 


Published 1947 472 pages Fad’ 


Over 1,350 New Problems 


PLANE TRIGONOMETRY 


Revised Edition 


By Fred W. Sparks, Texas Technological College, and Paul K. 
Rees, Louisiana State University 


The problems of this basic work have been carefully selected to give students ade- 

quate drill in the principles involved. They are based on topics of vital interest— 

aerial navigation, mechanics, engineering, and other important subjects. Among 

the features of the revision are: 

@ New discussion of significant figures, graphs of trigonometric functions, and 
graphing by composition of ordinates. 

@ Improved explanations of the meaning of identities, inverse trigonometric func- 
tions, and trigonometric equations. 

@ Clear, thorough expositions of angular measure, functions and variables. 

Published 1946 255 pages 6” x 9” 


A Lucid Appreach to 


ANALYTIC GEOMETRY 


By David S. Nathan and Olaf Helmer 


This vigorous and forceful book, designed for students in science, engineering, 
liberal arts, business, and social sciences, stresses fundamentals for accurate proofs 
and lucid exposition. Particular emphasis is placed on the straight line, higher plane 
curves, and planes and lines in space. 


"A very fine book, carefully and fully worked out. Splendid preparation for further 
work in both analysis and geometry."—G. M. Merriam, University of Cincinnati 


Published 1947 402 pages 6" x 9” 


Send for your examinaiion copies today. 
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Recent additions 


BASIC MATHEMATICS: A WORKBOOK 


by M. Wiles Keller, Associate Professor of Mathematics, Purdue 


University, and James H. Zant, Professor of Mathematics, 
Oklahoma Agricultural and Mechanical College. 


The successful approach of this workbook is based upon (1) the discovery through 
a testing program of the topics which need attention; (2) the provision of a mini- 
mum yet adequate amount of explanation; (3) the use of step-by-step illustrations 
to accompany rules; (4) the provision of a large number of problems. 


ANALYTIC GEOMETRY 


by R. S. Underwood and Fred W. Sparks, Professors of Mathe- 
matics, Texas Technological College. 


In Analytic Geometry the authors have produced a brief text possessing clarity, 
serviceability, and efficiency. The book includes only the most immediately useful 
topics. New concepts are introduced as they are needed in the normal development 
of the subject, with new proofs for traditionally difficult subjects. Though the de- 
partures from classical procedures are numerous, at no point have the authors 
adopted a novel approach merely for the sake of the change. A large number of 
carefully selected and graded problems are included. 


MATHEMATICS FOR USE IN BUSINESS 


by C. E. Hilborn, Assistant Professor of Business Administration, 
School of Business Administration, Duquesne University. 


Mathematics for Use in Business provides material for a first course in business 
mathematics. This text is wei suited to freshman courses in schools of business 
administration or terminal courses where “practical” mathematics is indicated. 
Throughout the book the author treats his subjects with thoroughness to meet the 
most rigorous requirements of any first course and with a style which will gain and 
hold the interest of the class. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


of 
| 
he H.M.Co. list | 
the H.M.Co. lis 


NELSON, FOLLEY, and BORGMAN 


CALCULUS 


REVISED 


Designed primarily for the beginning student, as a tool in engineer- 
ing and other scientific fields. . . . Early introduction of integration 
as well as differentiation . . . . Carefully selected and graded prob- 
lems, well placed and introduced by illustrative examples. . . . Appli- 
cations to physics and engineering. . . . Large, clear figures, includ- 
ing isometric drawings to help the student visualize the problems. 
386 pages. $3.00 


WILLIAM L. HART 


INTERMEDIATE 
ALGEBRA FOR 
COLLEGES 


Designed for college students who did not study a second course in 
algebra in high school. . . . Appropriate refresher work in arithmetic 
is included and there is continual emphasis on the development 
of skill in computation. . . . Written in a style suitable to the ma- 
turity of college students and featuring abundant problem material. 
323 pages. $2.75 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 
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A Second, Complete Revision 


of Slobin and Wilbur’s 


Freshman Mathematics 


By C. V. Newsom 


Assistant Commissioner for Higher Education, The State of 
New York. Formerly Professor of Mathematics, 
Oberlin College 


“The original plan of presenting algebra, trigonometry, and analytical 
geometry as a tandem course—to permit adequate preparation in each 
subject, to permit the use of arithmetic and algebra in trigonometry, and 
of arithmetic, algebra, and trigonometry in analytical geometry—is main- 
tained in this revision. Further, the general aim is still to present these 
subjects so that the student may have a real understanding of the funda- 
mental principles and processes involved and of the values of these sub- 
jects vocationally and culturally. 


“The second edition of Freshman Mathematics has been almost en- 
tirely rewritten in this revision. Special attention has been given to the 
readability of the material, and many expositions have been revised to 
make them more lucid . . . new trends and emphases have been recog- 
nized.” —from the preface 


The text includes material on equations, determinants, exponents and 
radicals, quadratic equations and functions, logarithms, progressions, 
inequalities, trigonometric functions, solutions of triangles, complex num- 
bers, points and line segments, graphs of equations, geometric forms, 
the general equation of the second degree, parametric equations, etc. 


Freshman Mathematics provides the students with a sound foundation 
in the subject, irrespective of his educational objectives. Approximately 
2,500 exercises have been included. If you teach mathematics, we will be 
pleased to send you a complimentary copy of this revised, third edition 
for examination purposes. 


Probably 496 pages Probably $4.00 
To be Published in January 


RINEHART & CO., Inc., 232 Madison Ave., New York 16 
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BOOK NEWS 


PLANE TRIGONOMETRY, Revised Edition 


ODERN in purpose and material, conservative in method, this widely used 
text is designed to simplify the approach to analytical trigonometry and 
i to emphasize the practical uses of trigonometry. With tables, $2.50. 


| 
| PLANE AND SPHERICAL TRIGONOMETRY 


OMBINING in one volume all of the material in Brink’s Plane Trigonometry 
i and all of the material in Brink’s Spherical Trigonometry, this book offers a 
full and interesting course adaptable to special needs and situations. $2.75. 


| Raymond W. Brink’s 


RESENTS a systematic treatment of right and oblique spherical triangles, 

supplemented by illustrative material. Among its features are the immediate 
} introduction of the terrestrial sphere; an abundance of realistic problems; and 
a lucid treatment of the mil. $1.00. 


| SPHERICAL TRIGONOMETRY 


i APPLETON - CENTURY - CROFTS, INC. 
35 West 32nd Street New York 1, New York 


Back Numbers Are Available of the 


AMERICAN MATHEMATICAL MONTHLY 


Incomplete volumes at $1 per issue: 


1-9 (1894-1902) 14 (1907) 20 (1913) 
11 (1904) 17 (1910) 


(write for issues available) 


Complete volumes at $8 per volume: 


10 (1903) 15 (1908) 19 (1912) 
12 (1905) 16 (1909) 21 (1914) 
13 (1906) 18 (1911) 22 (1915) 


Complete volumes 23-55 (1916-1948) at $6 per volume 


Send orders to: Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 


= 


Jo be published. this winter 


First Year College 
Mathematics with Applications 


By Daus and WHYBURN 


This new text presents a coordinated study of college algebra, analytical trigo- 
nometry, and analytical geometry complete in one volume. Emphasis throughout 
the book is placed on creating understanding as well as on learning manipulative 
techniques. Each topic has been included because of its immediate applications 
as well as future needs, These applications include problems of a geometric 
character with an applied background, problems in curve fitting, and elementary 
electric circuit theory when related to mathematical problems involving algebra 
or analytic geometry. To be published in the winter. $5.00 (probable) 


PAUL H. DAUS is Professor of Mathematics, University of California, Los 
Angeles. WILLIAM M. WHYBURN és Professor and Head, Department of 
Mathematics, University of North Carolina, 


An Introduction to 
College Geometry 


By TAYLOR and BARTOO 


This new book provides a splendid preparation for prospective teachers of sec- 
ondary mathematics. It is outstanding for its use of historical materials in the 
development of geometry, for its clear presentation of the important propositions 
of elementary geometry from which the discussion of modern geometry stems, 
and for its extremely effective consideration of the concepts and principles of 
modern geometry. T'o be published this winter. $3.50 (probable) 


E. H. TAYLOR jis Professor and Head, Department of Mathematics, 
Emeritus, Eastern Illinois State College. G.-C. BARTOO is Professor of 
Mathematics, Emeritus, Western Michigan College of Education. 


THE MACMILLAN COMPANY _ 60 Fifth Avenue New York 11 
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Outline of the 
History of Mathematics 


By 
RAYMOND CLARE ARCHIBALD 


Professor of Mathematics, Emeritus, Brown University 


Sixth edition, revised and enlarged 


The Second 
HERBERT ELLSWORTH SLAUGHT 
MEMORIAL PAPER 


Published as a supplement to the AMERICAN MATHEMATICAL MONTHLY 
Volume 56 Number 1 
January, 1949 
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PREFACE 


This Outline originally consisted of two Lectures delivered at the University 
of Minnesota in September 1931, at a Summer School for Engineering Teachers 
organized by The Society for the Promotion of Engineering Education. In 
February 1932 the Society published an edition of 1030 copies of the Outline as 
number 18 of its Selected Papers. By the end of 1933 this edition was exhausted, 
and since it was contrary to the policy of the Society to publish second editions 
of such Papers, all rights in the publication were made over to the Mathematical 
Association of America, Inc., which felt that it might be rendering a service to 
teachers of the History of Mathematics, and to others, by publishing a second 
revised and enlarged edition of the Outline. This appeared in July 1934. 

The similarly revised and enlarged third, fourth and fifth editions appeared 
successively in June 1936, February 1939, and June 1941. And now with 
the fifth edition entirely exhausted The Mathematical Association is about to 
publish the largest edition yet, 7500 copies, and to send it forth as one of 
the Papers in memory of Professor Slaught—one of my most highly prized 
friends for the last twenty years of his life. No longer hampered by changes in 
standing type I have devoted my best efforts to making this Memorial worthy. 
Every statement in the main text was carefully reconsidered, every reference in 
the Literature List and Notes (LLN) was once more consulted; as a result many 
errors were eliminated. Moreover it has been my endeavor to present the very 
latest results of scholarly research, and in the 328 LLN greatly to augment the 
list of topics discussed, and sources where material may be found for notably 
amplifying the text. This material ought to be of special value to the large group 
of teachers of the History of Mathematics in this country. According to a survey 
in Scripta Mathematica, v. 2, pp. 161-165, 1934, courses in this field were offered 
during the years 1932-34 in 161 institutions: Liberal Arts Colleges and Uni- 
versities (125), Teachers’ Colleges and Normal Schools (32), and Technical 
Schools (4). 

The main text of this edition has undergone very many changes but it has 
been only slightly enlarged, through such things as the increase of guiding ma- 
terial connected with Babylonian and Arabic mathematics, the transfer from 
LLN to the text of remarks on achievements of PLATO, PacioLi, STEVIN, 
KEPLER, and SACCHERI, and through the addition, among others, of notes about 
THEON, ProcLus, and JAMEs GREGORY. That references to astronomy are de- 
sirably more numerous than in earlier editions will be observed. 

There are a good many passages where current histories are amplified, or 
changed, or corrected. Perhaps the most striking one is the placing of HERON, 
MENELAUS, and DIOPHANTUs together in the first century of our era. On 
most questions, and especially those which are debatable, authorities are always 
noted. It is not claimed that DIopHANTus certainly flourished in the first cen- 
tury, but merely that evidence definitely points to this as a possibility, while 
denying the correctness of arguments assigning him to the third century. 
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OUTLINE OF THE HISTORY OF MATHEMATICS 


Should the scholar happen to turn these pages he should understand that in 
many LLN excessive details and numerous odd bits of information were not 
assembled for him, but intended to help the teacher in elaborating and vivifying 
his material for class use. The Index of Names has been improved by the inclu- 
sion of many dates. 

In preparing this edition I have had the privilege of constant consultation 
with my colleague and friend Professor Otro E. NEUGEBAUER, the greatest 
living authority on ancient mathematics and astronomy. My debt to him in 
this connection is indeed very great. Here, as in earlier editions and in other 
publications, I am also deeply indebted to my friend Mr. S.A. JorFre, who added 
materially to a desirable final form of the printer’s manuscript and proof by 
very numerous suggestions for improvement. 

I should be grateful to any one informing me of inaccuracies found in this 
Outline. 

GA 


Brown University 
Providence, Rhode Island 
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INTRODUCTORY NOTE 


An attempt is here made to give indications of the development of mathe- 
matics before the nineteenth century, and to refer briefly to some developments 
of the nineteenth and twentieth centuries in connection with topics usually 
discussed at undergraduate colleges. Chinese and Japanese mathematics are 
not considered in such a skeleton survey, and the reference to mathematics of 
the Hindus is brief. 

It was felt that consideration of only what was most important from a 
purely mathematical point of view would not be desirable in the survey, partly 
because many of the most important things cannot, in a few sentences, be 


. made intelligible to one wholly unfamiliar with the subject, and partly because 


the quotation of complicated results in a lecture is not possible. Hence many 
minor items in the development of the science have been introduced in order 
that interest may be sustained through knowing the historical setting for cer- 
tain simply stated, or well-known, results. 

While an endeavor has been made to present the results of the latest in- 
vestigations, no claim for originality can be made; phrases, quotations, and 
adaptations from many sources have been used constantly. In the Literature 
List and Notes all such sources are indicated and in the text many references 
are given to them in order that the reader may if he choose inform himself 
more fully concerning matters discussed. We indicate the chief worthwhile 
sources in English (many of them popular in style); but a scholarly grasp of 
any field would, however, necessitate the consultation of literature in other 
languages, and many sources of this kind have been listed. 


SYNOPSIS 


Following Smit (see Literature List and Notes [4]=LLN 4) I have used 
such an abbreviation as—1850 for 1850 B.C. in the synopsis which follows, 
and have associated with the name of each mathematician a single definite date 
indicating a year about when he flourished or when he published some outstand- 
ing work. 


I. History of Mathematics before 1600 A. D. 
A. Babylonian and Egyptian Mathematics and Astronomy 3100 B.C. to 1 B.C. 


Babylonian: Geometry and algebra, solution of quadratic and cubic equations, tables, 
compound interest, square root approximations, series texts and simultaneous equa- 
tions, astronomy, NABURIANU and Kip1nnu, —2000 to —1 

Egyptian: Great pyramid, —2900; obelisks; timepieces; Moscow papyrus —1850; 
RHIND papyrus —1650; astronomy 


B. Greek Mathematics 600 B.C. to 600 A.D. 


THALES (—600): Geometry 
PyTHAGOREANS (—540 to —400): Geometry, arithmetic, music 
Famous problems (—450): 

(a) Trisection of an angle: Hrpptas of Elis (—425) with quadratrix, NICOMEDES 
(—240) with conchoid 
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(b) Squaring the circle: Dinostratus (—350) and NicoMEDEs (—240) with quadra- 
trix, ARCHIMEDES (—225) with his spiral 
(c) Duplication of the cube: Hippocrates of Chios (—460) with two mean propor- 
tionals, ARcHyTAS (—400) with surfaces, DiocLEs (—180) with cissoid 

ZENO of ELEA (—450): paradoxes 

PLaTo (—380): mathematics important in training mind 

THEAETETUS (—375): Incommensurables, regular solids 

Evupoxus (—370): Incommensurables, method of exhaustion, astronomy 

MENAECHMUS (—350): Conic sections 

Eupemus (—335): historian of science 

Autotycus of Pitane (—330): Spherical geometry [75] 

Euciip (—300): Elements, perfect numbers, conics, optics 

ARISTARCHUS of Samos (—287): Copernican system 

ARCHIMEDES (—240): Geometry, arithmetic, mechanics, hydrostatics 

ERATOSTHENES (—230): Size of earth, sieve 

APOLLONIUuS of Perga (—225): Conic sections, plane loci, tangencies, epicycles, eccen- 
trics 

Hrpparcuus (—140): Trigonometry, solar and lunar movement, star catalogue 

TueEoposius of Bithynia (between —180 and —25): Spherical geometry [75] 

HERON of Alexandria (+75): Pneumatica, cube root, torus volume 

DriorpHANTus of Alexandria (perhaps 75): Diophantine equations 

MENELAUsS of Alexandria and Rome (100): Spherical geometry and trigonometry 

Provemy of Alexandria (150): Trigonometry, projections, lunar and planetary theory, 
star catalogue, geography, music, optics 

Pappus of Alexandria (300): Mathematical Collection, Commentaries on Euclid’s 
Elements, bk. 10, and Ptolemy’s Almagest 

THEON of Alexandria (390): Edition of Euclid’s Elements, commentary on the Almagest 
assisted by his daughter Hypatia 

Procius (470): Valuable commentary or. Euclid’s Elements and his Hypotyposis of 
Astronomical Hypotheses 

Hindu Mathematics before 600: [113] 


C. Hindu, Arabic, Persian Mathematics 600 to 1200 


BrAHMAGUPTA (630): Area of an inscribed quadrilateral 

BuHASKARA (1150): Linear and quadratic indeterminate equations 

Hindu-Arabic numerals (—300 to +876) 

AL-KHOWARIzMt (820): Algebra, numeration, algorism, tables, astronomy 

As0t'L WEFA (980): Geometric constructions with ruler, and compasses having a fixed 
opening, trigonometry, tables 

Omar KuayyAm (1100): Solutions of cubic equations, calendar 


D. European Mathematics 1200 to 1600 


LEonaRDO of Pisa (Fibonacci) (1202): Liber Abaci, Liber Quadratorum, Practica 
Geometriae, Flos 

NAsfR ED-DtN AL-T¢’st (1250): First independent work on trigonometry, commentary 
Euclid’s Elements 

Bec (1435): Trigonometric tables 

REGIOMONTANUS (JOHANN MULLER) (1470): Trigonometry, astronomy 

First printed arithmetic (1478) 

Luca Pacroxt (1494): Sima (including double-entry bookkeeping), “divine proportion” 

SCIPIONE DEL FERRO and ANTONIO Fior (1506): Cubic equation 

TARTAGLIA (NICOLO of Brescia) (1535): Cubic equation 

GrroLaMo CarRDANO (1545): Algebra 

FERRARI (1545): Biquadratic equation 


_ 


SYNOPSIS 


Rueticus (1550): Tables of natural trigonometric functions 

NicoLaus Copernicus (1530): System of the universe 

Simon StTEvIN (1590): Systematic explanation decimal fractions, compound interest 
table, statics, hydrostatics 

RoBERT RECORDE (1542): Arithmetic, geometry, algebra [162] 

VieTa (1580): Algebra, trigonometry, notation 

| First mathematical book published in the New World (1556) 


II. History of Mathematics after 1600 


A. The Seventeenth Century 


Joun Napier (1614): Logarithms, trigonometry, computing rods 

Henry Briccs (1624): Logarithms to the base 10 

JOHANN KEPLER (1610): Laws for motion of planets, volumes, maxima and minima, 
star polyhedra, principle of continuity in geometry, logarithms 

GALILEO GALILE! (1600): Falling bodies, projectiles, cycloid, momentum 

Tuomas Harriot (1600): Algebra, symbolism 

WILLIAM OUGHTRED (1630): Clavis Mathematicae, algebra, slide rule, notations, first 
table of natural logarithms 

GirarD DEsARGUES (1640): Projective geometry, treatise on singing 

PascaL (1635): Limacon 

BLAIsE PascaL (1650): Conics, computing machine, cycloid, theory of probabilities 

GEorGE Monr (1672): Constructions with compasses only 

RENE DEscarTEs (1637): Analytic geometry, equations, F+ V = E+2, folium, ovals 

PIERRE DE FERMAT (1635): Theory of numbers, maxima and minima, theory of proba- 

: bilities, analytic geometry 

| BONAVENTURA CAVALIERI (1635): Indivisibles 

James Grecory (1670): Binomial theorem, “Taylor’s” theorem, expansion of functions 
into series, integrations 

f JoHN MAcHIN (1706): x in terms of inverse tangents [201] 

CHRISTIAAN HuyGEns (1670): Circle quadrature, theory of probabilities, evolutes, 
pendulum clocks, catenary 

} Isaac BAaRROow (1670): Editor of works of Euctip, APOLLONIUS, THEODOSIUS; geometry, 
differentiation, optics [210] 

JouN WALLIs (1650): Algebra, imaginary numbers, length of curves, x as infinite pro- 
duct 

Isaac NEwTON (1680): Fluxions, dynamics, hydrostatics, hydrodynamics, gravitation, 
cubic curves, series, numerical equations, imaginary roots, challenges 

GOTTFRIED WILHELM LEIBNIz (1682): Newton controversy, calculus, determinants, 
polynomial expansions, notations 

James I BERNOULLI (1690): Isochronous curves, Euler’s spiral, logarithmic spiral, 
calculus of probability 

Epmonp HALLey (1690): [211]; GiLLEs PERSONE DE ROBERVAL (1640): [197]; EVANGE- 
LISTA TORRICELLI (1640): [197] 


B. The Eighteenth Century 


ANTOINE PARENT (1700): ALEx1s CLAIRAUT (1731), and JakoB HERMANN (1732-33): 
Analytic geometry of three dimensions 

GIROLAMO SACCHERI (1733): Noneuclidean geometry prelude 

ABRAHAM DeEMotvreE (1720): Actuarial mathematics, theory of probabilities, trig- 
onometry with complex quantities, m!~ 

Brook Taytor (1720): Expansion in series, finite differences, vibrating string 

CoLin MACLAURIN (1740): Fluxions, organic description of curves 

LEONARD EuLER (1750): Publications, notations, e‘*+1=0, Euler’s line, biquadratic 
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equation, indicatrix, vibrating string, calculus of variations, Euler’s spiral, beta 
and gamma functions, Euler’s constant 

CasPpAR WESSEL (1797): Imaginary quantities; JEAN CHARLES Borpa (1799); JEAN 
CHARLES CALLET (1795), and JosEPH JEROME FRANCOIS DE LA LANDE (1775): 
Mathematical tables; JEAN E1lENNE Montucta (1775): Histories of mathematics 
[246] 

JoserpH Louis LAGRANGE (1780): Calculus of variations, differential equations, me- 
chanics, calculus foundations, theory of numbers, numerical equations 

JoHANN HErnricH LAMBERT (1770): Freye Perspective, parabola property,7,e*, tan x, 
irrational, hyperbolic functions, map projection 

WILLIAM WALLACE (1798): Geometry [251] 

GaspPaRD MoncGE (1795): Descriptive geometry, differential geometry 


C. The Nineteenth Century and Later 


PIERRE SIMON LAPLACE (1805): Astronomy, celestial mechanics, probabilities, differen- 
tial equations 

ADRIEN MarIE LEGENDRE (1805): Theory of numbers, elliptic functions and integrals, 
exercises in integral calculus, geometry 

JEAN ROBERT ARGAND (1806): Imaginary quantities [246] 

JoserH Fourier (1812-1822): Series expansions, theory of equations, physics [246] 

JEAN BapTIsTE DELAMBRE (1820): Histories of astronomy, trigonometry [246] 

Noneuclidean geometry: BoLyal and LOBACHEVsKy (1825) 

Kar Frieprico Gauss (1820): Polygon constructions, theory of numbers, differen- 
tial geometry, algebraic equations, etc. 

Calculating prodigies: ZACHARIAS DasE (1855) 

Projective and modern geometry: VICTOR PONCELET (1830) and JAKOB STEINER (1840); 
duality, CHARLES J. BRIANCHON (1806) 

Trisection of an angle; duplication of cube proved impossible (1837) 

Inversion: STEINER (1824), QUETELET (1825), linkages 

Algebraic solution of the general quintic equation impossible: NrzELS HENRIK ABEL 
(1824) 

Approximating and locating roots of numerical equations: NEWTON (1669); RUFFINI 
(1804), HorNER (1819), FourreR (1820), Sturm (1829), Caucuy (1831). See also 
[246, 285] 

Convergence of series: NEwTon, Gauss, CAUCHY 

JosePrH LIOUVILLE (1850): Transcendental numbers [253] 

CHARLES HERMITE (1882): Transcendence of e [254] 

Geometry of the triangle: LEMoINE and Brocarp (1873-75, and later) 

Geometrography: LEMOINE (1888 f.) 

Vector analysis: GipBs (1881-84), HEAVISIDE (1891) 

Quaternions: W. R. Hamitton (1853), Ausdehnungslehre: H. G. GRASSMANN (1844, 
1862) [292] 

Determinants: LErBN1z, LAGRANGE, CAUCHY, JACOBI 

Mathematical Tables: U. S. Nat. Res. Council Comm. on Math. Tables and Other 
Aids to Computation; U. S. Nat. Bureau of Standards Comm. on Math. Tables; 
Br. Assoc. Adv. Sci. [row Royal Soc.] Comm. Math. Tables, J. W. L. GLAISHER 
and CayLeEy (1873-1883, 1911); HENDERSON (1926), (1924-1948), 
ANDOYER (1915-1918), LEHMER (1909, 1914), Dz MorGan (1842-1861), DuFFIELD 
(1896), VEGA (1794). Also [293-302a] 

Surveys of Pure and Applied Higher Mathematics: E. W. Brown (1923), F. KLEIN 
(1926-27), R. Courant (1926), R. S. Woopwarp (1900), Bett (1945), StRuUIK 
(1948), Amer. Math. Soc. Semicentennial Addresses and History (1938), SmitH & 
GinsBurG (1934), Cayorr (1890), Beatty (1939), PRASAD, BELL (1937), COOLIDGE 

(1940), K6TTER (1901), Loria (1931), Teubners Sammlung, Grundlehren, Ergebnisse, 

Mémorials, Cambridge Tracts. Isaac BARROW. See also [303-312] 


HISTORY OF MATHEMATICS BEFORE THE 
SEVENTEENTH CENTURY 


A. BABYLONIAN AND EGYPTIAN MATHEMATICS AND ASTRONOMY 
3100 B.C. TO 1 B.C. [13-26] 

The period covered by this first lecture on the history of mathematics will 
be about 4700 years; for we shall begin by noting that in one of the great mu- 
seums at Oxford is a royal mace [36] of 3100 B.C. on which there is a record 
of 120,000 prisoners, of 400,000 captive oxen, and of 1,422,000 captive goats. 
These numbers, written in Egyptian hieroglyphs, show that already in this 
ancient time not only was the decimal system of numeration, but also a method 
for writing very large numbers, thoroughly established. It is interesting to 
speculate on how many thousand years earlier must have been the beginnings 
when great communities, of a millennium later, with a highly developed social 
order, calling for the frequent use of mathematics of taxation, barter, interest, 
and of large numbers, were replaced by small groups of primitive people for 
whose simple needs such number words as “one,” “two,” and “heap” would 
wholly suffice [4, 19]. 

Any general primitive notions of this kind probably long antedated the 
execution of the recently discovered finest art-work of primitive man, reputed 
to be from 25,000 to 50,000 years old [18]. It is a sculpture of a white rhinoceros 
with a swarm of attendant tick-birds, hammered into a slab of basaltic rock, 
and showing extraordinary power of form, line, and perspective—elements 
intimately allied to things mathematical. 

But there were other people besides the Egyptians who contributed notably 
to early mathematics. I refer to the non-Semitic Sumerians who lived just north 
of the Persian Gulf and south of the Semitic Akkadians, and who for many 
centuries prior to 2500 B.C. were generally predominant in Babylonia, but were 
absorbed into a larger political group by about 2000 B.C. One of the greatest of 
the Sumerian inventions was the adoption of cuneiform script; notable engineer- 
ing works of the Babylonians, by means of which marshes were drained and the 
overflow of rivers regulated by canals, went back to Sumerian times, as also a 
considerable part of their religion, their law, and their mathematical notation 
[13, 17, 19]. 

An extraordinary number of tablets show that the Sumerian merchant of 
about 2000 B.C. was familiar with such things as weights and measures, bills, 
receipts, notes, and accounts. Long before coins were in use (7th century B.C.) 
it was common custom to pay interest for the loans of produce, or of a certain 
weight of a precious metal. Tablets indicate that the rate of interest varied from 
20 to 30 per cent, the higher rate being charged for produce. 

Sumerian or Babylonian arithmetic was essentially sexagesimal, although 
there are influences of a decimal system. Hence the general numeral might be 
written in the form - - --- 
+b_m:60-™" Or Gn, Gn—1, * * G1, Go, + bm. In particular 31, 6, 15 might 
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equal 111975. The symbol for unity was also the symbol for any one of the num- 
bers 60" where 1 is a positive or negative integer. Thus 31, 6, 15 might mean 
not only 111975, but also 6718500 or 1866 1/4 or 31 1/10 1/240, according as 
the 15 is taken as multiplied by 1, 60, or 1/60, or 1/3600. The uncertainty in 
this regard introduces certain difficulties in interpreting Babylonian mathe- 
matical texts. Another uncertainty was introduced through the fact that where 
a zero enters may be determined only by the context; so that, for example, 
11, 7 or 11, , 7 might stand for 39607. But a blank space does not always mean 
zero in Old Babylonian tablets. So far as is at present known, no special symbol 
for zero was used by the Babylonians before about 400 B.C., and this symbol 
was used to indicate a zero both in the interior and at the end of the number. 

In the field of geometry the Babylonian of 2000 to 1600 B.C. used the fol- 
lowing results in concrete cases, from which we have to infer that they were 
familiar with the general rules: 


1. The area of a rectangle is the product of the lengths of two adjacent sides. 

2. The area of a right triangle is equal to one-half the product of the lengths 
of the sides about the right angle. 

3. The sides about corresponding angles of two similar right triangles are pro- 
portional. 

4. The area of a trapezoid with one side perpendicular to the parallel sides is 
one-half the product of the length of this perpendicular and the sum of the 
lengths of the parallel sides. 

5. The perpendicular from the vertex of an isosceles triangle on the base bisects 
the base. The area of the triangle is the product of the lengths of the alti- 
tude and half the base. Indeed the Babylonians may have thought of this 
result for the area of a triangle other than right or isosceles, since such a 
triangle may be regarded as made up of adjacent or overlapping right 
triangles; but there is no known example of this use of the formula. 

6. The “Pythagorean” theorem; for example, for triangles with sides cor- 
responding to the numbers 3, 4, 5; 5, 12, 13; 8, 15, 17; 20, 21, 29; and many 
more; see after no. 11, below. 

7. The angle in a semi-circle is a right angle [55]. 

8. The length of the diameter of a circle is one-third of its circumference 
(x =3). The area of a circle is 1/12 of the square of its circumference (cor- 
rect for r=3). 

9. The volume of a rectangular parallelopiped is the product of the lengths of 
its three dimensions, and the volume of a right prism with a trapezoidal 
base is equal to the area of the base multiplied by the altitude of the prism. 

10. The volume of a right circular cylinder is the area of its base multiplied by 
its altitude. 

11. The volume of the frustum of a cone, or of a square pyramid, is equal to its 
altitude multiplied by one-half the sum of the areas of its bases. It has been 

conjectured that the Babylonians had also the equivalent of an exact 
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formula for the volume in the case of a square pyramid, namely 
a+b\? 1 /a—bd\? 
2 )+ 3 ( 2 
where a and b are the lengths of the sides of the square bases [20]. This 


was known to HERON of Alexandria 1700 years later, and reduces to the 
extraordinary formula apparently known to the Egyptians. 


The most remarkable recent discovery in connection with Babylonian mathe- 
matics was that made by Professor NEUGEBAUER, in tablet PLIMPTON 322, 
dated —1900 to —1600, at Columbia University, which contains a table of 
“Pythagorean” numbers [16]. Let / denote the longer, s the shorter side of a right 
triangle, and h its hypotenuse. The values of # and s are given in two columns 
of our text but the third column gives not / but h?/? with successive entries de- 
creasing almost linearly while there is great variation in the other columns. 
He discusses the contents of this tablet at great length and is convincing in 
suggesting that the following Euclidean relations (Elements, book 10, prob. 28, 
lemma) were known more than a thousand years before Pythagoras. 


p and q being relatively prime, and p>g. Also that the following relation (if 
g=1/g and $=1/>) was not only known: 


h/t = + 9B), 


but was the basis, with known tables of reciprocals, for the discovery of the 
successive entries of the tablet. In 13 of the 15 triangles the sides are relatively 
prime. The lengths of the sides of the largest triangle are: 


650 700, 649 909, 1 080 541. 


Was Evuc.ip indebted to Babylonians for his tenth book lemma? As yet no 
cuneiform mathematical tablets date from the period 1300 to 300 B.C. so that 
the origins of later Babylonian results are mostly unknown. 

Numerous problems involving portions of a right triangle cut off by lines 
parallel to a side lead to systems of simultaneous equations, even as many as 
ten equations in ten unknowns; and also to the solution of quadratic equations. 
Moreover the Babylonian of 1800 B.C. evidently knew our formula for the 
solution of a quadratic equation with the positive sign before the radical. Many 
problems could be cited to prove this. [14, 16, 17, 21]; let us consider one of 
them on a tablet in Strassburg dating from about 1800 B.C. 

“An area [A] (consisting of) the sum of two squares [x?+-y?] (is) 16, 40 


2 
[=1000].” The side of one square [y] (is) <|<| of the side of the other 


square [x], diminished by 10[d]. “What are the sides of the squares [x, and y]?” 
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Hence 


a 
y= A, 


If §=x/8, we get a quadratic equation: 
(a? + — dat = A — at, 
the solution being 
(= 
Bearing in mind that, in the particular case, A = 1000, d=10, a=40, B=60, 


let us now compare with this the working given in the text, with our numbers 
substituted for the Babylonian, of which a few samples are given. 
“You proceed thus: 


Square 10: this gives [1, 40] 100; subtract 
[1, 40] 100 from [16, 40] 1000: this gives 


2+ (a? + 6*)(A — d*)}]. 


[15, 0]900. A — d* = 900. 
Square [1, 0]60: this gives [1, 0, 0] 3600; 
40? is [25, 40] 1600: 3600+1600 =5200. a? + 6? = $200. 
Multiply 5200 by 900: this gives 4689000, (a + 6*)(A — d*) = 4680000. 
Multiply 40 by 10: this gives 400. ad = 400. 
Square 400: this gives 160000. 7d? = 160000. 


+ (a? + B*)(A — d*) = 4840000. 
V + (a? + 6*)(A — d*)} = 2200. 
da + +/{a*d? + (a? + — d*)} = 2600. 
do + »/{a*d? + (a* + 8*)(A — d*)} [= 

a? + p? 


Add 160000 to 4680000: this gives 4840000. 

The square root of this is 2200. 

Add 400 already found: this gives 2600. 

What part of 5200 gives 2600? Answer: 
one-half (30 in text). 

} multiplied by 60 gives 30 as [side of] 


=}. 


greater square. 38 = [8 = x = 30. 
Multiply 4 by 40: this gives 20. fa = fa = 20. 
Subtract 10 from 20 and this gives 10 as 

[side of ] lesser square.” fa—-d=y= 10. 


Surely such work “is wonderful in itself; it is equally extraordinary that 
these developments in arithmetic and algebra should have remained, for the 
most of 1800 years at all events, unknown to, or at least without (so far as we 
ae any traceable effect upon, the Greek pioneers in the same subject” 

22 |. 

Another interesting method of solution of quadratic equations may be 
noted. On a Louvre tablet of about 300 B.C. are four problems [23] concerning 
rectangles of unit area but with the sum of adjacent sides varying x+y=a, 
xy =1. The successive steps of the solution are equivalent to substitution i in the 
formula 


3(x — y) 
— y)]? 


+ + xy}, or 
[4(x + y)]? — xy (Eucuiw's Elements, II, 5 and Data, prop. 85). 


ers 
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In a Yale text of about 1700 B.C. this same method of solution is applied [24] 
to the equations x—y=7, xy=1, 0. By this method also the solution of some- 
what more complicated rectangle problems on Strassburg and Louvre tablets, 
[25] of about 1800 B.C., would follow at once. 

Our present knowledge of Babylonian achievements in mathematics is 
mainly due to the extraordinary discoveries of OTTO NEUGEBAUER, a research 
professor and chairman of the History of Mathematics Department of Brown 
University. (Dr. SAcus is also a member of this Department.) He discovered not 
only most of the results set forth above, but also many other things; in particular 
that the Babylonians discussed problems involving cubic [26] and biquadratic 
equations. A tablet was discovered which gives not only the squares and cubes 
of all integers from 1 to 30, but also the results for the sum m*+n? for this 
same range. Pure cubic equations with integral solutions could be solved by 
means of the table of cubes reversed, and an example of this kind is quoted. 
The use of tables of cubes wads not previously surmised. Another problem, of 
about 1800 B.C., seems to call for the solution of simultaneous equations, 
xystxy=13, y=ax, z=px, (a=2/3, w=12), which lead to (ux)*+ (ux)? =252. 
The solution of this equation may be found from the n*+-n? table. Two problems 
lead to such equations. Another problem, of the same period, seems to lead to 
the general equation ux? + (1 —pub)x? —bx +a =0, being derived from xyz+xy =a, 
s=yux, xty=b(a=7/6, b=5/6, w=12). But in the tablet it is stated that 


s+1 3 2 7 3 2 

pb b pb 
2+1 


oe - Thus, this general cubic equation is not solved by reduction to the 


“normal form,” n?+n?=c, to which, however, NEUGEBAUER believes that the 
Babylonians were quite capable of reducing the general cubic equation, although 
as yet he has no evidence that they actually did do it. In connection with the 
n*+n? table NEUGEBAUER noted also [27] that they may well have known the 
equivalent of the relation for various values of n. 

Tablets at Yale University [16] containing hundreds of problems, without 
solutions, arranged in systematic order, are of great interest. Possibly these 
may date from 1600 B.C. In several cases of simultaneous equations for solution 
and leading to biquadratic equations, we find here a number of extraordinary 
examples of negative numbers in right-hand members. For instance, solve the 
equations 


xy = 600 and 150(% — y) — (x + y)? = — 1000. 


Babylonian astronomical texts of the third century B.C. [28] make explicit use 
of the rules, + X + = —- X—- = +; 
On a Berlin tablet closely related to Yale tablets, the equations (also leading 
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to a biquadratic equation) 


xy = 600 and eof [(x + y)? — 600] + sy} = 1000, 
are especially interesting because of the “irregular” numbers in the fractions 
1/13 and 1/19. All problems which have so far been found to call for division 
by such numbers as 7, 11, and 13, are arranged in such a way that the divisors 
will disappear in the course of the work. 

Two other illustrations from the Yale tablets may be cited. A general 
cubic equation comes up in the discussion of volumes of frustums of a pyramid, 
as the result of eliminating z from equations of the type, 2(x?+y?)=A, z 
=(ay+b), x=c. An equation of the sixth degree (equivalent to a quadratic in 
x*) results from the solution of equations of the form xy =), a:x?/y+asy?/x+a3 
=(), 

A sexagesimal number, , is regular if its reciprocal, #, is a finite sexagesimal 
expression, and irregular if it is not. The necessary and sufficient condition for n 
to be regular is that m =2°357, where a, B, y are each a positive integer or zero. 
With the exception of a Yale tablet, tables of reciprocals contain only reciprocals 
of regular numbers. For an irregular number like 7 it might be thought that 
such approximations as 7/48 or 13/90 might be found, but this is not the case. 
On the unique tablet to which we have just referred are such approximations as 
the following: 


59=;1,1,1 61=;0,59,0,59 and 78 =;0, 56, 9, 13, 50. 


The Babylonian method of finding the reciprocal of any regular number, 
however complicated, is now well known [29]. For such a number c the basic 
relation is €=4(1+54a), where a and b are two numbers such that c=a+b, and 
@ is a number whose reciprocal may be found in a standard table. 

In Babylonian mathematics tables were constantly used, and in particular, 
tables of reciprocals, reducing division to multiplication, but these tables rarely 
go beyond two sexagesimal places (3600). There is, however, a Louvre text of 
about 300 B.C. with scores of larger entries and including onetof an m, as a seven- 
place number (corresponding to eleven decimal places), leading to #, a seven- 
teen-place number (corresponding to twenty-nine decimal places). Such tables 
were necessary in the Babylonian astronomical calculations [30] of the time. 
Thus there was mathematical development to meet astronomical needs. 

On another Louvre tablet about the time of ARCHIMEDES, NEUGEBAUER 
found two other suggestive problems [32]. One states that 


429 = 294 29-1, 


Is this another way of writing 2-2®—1 =(2!°—1)/(2—1), indicating knowledge of 
EvcLip’s, or our own, formula for the sum of such a geometric series? 
On the same tablet it is stated that 
1-14+2:-24+3-3+--++ + 10-10 = (1-3 + 10-%)-55 = 385. 


~ 
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Now t= if we set 
=4n(n+1), a result known to the PYTHAGOREANS. This sum-of-squares formula 
was practically equivalent to one known to ARCHIMEDES. Did contemporary 
Babylonians also use it? 

Istanbul tablets seem originally to have had tables of c*, for »=1 to 10, for 
c=9, c=16, c=100, and c=225. An application for such a table would be in 
solving exponential equations of the type a=. Such equations arose in work 
of the Babylonian, even in the case where x was not integral, as one may check 
by a Louvre tablet of about 1700 B.C. One problem here is to find how long it 
would take for a certain sum of money to double itself at 20% interest. The 
problem is, then, to find x, the number of years, in the equation (1;12)*=2. 
1;12?<2<1;12‘, hence x>3 but <4. Linear interpolation gives 


1;124 — 2 
1;124 — 1;12° 


or 2:33,20 months. That is, x =4 years —2;33,20 months. 

Since the final result thus found is exactly what is given in the tablet, the 
method used in reaching it, may well have been that employed by the Baby- 
lonians. Both in the Berlin Museum and in Yale University are tablets with 
other problems in compound interest. 

Babylonian approximations to the square roots of non-square numbers are of 
interest; for example, 1 5/12 for 4/2, and 17/24 for 1/4/2; here, and in finding 
4/1700, an approximation formula equivalent to one employed by HERON of 
Alexandria [97] seems to have been used. In finding 28 as approximation to 
/ 2}, the use of the equivalent of a DIOPHANTINE equation is suggested. But the 
most remarkable approximation is that found in a Yale tablet of about —1600 
for the diagonal of the side of a unit square 1/2 +1; 24, 51, 10 which is 1.414213 
instead of 1.414214. In explaining the possible derivation of this result NEUGE- 
BAUER & SACHS present a strong case for the Babylonians having followed a 
procedure consisting of alternating approximation of 4/2 by arithmetic and 
harmonic means of approximations previously found [33]. 

The brief suggestions which we have given of discussions of purely numerical 
problems of very varied types, could be greatly magnified, and force upon us 
the-conclusion that Babylonians during 2000 years before the Christian era laid 
the foundations of real algebra. Even where the foundation is apparently geo- 
metric the essence is usually strongly algebraic, illustrated by the fact that fre- 
quently operations occur which do not admit of a geometric interpretation, like 
the addition of areas and lengths, or multiplication of areas. The predominant 
problem consists in the determination of unknown quantities subject to given 
conditions. Of course a certain number of geometric relations were well known. 
Numerical calculations are everywhere carried out with the greatest facility 
and skill. 

The criterion for scientific mathematics must be the existence of the con- 
cept of proof. Egyptian mathematics contains only two (rather trivial) general 


= 0;12,46,40 years; 
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rules (RHIND papyrus [43, 44], problems 61, 66), and the much more highly 
developed Babylonian mathematics displays substantial illustrations of general 
techniques for proving its procedures [34]. But the remarkable mathematical 
astronomy which flourished during the last three centuries preceding the Chris- 
tian era, and had as its goal the computation of ephemerides for the moon and 
planets, was distinctly scientific [27, 28]. 

Extension of our knowledge in connection with Babylonian mathematics 
and astronomy is likely long to continue. Let us now consider achievements of 
the Egyptians in pure and applied mathematics [35], where recent research has 
contributed little that is new. 

We have referred to the mace record [36] of 3100 B.C. The erection of the 
great pyramid at Gizeh about 2900 B.C. must have involved many mathematical 
problems. Here was a huge structure covering more than 13 acres which, with its 
marvelous connecting roadway to the Nile, took 100,000 workmen 30 years to 
build. Over 2,000,000 blocks of stone, averaging 24 tons in weight, and fitted 
together with great exactness were brought from sandstone quarries on the 
opposite side of the Nile. For the roofs of chambers granite blocks 27 feet long 
and 4 feet thick, weighing 54 tons each, were transported from the quarry more 
than 600 miles away, and placed in their position over 200 feet above the ground 
level [37]. 

But the problems of mechanics and engineering involved in handling even 
the large stone blocks of the great pyramid were slight as compared with those 
dealt with by the Egyptians in quarrying and setting up some of their huge 
obelisks of pink granite. The largest existing obelisk, quarried about 1500 B.C., 
was no less than 105 feet long, nearly 10 feet square at the larger end, and about 
Pp in weight. It was set up in front of the Temple of the Sun at Thebes 

38}. 

A certain amount of mathematics was used by the Ancient Egyptians in 
connection with their devising of timepieces, namely: (a) the sun-dial or 
gnomon; and (b) the clepsydra or water-clock [39]. The same may be said con- 
cerning ship-building and navigation [40] and engineering involved in the build- 
ing of notable aqueducts and tunnels for providing water supplies [41]. 

Most of our knowledge of Egyptian mathematics is derived from two 
mathematical papyri, the one written about 1850 B.C., usually called the 
Moscow papyrus [42], containing 25 problems; and the other dating from 
about 1650 B.C., commonly called the RHIND mathematical papyrus [43, 44], 
with 85 problems. All of the 110 problems are numerical and many of them are 
excessively simple. Those in the RHIND papyrus are preceded by a table giving 
the equivalents in unit fractions of 2 divided by all odd numbers from 5 to 101; 
for with the exception of 3 the Egyptian had no notation for a fraction with a 
numerator other than unity. Two divided by 7 is expressed as the sum of } 
and 1/28; 2 divided by 97 is expressed as the sum of 1/56, 1/679, 1/776. Both 
of these results, as well as 3 expressed as the sum of } and }, are used in a single 
problem later. The table was therefore a reference list for use in solving problems. 
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The Egyptian carried through the multiplication of two numbers by suc- 
cessive multiplication of one of the numbers by twos or tens or by 3, or by the 
division of the number by twos or tens. A sort of transposition was also a 
common operation. For example, if it had been found that 3 of 105 was 21 the 
Egyptian might at once write down 1/21 of 105 is 5. Problems in division are 
reduced to those of multiplication. It is rather extraordinary that in order to get 
one-third of a number, the Egyptian first found two-thirds of the number and 
then took one-half of the result. This is illustrated in more than a dozen prob- 


. lems of the RHIND papyrus. 


Nearly a score of 110 problems are such as we would now solve by algebra 
with equations of the first degree in one unknown quantity. For example: “A 
quantity, its 3, its 3, and its 4, added together, becomes 33. What is the quan- 
tity?” The method of solution used is generally that of trial, or false position, 
and in more than one case it is obvious that the idea of proportion was clearly 
understood. 

Another score of the problems deal with such questions as the strength of 
bread and of different kinds of beer, the derivation of beer of great alcoholic 
strength from two others, and the exchange of beer for bread. An example of 
this type of problem is the following: “Given that 13 hekat of upper Egyptian 
grain is made into 18 des of besha date-substitute beer, and that 1 des of this 
makes 23 des of barley beer, what is the strength of the barley beer?” 

The feed for geese, cranes, ducks, quails, doves, and also for bulls and com- 
mon cattle is discussed in other problems. The following illustrates a rule-of- 
three problem: “A sandal maker works for 15 days receiving wages every 5 
days. If he does the work in 10 days after what periods should he be paid?” Of 
problems in arithmetic progressions the following may be mentioned: “Divide 
100 loaves among 5 men in such a way that the share received shall be in arith- 
metic progression and that one-seventh of the sum of the largest three shares 
shall be equal to the sum of the smallest two.” Remember that these are prob- 
lems of 1650 to 1850 B.C. 

Twenty-six of the 110 problems are geometric [45], and both volumes and 
areas are discussed. The area of a circle is repeatedly taken as the square of 8/9 of 
the diameter; this leads us to the remarkable value 256/81 =3.1605 - - - for z, 
much better than the somewhat earlier Babylonian value 3. The volume of a 
right circular cylindric granary is taken as equal to the area of its base multi- 
plied by the number of units in its height. The most recent discussion seems to 
make it clear that the Egyptian knew that in any triangle its area is equal to 
one-half the product of its base and altitude [45]. The cotangents of the angles 
which the faces of pyramids make with their bases are discussed. A numerical 
problem appears to prove the extraordinary fact that the Egyptian knew our 
formula for the volume of a frustum of a square pyramid V = (h/3)(a?+ab+0?), 
where a and bare the lengths of the sides of the square bases and h is the number 
of height units of the frustum. The editor of the Moscow papyrus, which was 
first completely published in 1930 [42], believed that yet another problem gave 
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the correct result for the area of a hemisphere, if we take the value of 7 to which 
reference was just made. But the late Professor PEET, a prominent English 
Egyptologist, argued that there was no proper ground for this conclusion, since 
the correct translation led to something quite different [45]. 

There is no document to prove that the Egyptian knew even a particular 
case of the PyTHAGoREAN theorem [43]. 

Our main sources of information concerning Egyptian mathematics consist 
of two papyri of much the same type, but all additional fragments which we 
possess match the same picture, which is paralleled by economic documents in 
which occur precisely those problems and methods which we find in the mathe- 
matical papyri. Furthermore, the Egyptian mathematical texts find their con- 
tinuation in Greek papyri (on to the eighth century of our era), which again 
show the same pattern. It is therefore safe to say that Egyptian mathematics 
never rose above a very primitive level, and did not provide the most essential 
tools for astronomical computation of real importance [30]. 

Thus we conclude our consideration of the mathematics of the Babylonians 
and Egyptians in our first period. Before 600 B.C. there was no other mathe- 
matics than theirs worth considering. 


B. GREEK MATHEMATICS 600 B.C. TO 600:A.D. [46-51] 


Greek history began with the second millennium B.C. but in connection 
with the history of mathematics, of sculpture, of architecture, of art, of philos- 
ophy, of literature, of thought, the semi-millennium commencing about 600 B.C. 
is of the greatest importance. The Greeks were not confined to the Greek pen- 
insula, as in modern times. They occupied Macedonia and Thrace, the islands 
of the Aegean, the northern and western seaboards of Asia Minor, Southern Italy 
and Sicily. Scattered settlements were also to be found as far apart as the mouth 
of the Rhone, the north of Africa, and the eastern end of the Black Sea. Such was 
the location of the people who were presently to set such marvelous everlasting 
beacon lights of Freedom, Truth, Reason, Beauty, Excellence, Fellowship be- 
tween man and man, which were to inspire, guide, and sustain through the 
millenniums to follow. 

What were the special aptitudes which the Greeks possessed for science? 
An answer by Sir Tuomas Heatu [48], long a leading authority on Greek 
mathematics, is given. But into this quotation two correcting interpolations are 
introduced. 

“They had, first, a love of knowledge for its own sake, amounting, as Butcher 
says, to an instinct and a passion; secondly, a love of truth and a determina- 
tion to see things as they are; thirdly, a remarkable capacity for accurate ob- 
servation.” [In “capacity for accurate observation” there seems to be no differ- 
ence between Greek and other cultures. The representation of animals by 
Egyptians and Assyrians did not find their equal in Greece; because of their 
exactness they are constantly used by zoologists as source material. The astro- 
nomical observations of the Babylonians are certainly not of less importance 
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than those of the Greeks, and also the fundamental instruments such as gnomon, 
sundial, water-clock. Ancient Egyptian anatomy was of the highest order. } 
“Fourthly, while eagerly assimilating information from all quarters, from Egypt 
and Babylon in particular, they had an unerring instinct for taking what was 
worth having and rejecting the rest. As one writer has said, ‘it remains their 
everlasting glory that they discovered and made use of the serious scientific ele- 
ments in the confused and complex mass of exact observations and super- 
stitious ideas which constitutes the priestly wisdom of the East, and threw all 
the fantastic rubbish on one side.’” [“Rejecting the rest” and “Superstitious 
ideas . . . rubbish on one side.” These stand in contradiction to many historical 
facts. All forms of oriental culture found an entry into Greece (see, for example, 
R. REITZENSTEIN, Die hellenistischen Mysterienreligionen nach ihren Grundge- 
danken und Wirkungen, third ed., Leipzig, 1927.) Astrology in its absurd forms 
was first a product of Hellenism.] “Fifthly, they possessed a speculative genius 
unrivaled in the world’s history. 

“It was this unique combination of gifts which qualified the Greeks to lead 
the world in all the intellectual pursuits that make life worth living. 

“Last, but not less important, the Greeks possessed the advantage over the 
Egyptians and Babylonians of having no priesthood which could monopolise 
learning as a preserve of its own, with the inevitable result of sterilising it by 
keeping it bound up with religiows dogmas and prescribed and narrow routine.” 

Some of these attributes were possibly more in evidence in their great 
achievements in the fields of medicine, biology, and natural science, than in 
those of mathematics and astronomy, which now concern us for a few mo- 
ments. Since hours would be necessary for any adequate description of their 
wonderful achievements in these fields, we must confine ourselves largely to 
references to a few names and results. 

Greek theoretical geometry and astronomy began with Thales [51] of 
Miletus, on the West coast of Asia Minor, in the first half of the sixth century 
B.C. No wonder he was declared one of the Seven Wise Men since, apart from 
being a mathematician and astronomer, he was also a statesman, engineer, 
man of business, and philosopher. To THALEs later tradition attributes the fol- 
lowing results in elementary geometry, all of them in EucLip’s Elements: 


1. ‘A circle is bisected by any diameter (I, def. 17); 

2. The angles at the base of an isosceles triangle are equal (I, 5); 

3. If two straight lines cut one another, the vertically opposite angles are re- 
spectively equal (I, 15); 

4. If two triangles have two angles and one side in each respectively equal the 
triangles are equal in all respects (I, 26); 

5. The angle in a semi-circle is a right angle (which we have seen, was already 
recognized by the Babylonians [55] some 1400 years earlier; III, 31). 


Of practical problems he showed how to determine the distance of a ship from 
the shore and found the height of a pyramid by means of the shadows cast on 
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the ground at the same moment by the pyramid and a stick; that moment was 
chosen when the length of the stick and its shadow were equal. There is no 
evidence that Thales predicted a solar eclipse which took place in 585 B.C. (See 
A. PANNEKOEK, “The origin of the Saros,” K. Akad. van Wetens., Amsterdam, 
Proc., 1918, v.20, p.955.) It may be of interest to remark that THALEs was the first 
known individual with whom definite mathematical discoveries were associated. 

About half a century after THALES came PytHacoras [52]. Under his in- 
spiration geometry was first pursued as a study for its own sake. A man of great 
ability and a most interesting and magnetic mystic, he finally settled at Crotona 
on the southeastern coast of Italy. Here among the young men of well-to-do 
families he established a secret society or brotherhood most of whose mathe- 
matical discoveries were pooled. According to HEATH [22], it is to the PyrHac- 
OREANS, that is about 500-350 B.C., that the following geometric results are 
due: 


1. The properties of parallels and their application to prove that the sum 
of the angles of a triangle is equal to two right angles. From this were de- 
duced the familiar results concerning the sums of (a) exterior and (0) in- 
terior angles of a polygon. 

2. The transformation of areas of rectilinear figures, and the sums and differ- 
ences of such areas, into equivalent areas of different shapes. To this end 
they invented the powerful method of application of areas, the main 
constituent of the geometric algebra by which they effected the geo- 
metric equivalent of addition, subtraction, division, extraction of the 
square root, and the complete solution of the general quadratic equation 
x? + px +q=0, so far as it has real roots. 


At a considerably later day APOLLONIUs of Perga named the conic sections, 
parabola, ellipse, and hyperbola, because he had shown that these curves were 
respectively defined by the application of an area, the application of an area 
falling short, the application of an area exceeding; that is, 


3. The PyTHAGOREANS had a theory of proportion pretty fully developed, 
though it was only applicable to commensurable magnitudes, being pre- 
sumably a numerical theory. They knew properties of similar figures such 
as similar rectilinear figures being in the duplicate ratio of corresponding 
sides. 

4. They had discovered, or were aware of the existence of, at least three of 
the regular solids—the tetrahedron, cube, and dodecahedron. 

5. They discovered the existence of the incom mensurable in at least one 
case, that of the diagonal of a square in relation to its side, and they 
devised a method of obtaining closer and closer approximations to the 

value of 1/2 in the form of numerical fractions, x/y whose elements 
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are the successive solutions of the indeterminate equations x?—2y?= +1; 
[y=2, 5,12, 29,---;x=3, 7,17, 41,--- ]. 


Arithmetic in the sense of the theory of numbers began in discussions con- 
nected with problems of the PyTHAGOREANS, With the Greeks, Arithmetic deal- 
ing with absolute numbers, or numbers in the abstract, was distinguished from 
Logistic [50], the science dealing with ordinary arithmetical operations, and 
certain problems of elementary algebra. 

Two numbers are called amicable or friendly if each equals the sum of the 
aliquot divisors of the other. PyTHAGORAS gave the first pair 220, 284 [56]. 
The second and third pairs were given in the seventeenth century by FERMAT 
and DESCARTES respectively, and the next 61 pairs were obtained by Euler in 
the eighteenth century. PYTHAGOREANS discussed also various forms of figured 
numbers—triangular, square, pentagonal, efc., the number of dots in a figure 
corresponding to the number. Thus 1+2+3+ +n= }n(m-+1) is any tri- 
angular number; 1+3+5+7+ -- + +(2n—1) =n? is any square number and 
so on. To them is also attributed the formula m?+ [}(m?—1) ]* = [}(m?+1) |?, 
where m was any odd number. But their most wonderful discovery about num- 
bers was in showing the dependence of musical intervals upon numerical ratios. 
They found that for strings of the same tension, the different lengths of strings 
would be in the ratio of 2 to 1 for the octave, 3 to 2 for the fifth, and 4 to 3 for 
the fourth. They went on to form a diatonic scale and thus initiated a study 
which was to be extensively elaborated by laterGreeks [57]. The PyTHAGOREANS 
showed interest in astronomy, associating musical notes with the heavenly 
bodies (the highest with the fixed stars, the next highest with Saturn, the lowest 
with the Moon) and also various numbers [58]. The planets were thought as 
moving in independent circles. There is no ground for thinking that they re- 
garded the earth as spherical [59]. 

Thus geometry, arithmetic, music, and astronomy came to be grouped 
together by the PYTHAGOREANS as fundamental liberal arts for study and to 
form what was, in the middle ages, called the guadrivium. The word “mathe- 
matics” is derived from a Greek word yd@nua meaning simply a “subject of 
instruction”; but by the time of ArIsTOTLE [60] (—340) the term was defi- 
nitely restricted to subjects of the guadrivium. 

Prato [61, 62] regarded mathematics in its four branches, arithmetic, geom- 
etry, stereometry, and astronomy, as the first essential in the training of philos- 
ophers and of those who should rule his ideal State; ‘‘let no one destitute of 
geometry enter my doors,” said the inscription over the door of his school near 
Athens. He emphasized that mathematics is of value for the training of the 
mind, and that by comparison, its practical value is of no account. It is not 
known that PLaTo made any mathematical discovery. THEAETETUS, pupil of 
SocraTEs and friend of PLATO, one of whose dialogues, Theaetetus, is a com- 
memorative tribute, advanced the theory of irrationals and was probably 
the first to construct all five of the regular solids [62] theoretically, and to in- 
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vestigate fully their relations to one another, and to the circumscribed sphere as 
elaborated in Euc.ip’s Elements, XIII; indeed THEAETETUS was the discoverer 
of the octahedron and icosahedron. In the fifth century B.C. flourished ZENO 
of Elea [63] who also does not seem to have been a mathematician, yet his 
paradoxes of motion had a profound influence on the course which geometry 
thereafter took. 

The PYTHAGOREAN difficulties in connection with geometric proportion and 
incommensurables were completely solved in the fourth century B.C. by a pupil 
of ArcHyTAs and PLaTo named Evpoxus [64], born at Cnidos on the west 
coast of Asia Minor. He was an original genius second only to ARCHIMEDES. His 
masterly setting forth of incommensurables, as in the fifth book of Euciip’s 
Elements, is practically identical with the modern formulation of DEDEKIND. 
Eupoxus discovered also the so-called “method of exhaustion” by means of 
which he gave the first rigorous proof of the results for the volume of a cone, 
and of a pyramid, and probably showed that: (1) the areas of two circles are to 
one another as the squares of their diameters; and (2) the volumes of spheres 
are to one another as the cubes of the lengths of their respective diameters. 

It seems certain that MENAECHMUS, a pupil of Eupoxus, was the discoverer 
of the conic sections—parabola, ellipse, hyperbola, which were originally 
thought of as sections perpendicular to generators of right-angled, acute-angled, 
and obtuse-angled cones; see NEUGEBAUER, 1948, [86]. He showed that by 
means of the intersection of two parabolas, or of a parabola and a rectangular 
hyperbola so obtained, we could find two mean proportionals between two lines 
of lengths a and b. This implies the recognition of a geometric relation, in the 
case of the parabola, equivalent to our ordinary Cartesian equation, and of a 
similar relation for a rectangular hyperbola referred to its asymptotes, as axes. 

This discovery of MENAECHMUS was of particular interest because it gave 
a new solution of the problem of the duplication of the cube, one of the three 
famous problems which had been formulated in the fifth century B.C. These 
problems are [65-69]. 


(a) To find a line which shall be the edge of a cube whose volume is double 
that of a given cube, the problem of the duplication of the cube. 

(b) To trisect any given angle. 

(c) To find a line which shall be the side of a square whose area shall be 
exactly equal to that of a given circle, the problem of squaring the 
circle [67]. 


All of these problems were solved by the Greeks within a century, but more 
than 22 centuries were to pass before it was finally proved that no one of them 
could be solved with ruler and compasses alone. As early as the fifth century 
B.C., by means of a curve called the quadratrix [69], the problem of the tri- 
section of an angle was solved by Hippras of Elis, and H1PPocRATES of Chios 
had shown that the problem of duplicating the cube could be reduced to that of 
finding two mean proportionals between such lengths as a and 2a. Such mean 
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proportionals were found by ARCHYTAS, a PYTHAGOREAN, a friend of PLatTo, 
a statesman and philosopher, in a marvellous construction by means of the in- 
tersection of a right cone, a cylinder, and an anchor ring with inner diameter 
zero. DINOSTRATUS, a brother of MENAECHMUS, showed that the quadratrix 
of HippiAs could also be used to solve the problem of squaring the circle. In 
the third century this problem was also solved, in effect, by a spiral invented 
by ARCHIMEDEs [69]. In the third century a quartic curve, the conchoid of 
NicoMEDES [69], was used to solve the problems of trisecting an angle, and 
duplicating a cube, and the cissoid of Dioctes [69], a cubic curve, was also 
employed for solving the latter problem. 

We come now to the consideration of the golden period of Greek mathe- 
matics and of the greatest mathematical school of ancient times. This was at 
the magnificently endowed university of Alexandria which had been founded by 
ALEXANDER the Great in 332 B.C. [70]. The university was opened about 300 
B.C. and within the first 40 years of its existence over 600,000 rolls had been 
collected in its great library. Euctm [71] was a professor of mathematics in 
the university. Practically nothing is known about his life except that he was 
the author of at least ten treatises [72] of which approximately complete texts 
of five are available. These include three on applied mathematics, namely on 
phaenomena [75], on optics [76], and on music [77]. But by far the most famous 
one is his treatise, in 13 books, called the Elements [73, 74]. More than a 
thousand editions have appeared since the first one printed in 1482, and for 
1800 years before that, manuscript copies dominated all teaching of geometry. 
Though a large portion of the subject matter had been investigated by prede- 
cessors the whole arrangement was due to the great genius of EucLip who 
supplied innumerable details. It is quite impossible to give in a few sentences 
any adequate idea of the contents of the 465 propositions in this monumental 
work. Practically all of the geometric material of American school texts in plane 
and solid geometry is contained in parts of six of the books (1, 3, 4, 6, 11 and 12) 
of the Elements. Most books are prefaced by definitions, but before the first book 
are certain postulates the fifth of which is the famous one which differentiates 
Euclidean from noneuclidean geometry [78]. The statement is as follows: 
“Let it be postulated that, if a straight line falling on two straight lines make the 
interior angles on the same side less than two right angles, the two straight lines 
if produced indefinitely, meet on that side on which are the angles less than two 
right angles.” 

In Book II of the Elements are a number of propositions giving geometric 
proofs of algebraic identities, such as (a+6)? =a?+2ab+ 6%, and in Books II and 
VI are the propositions giving, among many other things, geometric solutions of 
quadratic equations [98], which were treated algebraically by the Babylonians. 
In Book V is expounded the remarkable Eupoxus theory of proportion, alike 
applicable to incommensurable and commensurable magnitudes of every kind. 
There are many masterly Euclidean developments. Book VI applies to plane 
geometry the general theory of proportion set out in Book V. The 102 proposi- 
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tions in Books VII, VIII, IX deal with questions in the theory of numbers. 
Special reference may be made to three propositions in Book IX. It is elegantly 
proved in the 20th that there are an infinite number of prime numbers; in the 
35th there is a beautiful geometric derivation of what is practically equivalent to 
our algebraic formula for the sum of the first ” terms of a geometric progression; 
and in the 36th it is proved that if S,=2"—1 is prime, then P =2"~'S, is a per- 
fect number [79], that is, a number which is equal to the sum of its divisors 
smaller than itself. The first four perfect numbers are 6, 28, 496, and 8128; only 
12 perfect numbers are known, and they are all of the EUCLIDEAN type. 

Book X contains 115 propositions on incommensurables, and is perhaps the 
most remarkable and most finished of all the books of the Elements. Books 
XI, XII, XIII deal with geometry of three dimensions. In propositions 16 and 
17 of the last book all the details are carried out for the actual construction of 
an icosahedron, and of a dodecahedron, inscribed in a sphere. 

The logical form oi the presentation of the propositions in the Elements is 
especially notable. There is first of all the enunciation of the proposition; sec- 
ondly, the statement of the precise data; thirdly, the statement of what we are 
required to do with reference to the precise data mentioned; fourthly, the con- 
struction, the addition when necessary of more lines to the figure; fifthly, the 
proof; and sixthly, the conclusion, stating what has actually been done, which 
generally follows the wording of the original enunciation. 

In the period between Euctip and ARCHIMEDES came ARISTARCHUS of 
Samos [58], whose great achievement lies in the fact that he was the first to 
assert that the earth and the other planets (Venus, Mercury, Mars, Jupiter, and 
Saturn) revolved about the sun, thus anticipating COPERNICUS by seventeen 
centuries. 

ARCHIMEDES [80-82] was born at Syracuse, in Sicily, about 287 B.C. and 
was killed in the sack of that city by the Romans in 212. He studied with suc- 
cessors of EUCLID at Alexandria and it was probably in Egypt that he invented 
the water screw, known by his name, for drawing water to irrigate fields. On 
returning to Syracuse he devoted his time wholly to mathematical research. Up 
to the time of NEWTON at least he was the greatest mathematical genius that the 
world had seen. The following summary of his work is mainly due to HEATH [22]. 

In geometry his works consisted chiefly of original researches in the quad- 
rature of plane curvilinear figures and in the quadrature of curved surfaces and 
the cubature of solids bounded by such surfaces. By methods equivalent to 
integration [82], ARCHIMEDEs found the area of a parabolic segment, the area 
of a spiral, the surface and volume of a sphere and a segment of a sphere, and 
the volumes of any segments of the solids of revolution of the second degree. 

In arithmetic he calculated approximations to the value of 7 and in the 
course of these calculations showed that he could find approximate values for 
the square roots of large or small non-square numbers; he found 34 >a >3+##, 
and also, apparently, 3.141697 - - - >a >3.141495 - - - , the mean of which is 
3.141596. ARCHIMEDES also invented a system of arithmetic nomenclature by 
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which he could express in language enormously large numbers, in fact all num- 
bers up to that which we would write as 1 followed by 80,000 million million 
ciphers. 

In mechanics he laid down certain postulates and, on the basis of these postu- 
lates, established certain fundamental theorems on magnitudes balancing about 
a point and on centers of gravity [82], going so far as to find the center of grav- 
ity of any segment of a parabola, a semi-circle, a cone, a hemisphere, a segment 
of a sphere, and a right segment of a paraboloid of revolution. As we learn from 
his Method [81], discovered as recently as 1906, ARCHIMEDES made most in- 
genious use of mechanics as an aid for suggesting probable results in geometry; 
the first theorem which he found in this way was in connection with the quadra- 
ture of the parabola. 

He invented the whole science of hydrostatics, which he carried so far as to 
give a complete investigation of the positions of rest and stability of a right 
segment of a paraboloid of revolution floating in a fluid with the base either up- 
wards or downwards, but so that the base is entirely above or entirely below the 
surface of the fluid. HEATH then sums up as follows: 

“The treatises themselves are, without exception, models of mathematical 
exposition; the gradual unfolding of the plan of attack, the masterly ordering of 
the propositions, the stern elimination of everything not immediately relevant, 
the perfect finish of the whole, combine to produce a deep impression, almost a 
feeling of awe in the mind of the reader.” 

In accordance with the desire of ARCHIMEDEs the figure of a sphere inscribed 
in a cylinder was engraved on his tomb since he seemed to regard the discovery 
that the volume of the sphere was two-thirds that of the circumscribed cylinder 
as his greatest achievement. CICERO found the tomb with this inscription. 

Other results due to ARCHIMEDEs were the following: (a) our familiar for- 
mula for the area of a triangle in terms of its sides: (b) the construction of 14 
inscribable semi-regular polyhedra [83]; (c) the solution of a three-term cubic 
equation, the term of the first degree lacking [80], by means of the intersection 
of a parabola and a rectangular hyperbola; this occurs in his work on the sphere 
and cylinder. 

The tradition that ARCHIMEDEs destroyed Roman ships, by concentrating 
sun’s rays by means of a series of mirrors, was proved by experiment to be en- 
tirely feasible [84]. And fmally, ARCHIMEDES was much occupied with astron- 
omy and wrote a book on the construction of a sphere so as to imitate the mo- 
tion in the heavens of the sun, the moon, and the five planets. When CICERO 
was quaestor in Sicily in 75 B.C., he actually saw the contrivance and gives a 
description of it. 

Almost contemporary with ARCHIMEDES was his friend ZRATOSTHENES, who 
taught in Alexandria and was librarian at the University. To him ARCHIMEDES 
dedicated his treatise on Method. The most famous scientific achievement of 
ERATOSTHENES was his apparently very accurate determination of the polar 
circumference of the earth. This was done by observing that when the sun was 
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in the zenith at Syene, it was exactly 7° 12’ south of the zenith at Alexandria, 
known to be 5000 stadia distant. According to a recent interpretation [85], an 
ERATOSTHENES’ device, called a sieve, for determining prime numbers, is of con- 
siderable interest. 

The third great name in connection with the Alexandrian School was APOL- 
Lonius of Perga [86] who was about 25 years younger than ARCHIMEDES. He 
was called by his contemporaries the “Great Geometer,” because of his extraor- 
dinary treatise on Conics, and he was also mentioned as a famous astronomer. 
He studied at Alexandria. Only seven of the eight books of his Conics have been 
preserved. The first three seem to correspond to a treatise which EUCLID wrote, 
but books V, VI, VII contain the discoveries which APOLLONIUs himself had 
made. To him are due the terms parabola, ellipse, hyperbola, for reasons which 
we have already explained, and his lines of reference are any diameter and a tan- 
gent at its extremity, the cases of these when at right angles being considered 
only as special cases. Book V treats of various questions concerning normals to 
conics, and from certain propositions we can readily deduce the CARTESIAN 
equations to the evolutes of the three conics. Book VII deals mainly with various 
results in connection with conjugate diameters. There are nearly 400 proposi- 
tions. The suggestions that I have given are sufficient to indicate that in this 
work of APOLLONIUs there is far more than is contained in any of our American 
textbooks on analytical geometry, so far as conic sections are concerned. Foci 
of central conics are constructed, and that the sum or difference of focal radii of 
points of such curves is constant, is proved. There is no reference to the focus 
of the parabola. It seems likely that the focus-directrix property of all three 
conics was given in Euciip’s Conics, or well known in his time, although it is 
not explicitly mentioned before Pappus, hundreds of years later [86a]. 

Among a number of other works of APOLLONIUs we shall refer to only three. 
In his Plane Loci the following familiar results were given: (a) If A, B be fixed 
points, P any other point in the plane, and AP and BP are in a given ratio, the 
locus of P is a straight line or a circle (circle locus given earlier by ARISTOTLE) 
according as the given ratio is or is not one of equality; (b) If A, B, C,---+ be 
any number of fixed points and a, 8, y, - +: any constants, the locus of point P, 
such that a-AP?+8-BP?+7-CP?+ - =a constant, is a circle. 

The second work, on Contacts or Tangencies, has not come down to us, but 
its principal problem is to describe a circle tangent to three given circles, which 
is usually known as the problem of APOLLoNIUs. Many celebrated mathemati- 
cians, such as VIETA, EULER and NEwron, have worked on this problem, and 
what is known of the work as a whole has made it the basis of numerous restora- 
tions and discussions [87]. The analogous form for spheres wag treated syn- 
thetically by FERMAT. From the Plane Loci, and the account of Tangencies by 
Pappus, it has been deduced that APOLLONIUS made the following result, in 
effect, the basis of his solution of the general tangencies problem: The six centers 
of similitude of three coplanar circles lie by threes on four straight lines [88]. 
The third work, on Vergings, is also lost, but some of its problems and solu- 
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tions have been preserved. One of these problems is: Between the side of a given 
rhombus and its adjacent side produced, insert a straight line of given length 
and verging to the opposite corner. HUYGENS gave many solutions and NEWTON 
used the particular case of a square in illustration of discussion [89]. The work 
of APOLLONIUs in Astronomy was also of importance [89]. 

We have already seen the marvellous development of geometry by the 
Greeks from the beginning up to difficult problems of the integral calculus, and 
all of this within the short space of 350 years. 

Possibly contemporary with scientific activity among the Greeks of the fourth 
and fifth centuries B.C. are two notable Babylonian astronomers [90], NaBu- 
RIANU and CIDENAS or KIDINNU, who had at their disposal an extraordinary 
number of Babylonian observations of eclipses for more than three centuries. 
The next name of mathematical interest among the Greeks is that of their most 
eminent astronomer, H1PPARCHUS [91 1, who flourished about 140 B.C. From the 
great mass of data available from about 750 B.C., it was almost inevitable that 
he should be the first to note the precession of the equinoxes [92]; but it was not 
till the time of NEWTON that the explanation of this precession made it a matter 
of real importance. In masterly fashion HipPARCHUS improved on ARIS- 
TARCHUs’s calculations of the sizes and distances of the sun and moon, and de- 
veloped a systematic theory with regard to them. He also compiled a catalogue 
of 850 stars [93], stating their places and apparent sizes. Trigonometry as a sci- 
ence seems to have begun with him, and also the introduction into Greece of the 
division of the circle [94] into 360°. 

About two centuries after HIPPARCHUS we come to HERON [95] of Alexan- 
dria whose date, until comparatively recently, has been a matter of uncertainty, 
even to the extent of 400 years [96]. He was an almost encyclopedic writer on 
mathematical and physical subjects, and aimed at practical utility rather than 
theoretical completeness. In his Pueumatica are many mechanical devices such 
as a siphon, a fire engine, a device whereby temple doors are opened by fire on 
an altar, an altar organ blown by the agency of hand labor or by a windmill, 
and a jet of steam supporting a sphere [314]. 

He gave an elegant geometric proof of the formula for the area of a triangle 
in terms of the sides, now attributed to ARCHIMEDES. His method of approx- 
imating to the square root of non-square numbers [97] seems to have been used 
by early Babylonians. His formula for the volume of the frustum of a square 
pyramid can be readily reduced to the one used 2000 years earlier in the Moscow 
papyrus [42]. 

Quadratic equations are solved in a manner very similar to that of the 
Babylonians 1900 years before [98]. HERON showed how he obtained the cube 
root of a non-cube number, 100. He found also the volume of the five regular 
solids, and of an anchor ring (as given by Dionysoporus, a contemporary of 
APOLLONIUs of Perga). His works on surveying, and the Diopira are of interest, 
and it is by means of the latter that his date has been narrowed down. 
Modern research seems to indicate that DiopHantus [99] of Alexandria, 
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one of the great mathematicians of Greek civilization, should be assigned to the 
first century of our era [100], rather than to the third century. He was the first 
to make systematic use of symbols in algebraic work, a sign for unknown, a sign 
for minus, and signs for the various powers, that is, square, cube, and so on. 
Of his great work called Arithmetic only 6 of its thirteen books survive and 
they are mostly taken up with problems in indeterminate analysis of the second 
degree. Hence the term Diophantine Analysis [101]. The answers are always 
in positive rational numbers. The collection is extraordinarily varied and the 
devices resorted to are highly ingenious. In Book V, 9, 11, not only does he 
find particular solutions of x? —26y?=1 and x? —30y?=1, but also shows (VI, 15, 
lemma) that they have an infinite number of solutions. DiopHANTUS may have 
discussed the equation x?—Ay*?=1 more fully in the part of the Arithmetic 
which has been lost. See later under BHASKARA. It has been surmised that the 
last seven books of the Arithmetic may have been filled with material between 
the most difficult of DiopHantus’ problems and the famous cattle problem of 
ARCHIMEDES. 

A possibie contemporary of HERON was MENELAUs of Alexandria [102], who 
wrote a variety of treatises among which his Sphaerica [103] contained for the 
first time the conception and definition of a spherical triangle; here also are the 
MENELAUs theorem for the sphere, and deductions from it, furnishing the 
equivalent of formulae in spherical trigonometry. 

Much of our knowledge of the achievements of H1pPpARCHUs is derived from 
a work of CLaupius PToLEMy [104] of Alexandria, who flourished in the second 
century of our era. This great work, of extraordinary compactness and elegance, 
was Called the Almagest, which overshadowed all previous works of the kind. 
In the trigonometry of the early part is derived a table of chords equivalent to 
a table of sin A for each 15’ of the quadrant, the values being expressed in parts, 
minutes and seconds. 

In the first book of the Almagest is ProLEMy’s theorem regarding a quad- 
rilateral inscribed in a circle, and from this sin? A-+cos? A =1, and the well- 
known formulae for sin (A +B) and cos (A +B), among others, are readily de- 
rived [105]. In the fourth book occurs a solution of the so-called “Problem of 
SNELL” (1617), or of PoTHENOT 1692 (publ. 1730): to determine the point 
from which pairs of three given points are seen under given angles [105]. 

In this same work results of much of PTroLEMy’s observational work are con- 
tained in his catalogue of 1028 stars, with the latitude and longitude of each 
[106]. But his outstanding achievement was to develop a lunar theory and a 
planetary theory, close to KEPLER’s, with planetary movements in eccentric 
orbits almost elliptical. 

PTOLEMY used various projections including stereographic. The essentials 
of his argument in an attempted proof of Euc.ip’s parallel postulate have been 
preserved. It is recorded that he wrote also a work on dimension in which he 
attempted to prove that the possible number of dimensions is only three. 

PTOLEMY wrote also a remarkable geographical treatise with maps, various 
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le later printed editions of which are treasured by libraries [106a]. His work on 
st Optics is especially interesting because it contains the first attempt at a theory 
mn of refraction [106b]. He also wrote a notable treatise on music [106c]. 

n. And finally we come to Pappus [107] of Alexandria who lived at the end of 
d the third century. His great work, entitled Mathematical Collection, [108 ] 
d covers the whole range of Greek geometry and was intended “to be read with the 
Ss original works (where extant) rather than independently. Where, however, the 
e history of a subject is given, e.g., that of the duplication of the cube, or the find- 
e ing of the two mean proportionals, the solutions themselves are reproduced, pre- 
Y, sumably because they were not readily accessible but had to be collected from 
e scattered sources. Even when some accessible classic is being described, the op- 
c portunity is taken to give alternative methods or to make improvements in 
e proofs, extensions and so on. Without pretending to great originality, the whole 
n work shows, on the part of the author, a complete grasp over the subjects 
f treated, independence of judgment, and mastery of technique; the style is con- 


cise and clear; in short PAppus stands out as an accomplished and versatile 
mathematician and a worthy representative of the classical Greek geom- 
etry” [22]. Among the original contributions of Pappus are—(a) a generaliza- 
tion of the “Pythagorean” theorem to any triangle with certain parallelograms 
on its sides; (b) generalization of the four-line locus to five- or six- or n-line loci 
[86]; (c) proof of the invariance of the cross-ratio under a projective transforma- 
tion; and (d) a result often attributed to GuLDIN [109], a Swiss mathematician 
of the seventeenth century: The volume of a solid of revolution is equal to the 
area of the generating figure, multiplied by the circumference described by the 
center of gravity of the figure. Pappus was also the first to give results possibly 
: known earlier: (e) the construction of a conic through five points [86]; and (f) 
| the presentation of the focus-directrix property of the three conics [86a]. 

The fifth book is mainly devoted to the subject of isoperimetry. There is a 
very interesting passage concerning bees, their orderliness, and the hexagonal 
torm of their cells exactly filling up space about a point [110]. It is later shown 
that (a) a circle is greater than any regular polygon of equal contour; (0) a 
sphere is greater than any of the five regular solids with equal area. The sixth 
book is mostly astronomical [111], dealing with treatises studied as an intro- 
duction to the great Almagest of ProLemy. There are, however, propositions of 
mathematical interest including some related to Euciip’s Optics [76]. The 

seventh book, On the Treasury of Analysts, is historically the most important 

of all the books, since it gives an account of a collection of treatises which, after 

the Elements of Eucuip, provided the body of doctrine necessary for the pro- 

fessional mathematician to know if he was to be regarded as fully equipped for 

the solution of problems arising in geometry. Of the 12 works listed seven are 
} by APOLLONIUs and three by Euc ip. 

THEON [1lla] of Alexandria, a fourth century author of an edition of 
Euclid’s Elements, and a commentator on works of EucLip and PTOLEMY, is a 
name of importance in the history of mathematics. In the fifth century, PRo- 
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CLUS, more of a philosopher than a mathematician, placed the historian under 
great obligation by his commentary on the first book of Euc.ip’s elements, 
which is one of our main sources of information on the history of elementary 
geometry. [313]. 

In the early part of the sixth century JOHN PHiLoponus of Alexandria wrote 
the earliest extant Greek treatise on the Astrolabe [111b], which played an im- 
portant role in the history of astronomy and of a mathematical projection. 

Alexandria was razed by the Arabs in the seventh century. Contrary to the 
imaginings of some writers, no library of importance was then destroyed, or 
even in existence there [112]. 

For the period of history which we have so far been considering, it is to be 
noted that, in the case of the Babylonians and Egyptians, the actual s~ urce 
material written two to four thousand years ago is available for study. On the 
other hand, in the case of the Greeks practically not a single source manuscript 
is dated earlier than a thousand years after the writer flourished. In spite of 
this great handicap, scholars feel that some reliable complete or partial original 
texts of works of such writers as EucLID, ARCHIMEDES, and APOLLONIUS are 
now available [313]. 


C. HINDU [113-116], ARABIC, PERSIAN MATHEMATICS 600 to 1200 


With Pappus creative Greek mathematicians came to an end, and very 
soon all the great traditions of Greek learning had died out; then followed 
nearly a thousand years in which slight additions to the sum of mathematical 
knowledge were made in Europe. Significant contributions came from India and 
the Arabs. 

In this period the Arabian Empire stretched from India to Spain, Bagdad 

_and Cordova being the centers for the reigning caliphs [117]. In extraordinary 
fashion Arabs at Bagdad developed profound interest in translated Greek 
mathematical and astronomical works, and also in similar Hindu material. The 
ninth and tenth centuries may be regarded as the golden age of Arabian mathe- 
maticians [118], to whom the world owes a great debt for preserving, and thus 
making possible the transmission to Europe, of classics in Greek mathematics 
otherwise lost. A vast field for further investigation in this connection awaits the 
attention of scholars. 

The formula for the area of an inscribed quadrilateral, similar in form to that 
for a triangle, ascribed to ARCHIMEDES, was first given in the early part of the 
seventh century by an outstanding Hindu mathematician, named BRAHMA- 
GuPTA [120], but it was not recognized as true for a cyclic figure only. If a, b, 
c, and d are the lengths of the sides of the quadrilateral, s=}(a+b+c+d), and 
m and n are the lengths of the diagonals, the area is equal to \/[(s—a)(s—d) 
(s—c)(s—d)], and n=+/[(ac+bd) (ad+bc) 
/(ab+cd) |. These formulae were considered with a view to determining quad- 
rilaterals whose sides, diagonals, and areas were all rational quantities. In par- 
ticular BRAHMAGUPTA gave the rule: If a?+0?=c? and a’?+?=7?, then the 


HISTORY OF MATHEMATICS BEFORE THE SEVENTEENTH CENTURY 29 


quadrilateral (ay, cB, by, ca) is cyclic, the area is rational, and its rational diag- 
onals are at right angles. BHASKARA pointed out that similarly rational is such 
an inscribed quadrilateral, if a pair of adjacent sides are interchanged; he also 
indicated how to determine the length of the third diagonal, no longer orthog- 
onal to the other diagonal of the new quadrilateral. BRAHMAGUPTA also noted, 
in terms of any three rational numbers, the formulae for the lengths of sides 
of an oblique triangle whose altitudes and areas are rational [121]. 

We have already seen that the PYTHAGOREANS were led to solutions of the 
equations x?—2y?= +1, in getting approximations to »/2. BRAHMAGUPTA and 
BHASKARA [120, 122] (of the twelfth century) gave the method for finding re- 
markable particular solutions of the equations x7—Ay*?=1, A =8, 61, 67, and 
92; and the latter found general solutions [123]. BRAHMAGUPTA’s rules lead, in 
effect, to the general solution of ax+by=c, a, b, cintegers, and a and 6 relatively 
prime, as x= +(cg—bt), y= +(—cp+dat), where ¢ is zero or any integer, and 
p/q is (in modern phraseology) the second last convergent of a/b, expressed 
as a continued fraction. These are the most important developments in Hindu 
mathematics of this period. 

Let us now outline the origin of our common numerals [124]. So far as we 
know the largest number of our numeral forms were first used in India [125]. 
The 1, 4, and 6 are found in inscriptions of the third century B.C.; the 2, 4, 6, 7, 
and 9 appear in another inscription about a century later; and the 2, 3, 4, 5, 6, 7, 
and 9 in caves of the first and second centuries of our era, all in forms which have 
a considerable resemblance to our own. 

The first definite external reference to Hindu numerals is in a note by a 
bishop who lived in Mesopotamia about 650 A.D. Early in the ninth century 
the numerals became known to Arabic scholars. Indeed, one of the most prom- 
inent of these, MOHAMMED IBN MOsA alL-KHowAnizmt [126] (that is, of Kho- 
warizmi, now Khiva, in Russian Turkestan) worked at Bagdad, and wrote a 
treatise on Hindu numeration and arithmetic, which became known to Euro- 
peans through a twelfth century Latin translation. The earliest undoubted 
occurrence of zero in India [127] was in an inscription of 876, in connection 
with the numbers 50 and 270. But it was used much earlier, indeed by HyPsICLEs 
(180) and later Greek astronomers, from whom Hindus probably borrowed 
the sign. A somewhat similar sign is also in astronomical records of the Mayas 
of Central America [128], which may date back to the beginning of our era; 
they had a vigesimal system with the principle of local value. About —400 the 
Babylonians possessed both the principle of relative local value, and a zero sym- 
bol which was used systematically in astronomical texts and computations. In 
Europe the complete system of numerals with the zero was derived from the 
Arabs in the twelfth century. 

We have referred to the astronomer and mathematician AL-KHOWwARIzMt 
(the first of several mathematicians often referred to by their place of birth). 
He wrote a work on algebra with the title “hisab algabr walmukabalah,” which 
has been translated “the science of reduction and cancellation.” The Arabic 
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word for reduction, “algabr,” thus became our word algebra. The English word 
algorism is simply a corruption of AL-KHOWARIzMf, as in the Latinized title form 
Algoritmi di numero indorum, of AL-KHOWARIzM!?’s arithmetic. The algebra con- 
tained sections on geometry, quadratic equations solved geometrically [129], 
and problems of inheritance. But most of AL-KHOWARIzMi’s work was in as- 
tronomy, and among 100 of his tables in this field are tables of sines and co- 
tangents [130], the former doubtless indicating Hindu influence. For already 
in the fifth century Greek trigonometry operating with chords was transformed 
by the Hindus into consideration of half-chords or sines. Thus we there have a 
table [131] of 3438 sin A, where the radius = 3438. 

From the time of the PYTHAGOREANS, constructions of elementary geometry 
were imagined as carried through with a ruler and compasses with variable open- 
ing. A prominent Arabian mathematician of the tenth century, ABO’L WEFA 
[132], lectured on geometric constructions with a ruler and compasses with a 
fixed opening [133]. It was not until centuries later that it was recognized that 
there was no real limitation here, since it was shown by PONCELET and later by 
STEINER, in the early part of the nineteenth century, that if a single circle and 
its center are once drawn in a plane, every construction with ruler and compasses 
can be carried through with ruler alone. 

Ast’L WEFA contributed notably to the development of trigonometry. 
Already in his time all six of the trigonometric functions were in use, and he 
employed our formulae for versed sine, for the tangent and cotangent in terms 
of sine and cosine, and for the sin of an angle in terms of the sine and cosine of 
the half angle. ProLemy’s table of sines for each }° was extended by him to each 
3°, and he made a similar table for tangents. He found the value of sin 30’ 
correct to the equivalent of eight places of decimals [134], but his great con- 
tributions were in spherical trigonometry where he first used our formulae for a 
right spherical triangle and also our law of sines formula for an oblique spherical 
triangle. 

In concluding the period under consideration we should make brief reference 
to a remarkable work of the Persian mathematician, astronomer, poet, OMAR 
KHAYYAM (that is, OMAR the Tentmaker) [135], known to the western world 
as the author of the Rubaiyat [136]. He wrote a treatise on algebra in which his 
geometric treatment of systematically classified cubic equations is central [137]. 
He obtains a root as the abscissa of a point of intersection of a conic and a circle, 
or of two conics. Various forms of cubic equations are considered ; negative roots 
are rejected, and not all positive roots are discovered. While we have already 
noted the solution of cubic equations by MENAECHMUS and ARCHIMEDES it is 
to be remarked that here the point of view is different; the problem is: How 
can we solve cubic equations with numerical coefficients? Another notable 
achievement of OMAR was his correction of the calendar by the introduction 
of cycles of 33 years. This calendar was more accurate than the one we use to- 
day. 

In order to round out our survey of Islamic contributions to the develop- 
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ment of trigonometry we append to the treatment of this period some remarks 
on contributions of two men of later date. The first is Nasik ED-pin aL-TOst 
[138], exceptionally able astronomer, mathematician and politician at Bagdad 
in the thirteenth century. Displaying remarkable scientific thoroughness, and 
power to integrate and extend earlier discoveries, he wrote the first complete 
plane and spherical trigonometry independent of any astronomical application 
[139]. In his discussion the theorem of MENELAUs is basic. All six trigonometric 
functions are used, and necessary formulae for solving right, and all cases of 
oblique, spherical triangles are given. Such was the status of trigonometry at the 
close of the thirteenth century. A recently discovered fourteenth century Arabic 
commentary by Nastr ED-pDiN suggests that it contains the first part of OMAR 
KuayyAm’s discussion of difficulties of Euciip [140]. This part treats material 
similar to introductory propositions in the noneuclidean geometry of SACCHERI, 
hundreds of years later. 

The second supplementary name is that of ULucH Bsc [141], a fifteenth 
century Persian prince and astronomer, who compiled extraordinary tables of 
sines and tangents for every minute and correct to the equivalent of eight or ten 
places of decimals [142]. In calculating the sine table he was led approximately 
to solve the cubic equation of the angle-trisection problem [143]: given sin 3°, 
to find sin 1°. 


D. EUROPEAN MATHEMATICS 1200 TO 1600 


During the period 500 to 1200 the student went to the teacher in the mon- 
astery and heard his lectures. But in the thirteenth century universities com- 
menced to spring up at such places as Bologna, Padua, Naples, Paris, Oxford 
and Cambridge. Scribes making copies of treatises were thus kept busily em- 
ployed by the universities. By the middle of the fifteenth century, however, their 
products were being sold as books are today. But such methods of disseminating 
knowledge were crude when compared with that of the distribution of the 
printed work. The publication of these with movable type commenced about 
1450. More than two hundred mathematical works were printed, in Italy alone, 
before 1500; but this number was increased to 1527 in the next century. 

During three and a half of the four centuries now under consideration Italy 
made the chief contributions to mathematics, and by far the most outstanding 
mathematician was one who flourished at the beginning of this period, LEO- 
NARDO of Pisa [144], often called FrBonacct, that is, son of Bonaccio. During 
early life he travelled extensively about the Mediterranean, visiting Egypt, 
Syria, Greece, Sicily, and southern France, and knowledge thus gleaned regard- 
ing arithmetic systems used by merchants of different countries was the basis 
of a notable work, entitled Liber Abaci [145], which he wrote in 1202. This is a 
storehouse from which for centuries authors got material for works on arith- 
metic and algebra. The Hindu-Arabic system of numerals was here strongly 
advocated and illustrated, and the work did much to introduce it into Europe. 
LEONARDO discussed problems in arithmetic processes, barter, alligation, false 
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position, square and cube roots. It is in this work that we find the problem: “7 
old women went to Rome; each woman had 7 mules; each mule carried 7 sacks; 
each sack contained 7 loaves; and with each loaf were 7 knives; each knife was 
put up in 7 sheaths. What is the sum total of all named?” It was this problem 
which gave the clue to the interpretation of a problem in the RHIND papyrus 
2800 years earlier, “In each of 7 houses are 7 cats, each cat kills 7 mice, each 
mouse would have eaten 7 ears of spelt, and each ear of spelt will produce 7 hekat 
of grain; how much grain is thereby saved?” The modern conundrum starting 
out: “As I was going up to St. Ives I met a man with 7 wives, each wife had 7 
sacks,” etc., further illustrates the perpetuation of this number succession 
through the centuries. An interesting chapter on similar perpetuation of other 
problems has been written [146]. 

In Liber Abaci is also the following: How many pairs of rabbits can be pro- 
duced from a single pair in a year if it is supposed: (a) that every month each 
pair begets a new pair which from the second month on becomes productive; 
and (bd) that deaths do not occur? In this way we are led to the famous recurrent 
FIBONACCI series: 1,1, 2,3, 5, 8, 13,21, - + -, in which each term after the second 
is the sum of the two preceding [147]. 

Among many other things the work contains also a proof of the well-known 
algebraic identity expressing the product of the sums of two squares as the sum 
of two squares: (a?+-b?) (c?+-d*) = (ac+bd)?+ (ad — bc)? = (ac —bd)?+- (ad +bc)?. 

LEONARDO wrote two other important works: Liber Quadratorum [148] in 
1220 and Practica Geometriae in 1225. The first of these is a brilliantly written, 
original, and able work on indeterminate analysis, stamping the author as the 
outstanding mathematician in the field from the time of DIOPHANTUs to the 
time of FERMAT over 400 years later. The great Practica Geometriae brings to- 
gether a vast amount of material in geometry and trigonometry, and it would 
seem as if some works of the ancients now lost had been still available to 
LEONARDO. In particular this seems to have been true of Euciip’s work on the 
Division of Figures [72]. 

LEONARDO’s great reputation led to a sort of mathematical tournament when 
JouN of Palermo presented three problems which LEONARDO solved. The second 
of these was to find the solution of the equation x?+2x?+10x =20, the value 
for which, given without discussion in his Flos, correct to 10 places of decimals, 
has excited much wonder. Various surmises have been made as to his method of 
arriving at this result evidently based on Arabic methods [149]. 

Since we have already referred to NAstR ED-DtN [138] in the latter part of the 
thirteenth century, and ULuGu Bac [141] in the fifteenth century, we shall skip 
over the period of about 250 otherwise barren years and come to a German 
named JOHANN MULLER, born near Kénigsberg, Lower Franconia, and as a 
result known in the history of mathematics as REGIOMONTANUS [150]. He was 
the most influential and best-known German mathematician of the fifteenth 
century. We shall simply note that his work on trigonometry, written about 
1464, but posthumously published in 1533, was the first European systematic 
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exposition of plane and spherical trigonometry; the only functions here intro- 
duced are sines and cosines [151]. The work had great influence in establishing 
trigonometry as a science independent of astronomy. The period of REGIOMON- 
TANUS is also that of the Italian, Luca PAcIOLI, as well as that in which two 
mathematical works were printed, namely the first dated arithmetic [152] 
(Treviso, 1478), an anonymous commercial work, and the first edition of 
Euc.ip’s Elements, a Latin translation by CAMPANUS (Venice, Ratdolt, 1482) 
[153]. Pacrox1 [154] published two notable works, the first, usually referred to 
as Sima (Venice, 1494), a great mathematical compilation drawn almost wholly 
from a variety of sources, and containing the first account of double-entry book- 
keeping [155]; the second, De divina proportione (Venice, 1509), of special 
interest from the geometrical point of view, since the “divine proportion” here 
discussed was called “golden section” in the nineteenth century. 

In the sixteenth century the chief Italian achievement was the solution of 
equations of the third and fourth degrees. The facts with regard to the general 
solution of the cubic equation seem to be as follows: 

SCIPIONE DEL FERRO, a professor of mathematics at the University of Bologna, 
solved the equation x*++-mx=n in 1515, imparting the result to his pupil AN- 
TONIO FioR, without publication. About 1535 NicoLo of Brescia who stammered 
badly because of an injury received as a child, and was therefore called TARTA- 
GLiA, the stammerer, discovered the solution of the cubic x*+px?=2 as well as 
that of FERRO’s form. In a public contest provoked by Fior who had been sus- 
picious of TARTAGLIA’s achievements, TARTAGLIA triumphed completely [156]. 
Under a pledge of secrecy TARTAGLIA confided his method of solution to Grro- 
LAMO CaRDANO [157], a genius of great ability and the foremost Italian mathe- 
matician of his time, who taught mathematics and practised medicine in Milan. 
By far the most notable of the numerous works which CARDANO wrote was his 
Ars Magna published at Niirnberg, Germany, in 1545. This was the first great 
Latin treatise devoted solely to algebra. It was here that TARTAGLIA’s general 
solution of the cubic equation was first published without TARTAGLIA’s consent. 
Here, too, appeared the first solution of the general biquadratic equation [158]; 
this had been found by FERRARI, a pupil of CARDANO. 

Already at this time the astronomers were feeling the need of trigonometric 
tables. After twelve years of incessant labor with computers, two works of 
extraordinary merit, and of value even to the present day, were finally prepared 
by RHETICUS or GEORG JOACHIM of Rhaetia, but not published until (1596, 
1613) after his death (1576). One of the works was a ten-place table, with dif- 
ferences, of all six of the trigonometric functions, at interval 10”; the other was 
a fifteen-place table of natural sines, to every ten seconds of arc, with first, sec- 
ond, and third differences [159]. RHETICUS was the first: (i) to define trigono- 
metric functions in connection with the ratios of sides of a right triangle; (ii) to 
employ the semiquadrantal arrangement of trigonometric tables. His table of 
secants was also the first table of the kind. RHETICUS was the leading mathe- 
matical astronomer in Teutonic countries in the sixteenth century. From 1539- 
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1542 he was a disciple of the Polish astronomer CopERNicus [160] who after 
thirty-six years of labor had completed his great work De Revolutionibus Orbium 
Coelestium [161] whose publication in 1543 was due to importunities of Rheticus, 
like the Principia cf NEWTON because of HALLEY. The COPERNICAN Theory 
thus formulated had a great effect on thought of the time. We have seen that 
it had been put forward by ARISTARCHUS about 1800 years earlier. A very in- 
fluential sixteenth century English mathematician, ROBERT RECORDE [162], 
was one of the first to bring the COPERNICAN system to the attention of English 
readers. 

The most influential of all the mathematicians in the Netherlands in the 
sixteenth century was SIMON STEvIN [163], famed in his time for his contribu- 
tions to statics and hydrostatics. But he published the first compound interest 
tables [164] (1582), and in a tiny publication of 1585 he was the first to give a 
systematic explanation of decimal fractions. Here also he advocated the decimal 
division of the degree [164]. 

And finally we come to the greatest of all French mathematicians of the 
sixteenth century, Francois ViETA [165], a lawyer and Royal Commissioner 
who devoted most of his leisure to mathematics. His collected mathematical 
works form a considerable volume. He contributed extensively to the develop- 
ment of algebra and trigonometry [166]. He was among the first to employ let- 
ters to represent numbers in algebra, using vowels for the unknowns, and con- 
sonants for the knowns. He found the formula for cos n¢ in terms of cos ¢ for 
any natural number and wrote it down for values of » up to m»=9; made an 
advance towards proving that a polynomial of the mth degree is made up of n 
linear factors; showed how to increase, decrease, multiply, or divide the roots of 
the equation f(x) =0, by k&; gave the earliest evaluation of m as an infinite prod- 
uct [167]; applied algebra to geometry in such a way as to lay a foundation for 
analytic trigonometry; indicated powers more simply than his predecessors had 
done, using A quadratum or A quad for the square of the unknown, A cubum or 
A cub for its cube, A quad quad for its fourth power, and so on; and showed clearly 
the relation between the problems of the trisection of an angle and the solution 
of a cubic equation [65, 143]. 

In concluding our notes on mathematical developments during the 4700 
years ending with the sixteenth century, we may draw attention to the fact that 
the first work on mathematics printed in the New World appeared at Mexico 
City in 1556, within 64 years of the discovery of America. It was the Sumario 
Compendioso by Juan Diez [168], and contained (a) tables intended to assist 
merchants in buying gold and silver, (b) an arithmetic suited to needs of appren- 
tices in counting-houses, and (c) a few pages of algebraic problems, chiefly relat- 
ing to quadratic equations. 
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HISTORY OF MATHEMATICS AFTER THE 
SIXTEENTH CENTURY 


A. THE SEVENTEENTH CENTURY 


The seventeenth century is especially outstanding in the history of mathe- 
matics. It saw FERMAT lay foundations for modern number theory, DESCARTES 
formulate algebraic geometry, PASCAL and DESARGUEs open new fields for pure 
geometry, KEPLER discover laws of heavenly bodies, GALILEO GALILEI initiate 
experimental science, HuYGENs make notable contributions in the theory of 
probability and other fields, NEwTon create new worlds with calculus, curves, 
and physical observations, LEIBNIZ contribute notably in applications of the cal- 
culus and in mathematical notations, and NAPIER reveal a new method of com- 
putation. One cannot help being struck by the fact that in this century, with a 
single exception, all of these creators in mathematics were to be found in the 
north, where supremacy reigned to the end of the nineteenth century, in prac- 
tically all fields. 

While NAPIER, KEPLER, and GALILEO each lived many years in the sixteenth 
century, practically all of their important results to which we shall refer were 
obtained or announced in the seventeenth. It may be well to consider first the 
contributions of these men. 

Joun Napier [169] was a Scot, spent most of his life at Merchiston Castle 
near Edinburgh, and took an active part in the political and religious contro- 
versies of the day. As BALL expresses it [1]: “The business of his life was to show 
that the Pope was Antichrist, but his favorite amusement was the study of 
mathematics and science.” In connection with the history of mathematics he is 
usually thought of only as the great inventor of logarithms; but the “rule of 
circular parts” (a mnemonic for readily reproducing the formulae used in solving 
right spherical triangles), the four formulae (known as “NAPIER’s analogies”) 
for solving general spherical triangles, and the calculating rods [170], called 
“NAPIER’s Rods,” for multiplying, dividing and taking of square roots, were also 
products of his genius. NAPIER seems to have had the idea of logarithms in 
mind as early as 1594, but it was not until 1614 that he published his researches 
in a “description of the admirable canon of logarithms” [171]. Besides explain- 
ing his logarithms, he gives a table of the logarithms of natural sines from 
0 to 90° for each minute. The base of these logarithms is g'/?, where g=(1—10-"), 
d=(1+4-10-7)10-7. Hence =e". Thus it is wholly incor- 
rect to refer to NAPERIAN logarithms as natural logarithms [172]. 

While, from the time of ARCHIMEDEs on to the time of NAPIER, there were 
numerous instances of the recognition of such a relation as a”-a"=a™'", the law 
of exponents was in no sense a common idea, and it was not till later that the 
notion of a logarithm as an exponent became general. In NAPIER’s system the 
logarithm of 10’ (not unity) was zero, although NAPIER recognized that a sys- 
tem with the logarithm of unity taken as zero was more desirable. It was ef- 
fected by his friend, the English mathematician, HENRY BRIGGS, whose tables 
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of the logarithms of numbers from 1 to 20,000, and from 90,000 to 100,000, to 
14 places [173], were published in 1624, seven years after NAPIER’s death. The 
final part of a great new table to 20 places of decimals has recently appeared in 
England [174] in partial (though belated) celebration of the tercentenary of the 
discovery of logarithms. In Italy NAPIER’s wonderful discovery was taken up 
enthusiastically by BONAVENTURA CAVALIERI, a pupil of GALILEO and professor 
of mathematics at the University of Bologna for the last 18 years of his life [175]; 
we shall presently have something to say about his work. In Germany KEPLER’s 
zeal and reputation soon brought them into vogue there. 

Let us now consider some of the contributions made by the second man of 
our group JoHANN KEPLER [176], mathematician, mystic, one of the founders 
of modern astronomy and an exceptional genius, outstanding as a brilliant cal- 
culator and patient investigator. In 1601 at Prague he became the assistant of 
the remarkable Danish astronomical observer TYGE BRAHE [176], who died a 
little later. The vast body of accurate observations of the planets which Kepler 
thus inherited led him in 1609 and 1619 to formulate the following laws: 

I. All the planets move round the sun in elliptic orbits with the sun at one 
focus; 

II. The line joining the planet to the sun sweeps out equal areas in equal 
intervals of time; 

III. For all planets the square of the time of one complete revolution is 
proportional to the cube of the mean distance from the sun. 

Purely as a thrilling intellectual experience, without any imaginable prac- 
tical application, APOLLONIUs of Perga, and other Greeks, developed a marvell- 
ous body of knowledge with regard to conic sections. Then suddenly, 1800 years 
later, to a KEPLER this knowledge had most illuminating practical applications. 

KEPLER’s contributions to the infinitesimal calculus included finding vol- 
umes of surfaces of revolutions of conics about lines (93 different solids including 
the torus); deriving, in effect, the value of / sin ¢dt, and other integrals; and in 
solving maximum-minimum problems concerning cylinders, cones, and wine 
barrels. Of the four known star polyhedra KEPLER discovered two, the other two 
being found centuries later (1809) by Louts Pornsot. Star polygons and prob- 
lems of filling a plane and space by regular figures were studied by KEPLER. He 
discovered how to determine whether a conic is a hyperbola, ellipse, parabola, 
or circle when given a vertex, the axis through it, and an arbitrary tangent 
with its point of contact. In one of his works, which consists rather in the 
enunciation of certain general principles, illustrated by a few cases, than in a 
systematic exposition, he laid down what has been called a Principle of Conti- 
nuity, and gives as an example the statement that a parabola is at once the limit- 
ing case of an ellipse and of a hyperbola. He illustrated the same doctrine by 
reference to foci of conics; he explained also that parallel lines should be regarded 
as meeting at infinity. KEPLER contributed to the simplification of computations 
and published a volume of logarithms (1624-1625). 

The last member of our group, GALILEO GALILEI [177], one of the most inter- 
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esting figures in the history of science, was the founder of the science of dy- 
namics. His work in astronomy we shall not consider. A native of Pisa, he is 
said to have carried on experiments from the leaning tower there and to have 
arrived at the law that the distance of descent of a falling body was propor- 
tional to the square of the time, in accordance with the well-known law that 
s = }gt?. GALILEO was the first to realize that, neglecting air resistance, the path 
of a projectile is a parabola. He speculated interestingly on laws involving mo- 
mentum. He suggested that arches of bridges should be built in the form of 
cycloids [178], and by weighing pieces of paper he is believed to have found 
that the area of a cycloid is less than three times that of its generating circle. 
From 1609 on, he constructed telescopes. 

Another mathematician who lived many years in the sixteenth century, al- 
though his outstanding publication appeared in the seventeenth century, was 
the Englishman THomas Harriot [179], who is of special interest to Amer- 
icans since he was sent in 1585 to survey and map Virginia, now North Caro- 
lina. He died in 1621; one of his works published in 1631, Artis Analyticae 
Praxis, deals with algebraic equations of the first, second, third, and fourth 
degrees. It is more analytic than any algebra that preceded it, and marks an 
advance both in symbolism and notation, though negative and imaginary roots 
are rejected. It was potent in bringing analytic methods into general use. Harriot 
was the first to use the signs > and < to represent is greater than and is less 
than. When he denoted the unknown quantity by a, he represented a? by aa, 
a® by aaa, and so on. This is a distinct improvement on Vieta’s notation. In 
unpublished manuscripts, attributed to HARRIOT, there is a table of binomial 
coefficients worked out in the form of a PAscaL triangle [180]. It was more 
than thirty years after HARRIOT’s death that PAscAL is known to have used this 
triangle. MORLEY stated that the manuscripts contained a well-formed analyt- 
ical geometry, but D. E. Smit found that the manuscript in question was not 
in HARRIOT’s handwriting. 

HarrioT’s posthumous work appeared in the same year, 1631, as the first 
edition of the Clavis Mathematicae of WiLtIAM OUGHTRED [181], a work on 
arithmetic and algebra. After NAPIER’s Descriptio in 1614, this was the most 
influential mathematical publication in Great Britain, in the first half of the 
seventeenth century. It was one of the few books that contributed to laying 
the foundations of the mathematical knowledge of NEWTON as he was starting 
on his career. OUGHTRED exceptionally emphasized the use of mathematical 
symbols and, although he introduced more than a hundred of them, only three 
have come down to modern times. These are: our cross-sign for multiplication, 
the four-dot sign in proportion (::), and our sign for difference between (~). 
An OuGHTRED publication of 1618 contains [181a] (1) the first use of the sign X; 
(2) the first abbreviations, or symbols, for the sine, tangent, cosine, and cotan- 
gent; (3) the first invention of the radix method of calculating logarithms; (4) 
the first table of natural logarithms. About 1622 OuGHTRED invented the slide 
rule [182], and his priority in the invention is unassailable. OUGHTRED was by 
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profession a minister of the gospel but his avocation was the teaching of mathe- 
matics and the writing of mathematical books. Among his pupils were JoHN 
WALLIs, and CHRISTOPHER, afterward SIR CHRISTOPHER, WREN. He was born 
in the last third of the sixteenth century and lived to be over ninety. 

We may appropriately consider next the contributions of a member of the 
French group, GIRARD DESARGUES, born in the last decade of the sixteenth 
century. By profession an engineer and architect, his gratuitous lectures in 
Paris, when he was in his thirties, made a great impression on his contempo- 
raries. Among his books was a treatise on how to teach children to sing well 
[183 ]. But it was his remarkable treatise on conics which stamps him as the most 
original contributor to pure geometry in the seventeenth century. DESARGUES 
commences with a statement of the doctrine of continuity as laid down by 
KEPLER and develops fundamental theorems on involution, homology, poles 
and polars, and perspective [184], such as arise to-day in our courses on syn- 
thetic projective geometry. This subject was not developed further, to any ex- 
tent, until the early part of the nineteenth century. 

When a mathematician hears the name PAscAL he usually thinks of another 
Frenchman, BLAISsE Pascat [185], author of the famous Provincial Letters, and 
not of his father ET1ENNE whose name is connected with the quartic curve called 
PascaL’s limagon [186]. BLAIsE showed phenomenal ability in mathematics at 
an early age, and DEscaRTEs could not at first credit that the manuscript on 
conics, which BLAISE wrote at the age of 16, had been written by him and not by 
his father. It was here that the famous PAsCcAL’s theorem occurs: If a hexagon 
be inscribed in a conic the points of intersection of opposite sides will be col- 
linear [187]. In 1642, at the age of 19, he invented a computing machine which 
he later improved [188]. This, and one constructed by LEIBNIz about 1694, were 
the first of their kind. PASCAL’s last work was on the cycloid. In correspondence 
with Fermat he laid down the principles of the theory of probability [189]. 

In connection with pure geometry in the seventeenth century it should now 
be noted that a work published at Amsterdam in 1672 by a Dane named GEORG 
Mour [190] contained the elegant basis of a proof that all constructions with 
ruler and compasses could be carried through with compasses alone. Up to the 
recent republication of this work, it was generally thought that this theorem was 
first proved 125 years later by a capable Italian mathematician LORENZO 
MASCHERONI, and the term “MASCHERONI constructions” (which should much 
more correctly be “Mour constructions”) is current in mathematical literature. 

The development of analytic geometry and of the infinitesimal calculus 
diverted attention from pure geometry. Let us now consider the work of the 
Frenchman, RENE DESCARTES [191], born in a family of wealth and culture, 
who greatly enriched the world by his writings in many fields. We are chiefly 
interested in his La Geometrie [192], a section of his large epoch-making work 
published at Amsterdam in 1637. The work has the title, Discours de la Methode 
Pour bien conduire sa raison, & chercher la verité dans les sciences. Plus La Diop- 
trique. Les Meteores. Et La Geometrie. Qui sont des essais de cette Methode. In the 
ADAM and TANNERY edition of Géuvres de Descartes, the whole fills 515 pages. 
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Of these La Geometrie occupies pp. 367-485, 511-514. The essence of plane ana- 
lytic geometry is the study of loci by means of their equations. This was an im- 
portant part of the investigation of conic sections by the Greeks. Even in the 
time of MENAECHMUS, the reduction of the problem of the duplication of the 
cube to finding two mean proportionals between two quantities was connected 
with parabolas and hyperbolas, and the equivalent in geometric form of their 
equations, as we now use them. APOLLONIUus of Perga established geometric rela- 
tions equivalent to the equations of conics referred to a tangent and a diameter 
through its point of contact as axes. In the Greek scheme of variables a line seg- 
ment corresponded to a first degree variable; the area of a rectangle, to the prod- 
uct of two such variables; the volume of a rectangular parallelopiped, to the 
product of three variables. Hence, after linear, plane, and solid magnitudes, the 
Greeks could go no further. On this DESCARTES made a tremendous advance 
by arithmetizing his geometry, and using excellent algebraic symbolism. The 
expression x? did not suggest to him an area but the fourth term in the propor- 
tion 1:%=x:x?. He laid off x on a certain line and then a length y at a fixed angle 
and sought points whose x’s and y’s satisfied certain conditions. He applied his 
method to the famous three- and four-line locus, and showed not only that this 
was a conic, but also that generalized forms of the problem, like that of PAPPus, 
gave loci of higher degree. He showed that in the case of each of several curves 
mechanically constructed we could translate the mechanical process into alge- 
braic language and so find an equation for the curve. The quartic ovals that bear 
his name [193] occur in this work. In the third book DEscARTES suggests that 
his method of geometric determination of a root may be extended to any degree. 
Here also he made use of what we now call “DEsCARTEs’s rule of signs,” dis- 
tinguished between algebraic and transcendental curves, introduced the system 
of indices now in use, as a‘, and set the fashion of denoting variables by x, y, z, 
and constants by a, 8, 

DESCARTES was the first one to formulate the theorem, commonly attributed 
to EULER, on the relation between the number of faces, edges, and vertices of a 
convex polyhedron, F+ V=E-+2. He did not completely imagine the so-called 
folium of Descartes [193], x*+y*=3axy. 

Another great French mathematical genius in the seventeenth century was 
PIERRE DE FERMAT [194], who was counselor for the local parliament at Tou- 
louse, and who, except during 1641-53, devoted most of his leisure to mathe- 
matics after he was thirty years of age. He was the founder of the modern theory 
of numbers and a master in the field of DIOPHANTINE analysis [195]. Many 
theorems, of which he left no proof, have later been proved to be correct. Since 
it appears that practically no positive statement which he made has been shown 
to be incorrect, extraordinary celebrity has been developed in connection with 
the following theorem of which FERMAT stated that he had a proof: No integral 
values of x, y, z, can be found to satisfy the equation x"+" =2" if is an integer 
greater than 2. For, even to the present day, no mathematician has been able 
either to prove or to disprove the statement. 

The numbers F, =2”-+1 are often called FERMAT numbers because FERMAT 
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thought that F, might possibly be a formula for giving an infinity of primes; 
F, is prime for n=0, 1, 2, 3, 4, but it has since been shown that it was not prime 
for 13 other values of n. The numbers F, became famous through the fact that 
about 1800 Gauss discovered that when F, is prime, it represents the number of 
sides of a regular polygon which can be constructed with ruler and com- 
passes [196]. 

FERMAT was in possession of the general idea of finding maxima and minima; 
he also obtained the subtangents and areas of a number of curves, certain quad- 
ratures, and the center of mass of a paraboloid of revolution. 

FERMAT gave an analytic treatment of the straight line and conic sections, 
and he and Pascat were the founders of the theory of probability, but they 
published nothing on this subject. 

In reviewing NAPIER’s work we found CAVALIERI enthusiastically advocat- 
ing the use of logarithms. CAVALIERI’s chief contribution to mathematics was 
his principle of indivisibles discussed somewhat by ARISTOTLE, and also receiv- 
ing the attention of GALILEO, TORRICELLI, and ROBERVAL [197]. It occupies a 
place intermediate between the method of exhaustion of the Greeks, and the 
calculus methods of NEWTON and LErBniz. Each indivisible is capable of gener- 
ating the next higher continuum by motion; a moving point generates a line, a 
moving line a plane, a moving plane a solid. Though lacking in scientific founda- 
tion it was a sort of integral calculus which yielded solutions of difficult problems. 
A theorem called CAvALriERI’s theorem [198] has recently come into use in 
America in the teaching of elementary geometry, as a means of unifying the 
ideas that lie at the basis of the mensuration of solids. The substance of this 
theorem is as follows: If two solids have equivalent bases, and if sections parallel 
to the bases and equally distant from them in the two solids are also equivalent, 
then the solids are equivalent. 

On turning once more to the north the most eminent mathematician in 
Scotland in the seventeenth century after NAPIER was JAMES GREGORY [199], 
for a few years professor of mathematics at the Universities of St. Andrews 
and Edinburgh. In 1671 he was an independent discoverer of the binomial 
theorem in its most general form, of the interpolation formula (usually referred 
to as GREGORY-NEWTON), and of expansions including those for tan x, sec! x, 
and tan™ x; for this last 


from which when x=1, 7/4 may be expressed (not noted by GREGORY) as a se- 
ries (known to LEIBNIZ in 1674). He evaluated 


u -f sec 640 = In (sec a — tan a) = In tan (45° + 3a), 
0 


thus settling an Edward Wright problem [200], discovered (1671-72) TAYLoR’s 
(1735) theorem, and, inspired by FERMAT, solved DIOPHANTINE problems. 
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From GREGoRY’S series for tan-! x, JoHN Macauin, an eighteenth century 
professor of astronomy [201], derived the relation (1706) 


1 1 
— r= 4 tan — — tan-' 
4 2 239 


which was used to calculate to 707 decimal places (1874). In 1947 (with 
another formula) it was shown by another English computer, who calculated r 
to 808 decimal places, that the earlier extended computation was correct to only 
526 decimal places. 

On the continent we find for our story much of interest in the work of 
CHRISTIAAN HUYGENS, eminent as physicist, astronomer, and mathemati- 
cian [202], the greatest scientist that Holland has ever produced. Most of his dis- 
coveries were made with the aid of ancient Greek geometry, for which, like his 
friend NEWTON, he always showed partiality; but at times he called to his aid 
ideas suggested by DESCARTES, CAVALIERI, and FERMAT. NEWTON and Huy- 
GENS were kindred spirits and always had the greatest admiration for each 
other. 

ARCHIMEDES secured his approximation to the value of m correct to two 
places of decimals by considering inscribed and circumsciibed polygons of 96 
= 3.25 sides. Using the same method VIETA calculated the value correctly to nine 
places of decimals by means of polygons of 393 216=3.2!" sides, and Ludolf van 
Ceulen to 20 places by means of polygons of 32 212 254 720 = 60.29 sides; after 
spending most of his life in calculation he used this same method to determine 
the result to 35 places of decimals. As a result of a series of geometric proposi- 
tions given by HUYGENs in his remarkable work on the magnitude of a circle, the 
ARCHIMEDES’ value may be obtained from an inscribed hexagon, and a value 
correct to 9 places from a regular polygon of only sixty sides [203]. 

HUYGENS wrote also the first formal treatise on probability, which was the 
best until superseded by more elaborate works of JAMES I BERNOULLI and 
DeEMotvreE. To the theory of curves he added the important theory of evolutes 
and showed in particular that the evolute of a cyc'oid is an equal cycloid, which 
led to his construction of the isochronal pendulum. Stimulated by the astrono- 
mer’s need, he invented the pendulum to regulate the movement of clocks. 
HvuyYGENs showed also that the cycloid has the property that when the accelerat- 
ing force is gravity a particle moving along a vertical curve will arrive in the 
same time at a given point wherever the initial point is taken on the curve. 
HvuyYGENS solved the problem of determining the equation of the catenary curve 
formed by a perfectly flexible chain suspended by its ends. He found also many 
other results concerning curves, some of them generalizations of particular 
cases considered by FERMAT, and dealt with many interesting problems of pure 
geometry. 

In England of the seventeenth century the work of HARRIoT and of OuGH- 
TRED has been considered; but a much abler mathematician, one of the most 
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original of his day was JoHN WaALus [204], for 54 years professor of geometry 
at Oxford University. He was a man of great erudition, and wrote works in a 
dozen different fields. His great work on Algebra (not without a blemish) con- 
tains the first record of an effort to represent an imaginary number graphically; 
while different from the method now used, it is complete and consistent in it- 
self. In discussing fourth dimension he refers to it as a “Monster in Nature, and 
less possible than a Chimaera or Centaure.” He used CAVALIERI’s method of in- 
divisibles to find the areas of curves y =x" when m is a positive integer or a frac- 
tion. He failed to get the approximate quadrature of the circle y = (1—x*)"? by 
series, since he did not know the binomial theorem for a fractional power; but 
by an original method of interpolation he expressed 7 in the form of an infinite 
product, 


7 

thus bringing us to the beginning of the second period in the history of the prob- 
lem of squaring the circle [67], the first having ended with discussions of poly- 
gon perimeters. 

But the greatest scientist of any century was Isaac Newton [205-208], 
who was born December 25, 1642, o.s., or January 5, 1643, n.s., and died in 1727, 
aged 84. Already at Cambridge University, at the age of 22, in the year that he 
took his B.A. degree, he had invented the method of fluxions [209] or calculus, 
and discovered the binomial theorem [209]. In the following year he made ap- 
plications of the calculus to tangents, curvature, concavity and convexity, max- 
ima and minima, and other things, some of which were new and of importance. 
It was about this time also that he made interesting discoveries in optics and 
formulated, but did not announce, the law of universal gravitation. Referring 
to these years later in life NEWTON wrote, “in those days I was in the prime 
of my age for invention, and minded Mathematicks and philosophy more than 
at any time since.” 

His former teacher Isaac Barrow [210], fully recognizing the transcendent 
ability of NEwTon, resigned his chair (although only thirty-nine years old) to 
make way for NEWTON, then only twenty-six years of age, to be appointed in 
his place as professor of mathematics at Cambridge. At the age of forty-seven 
NEWTON represented the University in Parliament and by the time he was fifty 
his scientific creations were practically ended; but in later years he received 
many honors and a number of his earlier writings or lectures were published. 

His greatest work was indisputably the “Mathematical Principles of Natural 
Philosophy” usually known by a single word of the Latin title, Principia [211], 
published in 1687. This work (1) treats of the motion of particles or bodies in 
free space either in known orbits, or under the acticn of known forces or under 
mutual attractions; (2) treats of motion in a resisting medium, and of hydro- 
statics and hydrodynamics with special applications to waves, tides, and acous- 
tics; and (3) applies theorems obtained to the chief phenomena of the solar 
system and determines the masses and distances of the planets. The motions of 
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the moon, the various inequalities therein, and the theory of tides are worked out 
in detail. The great principle underlying the whole work is that of universal 
gravitation characterized as “indisputably and incomparably the greatest scien- 
tific discovery ever made.” Possibly because he regarded the presentation as 
more convincing for students of his time, NEWTON achieved the stupendous 
task of translating his arguments into the language of Greek geometry even 
though many of his results were first worked out by methods of the calculus. 
In the Principia are a great many results concerning well-known curves, such 
as epi- and hypocycloids, and many beautiful results in geometry, such as the 
following: (1) If a point P moving along a given straight line is joined to two 
fixed points O and O’, and if lines OQ and O’Q make fixed angles with OP, 
O’P, then the locus of Q is a conic. (2) The locus of the centers of conics tangent 
to the sides of a quadrilateral is the line (“NEWTON’s line”) [212] through the 
centers of its diagonals (lemma 25, cor. 3). 

NEWTON studied curves of the third order [213] with a view, apparently, to 
illustrating the application of analytic geometry to curves other than conics. 
He enumerated 72 of the possible 78 forms which a cubic may assume, in his 
classification; and in the course of the work he states the remarkable theorem 
that just as the shadow of a circle cast by a luminous point on a plane gives rise 
to all the conics, so the shadow of the curves represented by the equation 
y? =ax'+bx?+cx+d gives rise to all cubics. This remained an unsolved puzzle 
till a proof was discovered in 1731. 

In another monograph on the quadrature and rectification of curves bymeans 
of infinite series, NEWTON indicates at one point the importance of determining 
whether the series are convergent—an observation far in advance of his time— 
but there is no record that he knew a general test for the purpose; and in fact 
it was not until Gauss and Caucuy took up the question, early in the 19th 
century, that the necessity for such limitation was commonly recognized. In this 
monograph arcsin x is expanded in a series, and the process of reversion of series 
is employed. 

In his Universal Arithmetic, containing the substance of lectures [214], 
DESCARTES'’S rule of signs is extended to give limits to the number of imaginary 
roots of an equation, and a method is given for finding the approximate values 
of the roots of a numerical equation [215], a method which applies equally to 
algebraic or transcendental equations. He enunciated also the theorem, known 
by his name, for finding the sum of the mth powers of the roots of an equation, 
and laid the foundation of the theory of symmetric functions of the roots of an 
equation. 

In connection with various challenges among mathematicians, NEWTON was 
never beaten; in one from LEIBNIZ he solved the problem of finding the orthog- 
onal trajectories of a family of curves. One of the most interesting eulogies on 
NeEwrTon’s work is that attributed to LE1BN1z who, upon being asked by the 
Queen of Prussia what he thought of NEwTon, answered: “Taking mathemati- 
cians from the beginning of the world to the time when NEwrTon lived, what he 
had done was much the better half” [216]. 
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Lerpniz [217], the only pure mathematician of the first class produced by 
Germany during the seventeenth century, was equally notable in the field of 
philosophy. The last years of his life were embittered by a controversy as to 
whether he had discovered the calculus independently of NEwTon’s previous 
investigations, or had derived the fundamental idea from NEwrTon. There is 
now no doubt that LEIBNIz developed his calculus quite independently, and 
that he and NEwTON are each entitled to credit for their respective discoveries. 
The two lines of approach were radically different, although the respective 
theories accomplished results that were practically identical. LEIBNIZ was 
original in much that he did. He made the CAVALIERI method scientific. He in- 
troduced the idea of fractional differentiation [218]. He laid the foundation for 
the theory of envelopes and defined the osculating circle, showing its im- 
portance in the study of curves. 

The history of determinants [219] begins with LerBniz in connection with 
the eliminant of linear equations. He gave a generalization of NEWTON’s 
binomial expansion rule in his expansion of any polynomial s+x+y+z+ --- 
to any arbitrary power r. We have already referred to the calculating machine 
[220] he constructed. 

LEIBNIZ made important contributions to the notation of mathematics [221]. 
Not only is our notation of the differential and integral calculus due to him but 
also our signs, in geometry, for similar (~), and for equal and similar, or con- 
gruent, (=). 

And finally, among the names of mathematicians of the last half of this 
century we shall briefly note results found by JAMES I BERNOULLI of Switzer- 
land, a member of a remarkable family in which 8 members distinguished them- 
selves in mathematics [222]. He was professor of mathematics at the Univer- 
sity of Basel, and was interested in the fields of astronomy, mathematics, and 
physics. He was the first to solve the problem of isochronous curves proposed by 
LEIBNIZ, that is, to find the curve along which a body falls with uniform vertical 
velocity; in his solution of this problem (1690) we meet with the word integral 
for the first time. HUYGENs also solved this problem and found it to be the semi- 
cubical parabola [69] x*=ay?. 

He worked on the problem: To find the curvature a lamina should have in 
order to be straightened out horizontally by a weight suspended at the end. He 
noted the relation Rs =a’, where R is the radius of curvature at a distance s along 
the lamina from the point of suspension, and gave a construction for points of 
the curve. But it was EULER in the next century, who first really visualized the 
curve as a double spiral [223] with asymptotic points, later called the clothoide 
[69]; the equation of the spiral is: 


0 0 


This is the spiral which comes up in connection with FRESNEL’s discoveries of 
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the diffraction of light, and in railway easement curves [224]. It has a number 
of interesting properties. 

BERNOULLI did much work on the logarithmic spiral [225] and found for 
example that (1) the evolute of a logarithmic spiral is another equal logarithmic 
spiral, (2) the pedal of a logarithmic spiral with respect to its pole is an equal 
logarithmic spiral; (3) the caustic by reflection and refraction of a logarithmic 
spiral for rays emanating from the pole as a luminous point is an equal spiral. 
Such perpetual renascence delighted BERNOULLI and it was, in accordance with 
his directions, recorded on his tomb with the inscription: Eadem mutata resurgo 
—“T arise the same though changed.” 

BERNOULLI wrote also a posthumously published (1713) work entitled Ars 
Conjectandi which established principles of the calculus of probability [226] in 
more elaborate form than HuyGENs had done. It is here that we meet certain 
numbers, known in a very extensive later literature as “BERNOULLI numbers.” 
In 1913 the Academy of Sciences at Leningrad celebrated the bicentenary of the 
law of large numbers, here published. 

Thus closes our sketch of the seventeenth century during which such great 
advances were made in fields of analytic geometry, calculus and its applications, 
mechanics and dynamics, geometry, theory of probabilities and the theory of 
numbers. 


B. THE EIGHTEENTH CENTURY 


The early part of this century saw the beginnings of Analytic Geometry of 
Three Dimensions [227]. In 1679 PHiLiprpE DE La Hire solved a simple prob- 
lem; but by 1700 ANTOINE PARENT had gone much farther and before 1750 
ALEXIS CLAIRAUT and JAKOB HERMANN were discussing problems in analytic 
geometry of curves and surfaces. 

The first half of the century saw also the chief publication of one of the fore- 
runners of noneuclidean Geometry, GrROLAMO SACCHERI [140, 228], Jesuit 
teacher of theology, logic, metaphysics, and mathematics, at Turin, Pavia, and 
Milan. 

The principal mathematicians flourishing in this century were, DEMOoIvRE, 
TAYLOR, MACLAURIN, EULER, D’ALEMBERT, LAGRANGE, LAMBERT and MONGE. 

Since ABRAHAM DEMotvreE [229], although born in France, spent 66 years 


‘of his life in England, he is properly considered a member of the English school. 


He was an intimate friend of NEwrTon. Apart from numerous memoirs he 
published a work called Annuities upon Lives, of which there were seven edi- 
tions, a work of importance in the history of actuarial mathematics. His very 
valuable Doctrine of Chances passed through three editions and contained much 
new material connected with the theory of probability [230]; indeed, he ranks 
with LAPLACE in making the most important contributions to the subject up to 
the end of the eighteenth century. He gave the first treatment of the probability 
integral, and essentially of the normal curve. He formulated and used a theorem 
improperly called StrRLING’s theorem [231]. 


I 
\ 


46 OUTLINE OF THE HISTORY OF MATHEMATICS 


In his Miscellanea Analytica [230], 1730, which brought about his election 
as a Fellow in the Berlin Academy, there is important material in connection 
with recurrent series, analytic trigonometry involving imaginaries, and prob- 
lems of chance, and analysis is applied to problems of astronomy. From one 
part of this work it is clear that DEMoIvrE was thoroughly familiar with the 
formula now connected with his name [232]: 


(cos x + isin x)" = cos mx + i sin nx, 


where ” is an integer. But the result is not explicitly stated in any of DE- 
Mo!vre’s writings; a form equivalent to this was, however, given in 1748 by 
EuLER [232]. In this work DEMotvre studied also the factors of x?" —2x" cos 0 
+1[=y]. If O is the center of a unit circle circumscribing a regular polygon of 
n sides if OP=x, and if ZPOA,=0, then 
PA?=y, called “DEMotvre’s property of the circle.” 

The name of the Englishman Brook TaYLor [233] is familiar to every stu- 
dent of the calculus, through the theorem of TAYLor’s expansion of f(x+h), 
given in his Methodus Incrementorum directa et inversa. (This is the first treatise 
dealing with finite differences; it was published in 1715.) The convergency of the 
expansion is not considered. 

In this work TayLor solved the following problem which he believed to be 
new: “To find the number of vibrations that a string will make in a certain 
time, having given its length, its weight, and the weight that stretches it.” In 
discussing the form of the vibrating string, his suppositions regarding initial 
conditions, including that it vibrated as a whole, led to a differential equation 
whose integral gave a sine curve. Thus started a discussion which was to cul- 
minate a century later in the work of Fourier [234]. 

We shall next consider CoLIN MACLAuRIN [235], a Scot, and one of the ablest 
mathematicians of the eighteenth century. His name is associated with TAYLOR 
in the expansion of f(x-+h), when h=0. This was given in his Treatise of Fluxtons 
in 1742, but the same thing appeared twenty-five years earlier, in a publication 
by STIRLING. MACLAURIN’s Treatise is especially valuable for the solutions it 
contains of numerous problems in geometry, statics, the theory of attractions, 
and astronomy. He followed NEWTON in using geometric methods. By avoiding 
the use of analysis and of the infinitesimal calculus he helped to keep alive 
methods not abandoned in England till about 1820. In 1740 Mac.aurin shared 
with EuLER and D. BERNOULLI a prize of the French Academy of Sciences for 
his memoir on the tides, winning from LAGRANGE the highest praise [236]. 

When only 21 years of age MACLAURIN wrote a work called Geometria 
Organica which was inspired by NEwTon’s work on curves of the third order, 
and by the organic description of a conic which we quoted from NEWTON’S 
Principia. He attempted to generalize this organic description of a conic so as 
to obtain curves of all possible degrees by a mechanical description. He dis- 
cusses also various pedal curves [237]. In this way he was led to such familiar 
curves as the cissoid, strophoid, cardioid, limagon, and lemniscate, and many 
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others [237] which have since become notable in connection with the study of 
special curves. 

We have already more than once referred to LEONARD EULER [238], the 
great Swiss mathematical genius, born in 1707 at Basel, the home of the 
BERNOULLIs. The project of erecting an Academy at Petersburg, which had 
been formed by PETER THE GREAT, led to EULER being invited in 1727 to the 
chair of mathematics there. After fourteen years he accepted the invitation of 
FREDERICK THE GREAT [238a] to go to Berlin to direct the Prussian Academy 
which was then rising in fame; he continued there for twenty-five years, until 
1766, when he returned once more to Petersburg, where he remained till his 
death in 1783 at the age of 76. 

Few writers in mathematics ever contributed so extensively or so fruitfully. 
In a sense he was the creator of modern mathematical expression. He revised 
almost all the branches of mathematics then known, filling up details, adding 
proofs and new results, and arranging the whole in a consistent form. More 
than 700 memoirs and papers came from his hand, besides many treatises, half 
of them being published after he was totally blind. He wrote on philosophy, 
astronomy, physics, geography and agriculture; and on mathematics in the 
following fields, among others: arithmetic, theory of numbers, Diophantine 
equations, algebraic equations, series, continued fractions, calculus of probabili- 
ties [239], analysis, definite and indefinite integrals, elliptic functions and 
integrals [240], differential equations, calculus of variations, elementary geom- 
etry, analytic geometry, differential geometry, mathematical recreations, music 
[241], mechanics, ballistics, and the motion of ships. 

Certain of our ordinary notations [242] originated with EuLER, 

f(x)for function symbol, 
e for 2.71828 ---, 
s for half the sum of the sides of a triangle, 
a, b, c for the sides of a triangle ABC, 
> for summation sign, 
i for /(—1). 

From the formula e*=cos sin x, for e**+1=0. This relation 
was to be the basis of a proof that the problem of squaring the circle was im- 
possible [243]. It should be noted that thirty years before EULER published his 
result ROGER CoTEs gave the equivalent in words of the relation: 


ix = log (cos x + isin 2). 


EULER showed that 47=—zi log 7, and that (log 7)/z, and 7‘ had an infinite 
number of values [244]. He gave the formula, 


1 3 
= 20 tan-'— + 8 tan“! — » 
79 


and from it calculated to 20 places of decimals. 
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EuLEr showed that the center of the circumscribed circle of a triangle, its 
center of gravity, and the point of meeting of the altitudes are collinear [245]; 
hence the name Euler’s Line. It was later shown that the center of the nine- 
point circle is also on this line. 

EULER gave a new method of solving the general equation of the fourth 
degree. He introduced the idea of an indicatrix for studying the variations of 
the radii of curvature of normal sections of a surface at a point. He worked on 
the problem of a vibrating string [241] initiated by Brook TAYLor, and later 
carried on by Lagrange, preparatory to the important work of FourrER [246] 
in the early part of the 19th century. It was in his work on the calculus of varia- 
tions that Euler considered the problem of JAMEs I BERNOULLI for a coiled 
lamina [238], to which reference has been made. Beta and gamma [247] func- 
tions originated with EuLER, as well as the EULER constant [248], 


1 1 1 
lim (1-4 +++ + — log m) = 0.5772156689 
n 


When Euter left Berlin in 1766, he was succeeded by JosEPH LOUIS 
LAGRANGE [249], an Italian by birth, a German by adoption and a Frenchman 
by choice, one of the great mathematicians of all time. He was then 30 years 
old. In sending the invitation FREDERICK THE GREAT wrote that the greatest 
king in Europe wanted the greatest mathematician of Europe at his court. 
LAGRANGE remained there till the death of FREDERICK 20 years later. Many 
of his great memoirs, as well as the composition of his monumental work on 
Analytic Mechanics (containing his well-known general equations of motion of 
a dynamical system), date from this period. During the remaining 25 years of 
his life he was in Paris, a professor at the newly established Ecole Normale 
Supérieure, and Ecole Polytechnique. These two great schools occupy a most 
important place in the history of mathematics. Most of the greatest mathe- 
maticians of France have been professors in them, and practically all have 
there been trained. Towards the close of the eighteenth century appeared two 
more of LAGRANGE’s great works, the Resolution of Numerical Equations of 
Every Degree, and the Theory of Analytic Functions Containing the Principles of 
the Differential Calculus. In the first of these he attempted a proof (see later, 
under Gauss), that every algebraic equation has a root. His work in the field 
of Calculus of Variations was important, and his name is linked with that of 
EuLER in founding the subject. His contributions in the field of Differential 
Equations were notable. Like DiopHaNTus and FErRmat, he had a special 
genius for the theory of numbers. As a whole his work had a very profound in- 
fluence on later mathematical research. 

Let us now turn back to Germany to consider contributions made by 
JoHANN HEINRICH LAMBERT [250], who enjoyed association with EULER and 
LAGRANGE in Berlin. He was a many-sided scholar and wrote on a great variety 
of subjects. 
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His Freye Perspective of 1774 contained numerous geometric problems of 
interest [250]. 

In a monograph of 1761, on the determination of a comet’s orbit, he gave 
incidentally the results that a circle about a triangle circumscribing a parabola 
goes through the focus; and hence if four tangents are given the focus is de- 
termined. From the rediscovery of this parabola property, nearly forty years 
later, WILLIAM WALLACE [251] deduced his theorem: The feet of the per- 
pendiculars on the sides of a triangle, from any point on its circumscribed circle, 
are collinear. 

In 1767 LAMBERT had proved with most minute rigor [252] that 7, e*, and 
tan x were irrational. (In 1737 EULER had shown that e and é? were irrational.) 
This result for was the beginning of the third period in the history of the 
problem of the squaring of the circle [67]. In 1844 and 1851 a prominent French 
mathematician named LiouvILLE [253] proved the existence of transcendental 
numbers, that is of numbers which are not roots of algebraic equations with 
integral coefficients. In 1873 a great French mathematician named HERMITE 
[254] proved that e was transcendental. As a result, and by means of EULER’s 
relation e* -+1=0, it was shown, in 1882, that 7 was transcendental, and hence 
that the problem of squaring the circle was impossible of solution with ruler 
and compasses. This last result was found by LINDEMANN, a German. 

To LAMBERT we owe the systematic development of the theory of hyper- 
bolic functions, introduced by VincENzo Riccati a few years earlier [255]. 
LAMBERT’S name is also associated with important projections used in map 
making [256]. 

Three other French mathematicians of prominence, MONGE, LAPLACE, and 
LEGENDRE, were born about the middle of the eighteenth century, but the 
culminating period of the most important work of the two latter was in the 
nineteenth century. For the final name in the eighteenth century, we shall, 
then, consider that of GasPpARD Monce [257], a professor of mathematics 
in the Ecole Polytechnique of Paris. He was the inventor of descriptive 
geometry, and his treatise on this subject, which appeared first in 1794, went 
through a number of editions. There were five editions of his Applications of 
Analysis to Geometry which first appeared in 1795; it was an important early 
‘work on the differential geometry of surfaces. 

Our survey has suggested that while the eighteenth century saw the further 
development of such subjects as trigonometry, analytic geometry, analysis, 
theory of numbers, differential equations, probabilities, and analytic mechanics, 
it saw also the creation of new subjects such as actuarial science, calculus of 
variations, finite differences, gamma and elliptic functions, descriptive geometry, 
and differential geometry [258]. 


C. THE NINETEENTH CENTURY AND LATER 


Moritz CAntTor’s great history of mathematics to the end of the eighteenth 
century contained four large volumes [12] with an average of 988 pages to the 
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volume. It has been estimated that if the history of mathematics in the nine- 
teenth century were written with the same detail it would require fourteen or 
fifteen more similarly sized volumes [259]. As indicated in our introductory 
remarks we shall, in conclusion, touch very briefly on only a very few topics in 
the enormous mass of available material. 

We saw that LAPLACE and LEGENDRE were two great French mathematicians 
who were contemporaries of LAGRANGE, but whose principal work was pub- 
lished in the nineteenth century. Let us now consider them. PIERRE SIMON 
LaPLaceE [260], born in obscurity, became titled through political activities. 
He participated in the organization of the Ecole Normale Supérieure and Ecole 
Polytechnique. His researches were carried on chiefly in the fields of astronomy, 
celestial mechanics, probabilities [261], calculus, differential equations, and 
geodesy. In 1796 he published a non-mathematical popular treatise on astron- 
omy entitled, Exposition of the system of the world. It was followed by his monu- 
mental mathematical Celestial mechanics, embracing all the discoveries in this 
field, of NEwTON, EULER, LAGRANGE, and others who preceded him, as well as 
his own. This work stamped him at the time as an unrivalled master in the field. 
(Four volumes were translated into English with elaborate commentary by 
NATHANIEL BowpiTcH, the New England author of the New American Prac- 
tical Navigator [262], which has passed through more than 65 editions since the 
first in 1799.) In 1812-1814 LapLace published both popular and mathematical 
treatises on probability. He was characteristically neglectful of crediting prede- 
cessors with their discoveries. It may well be, then, that LAPLACE knew that 
DeEMotlvee had treated the probability integral, as well as what is essentially 
the normal curve, long before him [231]. 

The notion of a potential function introduced into analysis by Lagrange 
was much used by LAPLACE who showed that if V is such a function it satisfies 
the partial differential equation: 


Ox? Oy? 02? 


= 0, 


called LAPLACE’s equation. 

NEWTON died in 1727, and LApLAcE in 1827. How vast the mathematical 
advances in that century! 

ADRIEN MariE LEGENDRE [263] is chiefly known in higher mathematics 
for important works on the theory of numbers (1798, third ed., 2 v., 1830), on 
elliptic functions and integrals [264] including great tables, the result of 30 
years of meditation (3 v., 1825-1832), and on exercises in the integral calculus 
(3 v., 1811-1817). Most of these works deal with topics in higher mathematics 
the discussion of which is beyond the scope of this sketch. LEGENDRE (1752- 
1833) was the first one to publish the method of least squares (1805) [265]. 
LEGENDRE wrote also a work on the elements of geometry and trigonometry, 
first published in 1794, which has gone through many editions [266]. This work 
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is based on Euciip’s Elements, but rearrangements and simplifications are in- 
troduced without lessening the rigor of the ancient methods of treatment. In 
successive editions LEGENDRE tried to prove the fifth postulate of Euciip, and 
every student of the foundations of geometry takes account of results thus 
found [266]. The work contains also a proof that both and 7? are irrational, 
a proof of the first result having been already given by LAMBERT [252]. 

A geometry which is built up without assuming Euc.ip’s fifth postulate as 
true is said to be noneuclidean. Such a geometry was worked out almost 
simultaneously by a Russian and a Hungarian. The Russian, NicoLar LoBa- 
CHEVSKY [267], studied at the University of Kazan and became a professor of 
mathematics there in 1814 at the age of twenty-one. In 1826 he made known, 
through his lectures, his conception of such a geometry which should not de- 
pend upon the Euclidean postulate of parallel lines. These ideas were published 
in 1829 and later. The Hungarian, JANos Botyal [268], whose results were 
worked out in 1825-26, published them in 1832. The results thus presented were, 
later in the century, developed into a body of theory of high importance in 
mathematics [269]. 

The fundamental ideas of noneuclidean geometry were also at this time 
familiar to CARL FRIEDRICH Gauss [270], who spent most of his life at Bruns- 
wick and Géttingen, Germany. As a child of three he detected an error in his 
father’s calculation of the wages of an employee; he became the greatest mathe- 
matician that Germany, and one of the greatest mathematicians that the world, 
has ever known. He was born in 1777 and was led to take up the study of 
mathematics by his discovery in 1796 that it was possible to construct a regular 
polygon of 17 sides by means of a ruler and compasses. He was later able to show 
that when the FERMAT number F, =2?"+1 is prime, it represents the number of 
sides of a regular polygon constructible with ruler and compasses [271]. He did 
not prove, however, what is a fact, namely that these are the only polygons, the 
number of whose sides is prime, which are so constructible. Only four such poly- 
gons are known at present. This discussion occupied a very small part of 
Gauss’s greatest single work, Disquisitiones Arithmeticae, which deals with 
matters of fundamental importance in the theory of numbers. His memoirs 
of 1825-27 on general investigations of curved surfaces, fundamental in dif- 
‘ferential geometry, were translated into English, edited with a bibliography 
showing resulting developments, and published by Princeton University (1902). 

Gauss worked and created in many other fields, analytic functions of a 
complex variable, astronomy [272], geodesy, electromagnetism, least squares, 
and almost every leading branch of mathematics. He gave the first wholly satis- 
factory proof that every algebraic equation of degree m has exactly m roots 
[270] .(which Gauss calls the Fundamental Theorem of algebra), in his doctoral 
dissertation written when he was twenty years of age. He here shows defectsin 
the earlier consideration of this question by D’ALEMBERT [273] (1746), EULER 
(1749), FoNCENEX (1759), and LAGRANGE (1772). Gauss gave three other proofs 
of this theorem in 1816 and 1850. He died in 1855 aged 78. 
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Gauss was a notable instance of a youthful arithmetical prodigy who later 
achieved greatness in mathematics. The most extraordinary mental calculating 
prodigy who ever lived was ZACHARIAS DasE [274] of Hamburg who died in 
1861, aged 37. He multiplied two 8-figure numbers in 54 seconds, two 20-figure 
numbers in 6 minutes, two 40-figure numbers in 40 minutes and two 100- 
figure numbers in 83 hours, and found the square root of a 100-figure number in 
52 minutes. Gauss tried to turn his abilities to some useful purpose, and as a 
result we have DasE’s seven-place tables of the natural logarithms of numbers 
from 1 to 10,500 (1850) and his factor tables of all numbers in the seventh, 
eighth, and ninth (with assistance) millions (1862-1865). 

In considering the mathematics of the seventeenth century we referred to 
the notable development of synthetic geometry by PAscaL and DESARGUES. 
There was practically no extension of their work until the early part of the nine- 
teenth century when enormous strides were made by the Frenchman VICTOR 
PoNcELET [275 | and the Swiss JakoB STEINER [276], who spent most of his life in 
Berlin. It was PONCELET who first indicated that every construction with ruler 
and compasses is also possible: (1) with ruler alone, if a single circle and 
its center are given in the plane; and (2) with an angle of given opening, a, 
alone [277]. Very early in the nineteenth century the principle of duality was 
formulated, and BriancHon [278], a student in the Ecole Polytechnique, 
enunciated the dual of PascaL’s theorem, namely, The three diagonals of a 
hexagon circumscribing a conic are concurrent. 

We have referred to the proof of the impossibility of the problem of squaring 
the circle. The other two famous problems of the ancients lead to cubic equa- 
tions. In 1837 these problems also were shown to be impossible of solution with 
ruler and compasses, when it was proved [279] that the corresponding cubic 
equations were irreducible in Euclidean domain. 

The transformation of figures in the plane by circular inversion is of im- 
portance in both pure and applied mathematics. This seems to have been first 
conceived [279a] by STEINER in 1824, and by the Belgian astronomer and 
statistician ADOLPHE QUETELET in the following year. German, Italian and Irish 
expounders of the method soon followed. 

An outstanding geometrical problem in the latter part of the nineteenth 
century was to discover a linkage for drawing a straight line. A beautiful ar- 
rangement of seven jointed rods was finally devised in 1864 by a Frenchman 
named PEAUCELLIER [280]. The construction of this was based upon the prin- 
ciple that the inverse of a circle through the center of inversion is a straight 
line. The same principle was used later in a new straight-line linkage containing 
only five links. Many linkages were found [281] for constructing special curves, 
such as conics, cardioids, lemniscates, and cissoids. It has been proved that a 
linkage is possible for tracing every algebraic curve, but that it is not possible 
to construct a linkage for tracing any transcendental curve. Linkages have also 
been used for solving algebraic equations. 

We have seen that the solutions of the general equations of the third and 


| 


HISTORY OF MATHEMATICS AFTER THE SIXTEENTH CENTURY 53 


fourth degrees were found in the sixteenth century by TARTAGLIA and FERRARI. 
Nearly three hundred years were to elapse before it was shown that a similar 
solution by radicals of the general equation of the fifth degree was not possible. 
This was proved in 1799 by an Italian physician PAOLO RUFFINI [282], and ina 
pamphlet published in 1824 by the Norwegian genius NIELS HENRIK ABEL 
[264]. We have already referred [264] to ABEL’s priority in connection with 
elliptic functions. 

Of methods for approximating to the real roots of numerical equations we 
noted that of NEWTON by successive substitutions in derived equations. This 
dates from 1669 although it was first published in WALLIs’s Algebra in 1685. 
It is the method which to this day has held undisputed sway in France. The 
so-called ‘‘HORNER’s method” in a paper read by WiLL1AM G. Horner [283] 
before the Royal Society of London in 1819, and published in the same year, 
was really given fifteen years earlier by the Italian PAOLO RurFint. It soon 
became widely used in England, and later in the United States, and to a less 
degree in Germany, Austria, and Italy. A valuable work on numerical equa- 
tions by Fourier was published in 1831, after his death [246]; but for nearly 
twenty-five years before this he had taught his students at the Ecole Poly- 
technique the theorem now associated with his name, concerning the limit to 
the number of real roots in any given interval. In 1829 CHARLES StuRM [284] 
stated a theorem for determining the exact number of roots in any interval; 
this was merely a by-product of his extensive investigations of linear difference 
equations of the second order, although it was suggested by a close study of the 
manuscript of FourIER’s work of 1831. Considerable work has been done also 
in deriving the roots of numerical equations by means of infinite series [246]. 

The problem of determining the imaginary roots of numerical equations has 
been considered by many writers. LAGRANGE’s work contained a valid method. 
Sturm’s theorem gave a method for determining the number of such roots, but 
not their location. This was revealed by a general theorem [285] of a great 
French mathematician AuGuUSsTIN Louis Caucuy [286] (1789-1857), giving the 
number of roots, real or complex, which lie within a given contour (1831). 

A few comments in connection with the convergency of infinite series, so 
necessary for consideration by every mathematician, are now appropriate. We 
noted that this question was discussed by NEWTON in a particular case. But the 
first important and strictly rigorous investigation of infinite series (compare 
LAMBERT [252]) was made by Gauss in 1812 in connection with hypergeometric 
series. In 1821, however, CAUCHY gave a discussion and tests of general applica- 
tion, such as are now constantly in use. A paper of ABEL on power series, pub- 
lished in 1826, is also of importance in this connection [264]. The convergence 
of trigonometric series was also naturally considered about this time. We have 
seen that problems of TAYLOR and EULER in connection with a vibrating string 
called for trigonometric series. So also in other connections such series arose in 
works of BERNOULLIS, LEGENDRE, and LapLace. But Fourier [246] was the 
first to assert and to attempt to prove (1812-1822) that any function, even 


| 
| 
| 


54 OUTLINE OF THE HISTORY OF MATHEMATICS 


though for different values of the argument it is expressed by different analytical 
formulae, can be developed in such a series. Since the real importance of trigono- 
metric series was thus shown by Fourier for the first time, it was natural that 
his name should thereafter be associated with them [287]. 

In the nineteenth and early twentieth centuries considerable work was done 
in connection with two topics, of elementary geometry, namely: Geometro- 
graphy, and, especially, the Geometry of the Triangle. Geometrography is a sys- 
tem for measuring “the coefficient of simplicity” and the “coefficient of exacti- 
tude” of constructions with ruler and compasses. It was initiated in 1888 and 
kept alive for a score of years by publications of Em1Lz LEMOINE, and many 
others [288]. 

- We have already referred to EuLER’s Line, MALFatTT1’s Problem, Nine- 
Point Circle, WALLACE’s Line—results in the Geometry of the Triangle, which 
was so extensively developed, especially after the impetus given by publica- 
tions of LEMOINE and BrocarD 1873-1875. Thus a large new vocabulary was 
evolved [289]. 

Vector analysis as employed today originated mainly with two mathe- 
matical physicists, J. W. Grsps [290], an American, 1881-1884, and OLIVER 
HeEaviswe [291], an Englishman, 1891. Quaternions, an algebra of vector 
magnitudes, was developed earlier, about 1853, by that Irish genius, W. R. 
HamiLton [292], who also contributed notably in the fields of dynamics and 
optics. 

We have already noted that the subject of determinants originated with 
LEIBNIZ. LAPLACE, LAGRANGE, GAuUss, CAUCHY, JACOBI, and many others 
contributed to the development of the subject before 1841, as indicated in the 
first volume of the late Sir Taomas Muir’s monumental work [219]. Four 
other volumes of a similar size were necessary for setting forth the history of the 
subject during the next eighty years. 

For several centuries Mathematical Tables have notably contributed to ad- 
vances in science, and in latest years the development of tabular material and of 
computing machines has been enormous. During the past decade an interna- 
tional Committee on Mathematical Tables and Other Aids to Computation, of 
the Division of Mathematical and Physical Sciences of the United States Na- 
tional Research Council, has been especially active, and for six years has pub- 
lished not only a quarterly periodical [293] which, throughout the world, dis- 
seminates information dealing with tabular material old and new, as well as 
with other computational aids, but also a Report on tables in the Theory of 
Numbers [294]. Moreover in this same decade the United States National 
Bureau of Standards has been directing a computing group [295] (at one time 
numbering 350, working in two shifts, 15 hours a day, for five days a week, with 
169 machines) which has already published more than a score of valuable vol- 
umes of tables. 

But from 1871-1948 the British Association for Advancement of Science 
has had a Mathematical Tables Committee, constantly arranging for the 
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calculation and publication of new tables, or reprints of old ones, mainly in 
the field of BEssEL functions. Thus, apart from tables published in annual 
Reports (1877-1929), 10 separate volumes (one in two editions) have been pub- 
lished (1900, 1931-1946). The Committee’s first publication (1873) was a 
valuable annotated catalogue by J. W. L. GLAISHER of existing mathematical 
tables [296]. Its first published volume of tables, by CunninGHAM [302a], 
was followed by three volumes of factor tables by J. GLAIsHER [302]. Since 
June 1948 the B.A. Committee has been under the direction of the Royal 
Society. 

Under other auspices the British also published (i), Cambridge, 1926, a de- 
tailed report on various published tables of Logarithms of Numbers [297], and 
(ii), London, 1946, an exceedingly valuable Index of Mathematical Tables [298] 
listing not only those great ones incidentally already mentioned in our survey, 
such as: tables of RHETICUS and Pitiscus, Briccs, DAsE, and LEGENDRE,— 
some of them not yet replaced—but also a host of others published and unpub- 
lished. 

The Briccs’ (1624) tables of logarithms of numbers 1(1)20000, 
90000(1)101000 to 14 places of decimal, and the 10 decimal tables of VLAcQ 
have been replaced (1924-1949) by the magnificent 20D tables of A. J. THomp- 
son [174]. The RueEticus (1596) 10D tables of natural trigonometric functions, 
for interval 10”, were elaborated (1911-1916) in ANDoyER’s tables [299], 
14-17D, and the superb factor tables and table of primes of D. N. LEHMER 
[300] (1909, 1914) render unnecessary the earlier works of BURCKHARDT [301] 
(1814-1817), J. GLatsHER [302] (1879-1883), DasE, (1862-1865), and others. 
The BricGs’ 15D table of natural sines at interval 0°.01 (1633) was recalculated 
and published with central second differences (1949) by the National Bureau 
of Standards, but other tables of Briccs (1633) have not been replaced. 

The mathematical tabular field is exceedingly extensive and is being con- 
stantly developed. Historical summaries in special fields serve a very useful pur- 
pose. 

In conclusion we may indicate a few samples of references to historical 
accounts of developments of higher mathematics. E. W. Brown [303] discussed 
the history of mathematics to the end of the second decade of the twentieth 
century. The lectures on the development of mathematics in the nineteenth 
century by KLEIn [304] are masterly. Courant has discussed RIEMANN and 
mathematics of the last hundred years [305]. The development of applied 
mathematics in the nineteenth century was surveyed by R. S. WoopWARD 
[306]. The general sketches of Bet [5] and SrrurK [6] will also be found of 
interest. American activity 1888—1938is indicated in the excellent Semicentennial 
Addresses of the American Mathematical Society [307] and in the biographies 
and bibliographies of all its presidents and secretaries published in its History 
[308]. Most of Smita & GinsBuRG’s history [309] is devoted to the nineteenth 
century mathematics in America, and a certain amount of reference to higher 
mathematics may be found in Cajori’s Teaching and History of Mathematics in 
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the United States [310]. Then there is also the comparatively recent A History 
of Science in Canada [311]. Biographies of other nineteenth century mathe- 
maticians are to be found in works of BELL [53] and Prasap [254] to which 
we have already made reference. Various histories of geometrical developments 
have been set forth by CootmpcE [245], KéTTER [275] and Loria [312]. The 
30 volumes of the American Mathematical Society’s Colloquium Lectures and 
Colloquium Publications (1896-1948) are valued treatments of special modern 
topics of importance. Along with these may be noted the highly important 43 
titles (1908-1930) of the Teubners Sammlung von Lehrbiichern auf dem Gebiete 
der mathematischen Wissenschaften mit Einschluss ihrer Anwendungen, and 54 
volumes (1921-1947) of Grundlehren der mathematischen Wissenschaften, the 
briefer 25 Ergebnisse der Mathematik und threr Grenzgebiete (1932-1942), 105 
Mémorials des Sciences Mathématiques (1925-1947), and the 39 Cambridge 
Tracts in Mathematics and Mathematical Physics (1905-1946). 


We may conclude these lectures with recalling a passage more true today 
than when spoken by Isaac BaRROw in his oration of more than two and three- 
quarter centuries ago: The Mathematics ...is the fruitful Parent of ... Arts, 
the unshaken Foundation of Sciences, and the Plentiful Fountain of Advantage to 
Human Affairs. 
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69. R. C. ARCHIBALD, “Curves, Special,” Encyclopedia Britannica, New York, fourteenth ed., 
v. 6, 1929, pp. 887-899. 

70. All teachers of the history of Greek mathematics will want to refer their students to the 
excellent address of R. E. LANGER, “Alexandria—shrine of mathematics,” Amer. Math. Monthly, 
v. 48, 1941, pp. 109-125. 

71. TURNBULL [51]; SmitH [54]; HEATH [73], v. 1, pp. 1-240; A. DEMoraav, article “Euclid” 
in W. SmitH, Dictionary of Greek and Roman Biography, v.2, London, 1890, pp. 63-74; F. HuLtsca, 
“Eukleides,” Pauty-WissowA, Real-Encyclopddie, v. 11, 1907, cols. 1003-1052. 

72. Euc.iw’s ten treatises are 1. Elements, 2. Data, 3. Optics, 4. Phaenomena, 5. Music, 6. 
Pseudaria, 7. Surface-Loci, 8. Conics, 9. Porisms, 10. On Divisions of Figures. See HEATH [67], v. 1, 
pp. 7-18. Of 1-5 approximately complete texts have come down to us. In the case of 6-7 our frag- 
mentary knowledge derived wholly from Greek sources makes conjecture as to their content rather 
futile. As to 10, ProcLus alone among Greeks makes explanatory reference. But an Arabic ms. 
(translated into French) gives the enunciation of all of the propositions (36) and also the proofs of 
four of them. This and other documents were the basis of R. C. ARCHIBALD, Euclid’s Book on Divi- 
sion of Figures ... with a Restoration based on Woepcke’s Text and on the Practica Geometriae of 
Leonardo Pisano. Cambridge, 1915, viii, 88 pp. 

73. T. L. Heatu, The Thirteen Books of Euclid’s Elements translated from the text of Heiberg 
with Introduction and Commentary, second ed. revised with additions. Cambridge, 3 vols., 1926, 
xii, 432 pp.+folding plate; vi, 436 pp., iv, 546 pp. This monumental edition of the Elements is also 
an encyclopedic history of elementary geometry. Who first laid down the criterion that the ruler and 
compasses shall be the only instruments used in elementary geometry, “plane” problems? In 
Euctip’s Elements these instruments are postulated as follows: 1. To draw a straight line from any 
point to any point; 2. To produce a finite straight line continuously in a straight line; 3. To describe 
a circle with any center and distance. See the doctoral dissertation, A. D. STEELE, “Uber die Rolle 
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von Zirkel und Lineal in der griechischen Mathematik,” Quellen u. Studien ..., v. 3B, pp. 287- 
369, 1936. OrE [7b], “Euclid’s algorism,” pp. 41-49. 

74. The first English edition of Euctip’s Elements was brought out at London in 1570, under 
the name of Sir HENRY BILLINGSLEY, later Sheriff and Lord Mayor of London. (For the small part 
which BILLINGSLEY may have had to do with the translation see A. DEMorGaN, British Almanac 
and Companion for 1837, pp. 38-39 of Companion). It contained “a very fruitful Praeface” by Joun 
DEE, a man of great erudition; see W. F. SHENTON, “The first English Euclid,” Amer. Math. 
Monthly, v. 35, 1928, pp. 505-512. 

75. The Phaenomena consists of propositions in spherical geometry so far as required for ob- 
servational astronomy. The earliest mathematical work which has come down to us entire is On the 
Moving Sphere by AUTOLYCUS of Pitane, an elder contemporary of Eucirip. Both works consider 
special circles on the heavenly sphere, the equator and parallel circles, the zodiac or ecliptic, and 
the horizon which here appears for the first time as a single word. But Euc.ip’s work seems to be 
based also on an unknown earlier work of more mathematical content. Of this work of AUTOLYcuUs, 
and of another of his works, On Risings and Settings, as well as of the Sphaerica of the mathe- 
matician and astronomer, THEODOSIUS (bet. -180 and -25) of Bithynia, there is a handy Ger- 
man translation: Autolykos Rotierende Kugel und Aufgang und Untergang der Gestirne. Theodosios 
von Tripolis [sic] Sphaerik, tébersetzt und mit Aumerkungen versehen (Ostwald’s Klassiker, no. 232), 
Leipzig, 1931, viii, 180 pp. The work of THEopostus, of the same general type as the other works 
mentioned above, is that of a laborious compiler offering practically nothing original. Such were 
the predecessors of the great work of MENELAUS. 

76. The first English translation of Euciin’s Optics, by E. H. Burton, was published in 
Amer. Optical Soc., Jn., v. 35, 1945, pp. 357-372. Eucuip here proves the equivalent of the fact 
that tan a/tan 8<a/8; and in another proposition it is assumed that the angles of incidence on a 
mirror and reflection therefrom are equal. 

77. See ARCHIBALD [57], pp. 8-10, with various references to the literature. 

78. HEATH [72], v. 1, pp. 202-220. L. R. LieBER, Non-Euclidean Geometry; or, Three Moons 
in Matheses. Brooklyn, N. Y., 1931, 46 pp. D. E. Smita, general ed., A Source Book in Mathematics. 
New York, 1929, xviii, 701 pp. +7 portrait plates. The 96 extracts are edited by many collaborators. 
R. Bonoia, Non-Euclidean Geometry. A Critical and Historical Study of Its Development. English 
translation by H. S. Carstaw, Chicago, 1912, xii, 268 pp. 

79. R. C. ARCHIBALD, (a) “Perfect numbers,” Amer. Math. Monthly, v.28, 1921, pp. 140-141; 
(b) “Mersenne’s numbers,” Scripta Mathematica, v. 3, pp. 112-119, 1935. There are 55 MERSENNE 
numbers which are defined by M,=2"—1, m prime, and less than 263. The largest known prime 
number (39 integers) is M127, discovered in 1914. Regarding the M, the following facts are now 
known: 12 (prime), 14 (composite and completely factored), 9 (two or more prime factors), 8 
(only one prime factor), 12 (composite but no factor known). See Math. Tables and Other aids to 
Computation, v. 1, pp. 333, 404; v. 2, pp. 94, 341; and H. S. UnLER, Nat. Acad. Sci., Proc., v.,34, 
1948, pp. 102-103; and Amer. Math. Soc., Bull., v. 54, 1948, pp. 378-380. 

80. Harriet H. SHoen, “Archimedes. The reconstruction of a personality,” Scripta Math., 
v. 2, 1934, pp. 261-264, 342-347. T. L. HEATH, (a) Archimedes (Pioneers of Progress). London, 1920. 
(b) The Works of Archimedes, Edited in Modern Notations with Introductory Chapters. Cambridge, 
1897. clxxxvi, 326 pp. The long and very valuable introduction to (b) gives a life of ARCHIMEDES, 
an account of (1) the relation of A. to his predecessors; (2) arithmetic and A.; (3) the problems 
known as “neuseis” (Vergings or Inclinations); (4) cubic equations; (5) anticipations by A. of the 
integral calculus. Then follow works of A.: (i) On the sphere and cylinder; (ii) Measurement of a 
circle; (iii) On conoids and spheroids; (iv) On spirals; (v) On the equilibrium of planes; (vi) The 
sand-reckoner; (vii) Quadrature of the parabola; (viii) On floating bodies; (ix) Book of lemmas; 
(x) The cattle problem. For a historical summary with regard to the cattle problem see R, C. 
ARCHIBALD, Amer. Math. Monthly, v. 25, 1918, pp. 411-414. In connection with (2) references may 
be given to C. MULLER, “Wie fand Archimedes die von ihm gegeben Naherungswerte von +/3,” 
Quellen u. Studien ..., v. 2B, pp. 281-285, 1932, to [97]; and to G. A. Grsson, “The treat- 
ment of arithmetic progressions by Archimedes,” Edinburgh Math. Soc., Proc., v. 16, 1897, pp. 
2-12. Under the general heading of this note we refer also to BELL [53]; SmiTH [54]; and to an extra- 
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ordinary ancient colored mosaic representing the manner of death of A. This mosaic came originally 
from the city of Herculaneum, destroyed by an eruption of Vesuvius in 79 A.D. A reproduction of 
the mosaic in colors is given in a publication of a Bonn archaeologist, F. WinTER, Der Tod des 
Archimedes. Berlin, 1924, 24 pp.+2 plates; see also F. Cayori, Science, v. 61, 1925, pp. 415. 

81. As a supplement to the edition of his Works of A., Heath published a translation from 
the Greek of The Method of Archimedes Recently Discovered by Heiberg . . . , Cambridge, 1912, 51 pp. 
An earlier English translation, from a German translation, was published in The Monist, April 1909, 
and reprinted as a pamphlet with an Introduction by D. E. Smit, Geometrical Solutions Derived 
from Mechanics, Chicago, 109, ii, 28 pp. Discussion in the Method is also related to the topic 
treated in J. M. CuiLp, “Archimedes’ principle of the balance and some criticisms upon it,” in C. 
SINGER, ed., Studies in History and Method of Science. Oxford, v. 2, 1922, pp. 490-520. A sort of 
“neusis” is used by Archimedes in his remarkable solution of the construction of a regular heptagon, 
found comparatively recently in an Arabic ms.; see Die trigonometrischen Lehren des Persischen 
Astronomen Abu'l-Raihin Muh ibn Ahmad au-Btroni, dargestellt nach al-Qandn al-Mas‘adi von 
Cart Scuoy. Nach dem Tode des Verfassers herausgegeben von JULIUS RusKA und HEINRICH WIE- 
LEITNER. Hannover, 1927, xii, 108 pp. Also C. Soy, “Graeco-Arabische Studien nach Handschriften 
der Vizekéniglichen Bibliothek zu Kairo,” Isis, v. 8, 1926, pp. 21-40; J. TRoprKE, “Die Siebeneck- 
abhandlung des Archimedes,” Osiris, v. 1, 1936, pp. 636-651. 

82. HEatTH [49]; H. WIELEITNER, “Das Fortleben der Archimedischen Infinitesimalmethoden 
bis zum Beginn des 17. Jahrh., insbesondere iiber Schwerpunktbestimmungen,” Quellen u. Stu- 
dien..., Vv. 1B, pp. 201-220, 1930; W. Stern, “Der Begriff des Schwerpunktes bei Archimedes,” 
Quellen u. Studien ..., v. 1B, pp. 221-224, 1930. When the idea of center of gravity was first con- 
ceived by the Greeks is unknown; in writings of Archimedes it appears to be already assumed as 
familiar. 

83. HEATH [22], History, v. 2, pp. 98-101; M. Brickner, Vieleck und Vielflache Theorie und 
Geschichte. Leipzig, 1900, pp. 132-140+plate VI (with pictures of all of the solids). See [107]. 

84. J. Scott, “On the burning mirrors of Archimedes, with some propositions relating to the 
concentration of light produced by reflectors of different forms,” R. Soc. Edinburgh, Trans., v. 25, 
1868, pp. 123-149+ plate ITI. 

85. R. A. FisHer, “Reconstruction of the sieve of Eratosthenes,” Math. Gazette, v. 14, pp. 565- 
566, 1929. In E. Hopre’s Mathematik und Astronomie im klassischen Alterthum (Heidelberg, 1911), 
it is stated on p. 284 that the method of the sieve of ERATOSTHENES for finding prime numbers 
was set forth completely in section 52 of Plato’s Phaedo. This statement has been quoted more 
than once. On consulting the section in question, I find not the slightest basis for the statement’s 
substantiation. 

86. The best first introduction to APOLLONIUS would be through Apollonius of Perga, Treatise 
on Conic Sections, edited in Modern Notation with Introductions including an Essay on the Earlier 
History of the Subject by T. L. HEatH. Cambridge, 1896, cxxii, 254 pp. The earlier history of conics 
includes the names MENAECHMUS, EvuCcLiD, and ARCHIMEDES. APOLLONIUS, and his own account of 
the conics is discussed, pp. Ixvii -Ixxxvi. Then follow further HEATH surveys: (a) “The construction 
of a conic by means of tangents,” pp. cxxx-cxxxvii; (b) “The three-line and four-line locus,” pp. 
cxxxviii-cl; (e) “The construction of a conic through five points,” pp. cli-clvi. In the Conics of 
APOLLONIUS are the essentials for the construction of all three conics by the method (a). It seems 
certain that APOLLONIUS was the first to solve the problem (b), although there are no propositions 
leading directly to the results. Assuming that APOLLONIUS was in possession of a complete solution 
of the problem of constructing the four-line locus referred to the sides of a quadrilateral of any 
form, he had in fact solved the problem of constructing a conic through five points. But the prob- 
lem of the construction of a conic through five points is, however, not found in the work of Apot- 
LONIUS any more than the actual determination of the four-line locus. The Pappus generalization 
of the four-line locus may thus be stated: If pi, p2, ps, +++ , pa be the lengths of straight lines to 
meet m given straight lines at given angles (where m is odd) and a be a given line, then if 
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where A is a constant, the point will be on a curve given in position. This will also be true if m is 
even, and 


Pn 


See THoMAS [46a], v. 2, p. 603. 

See also HEATH [22], History, v. 2, pp. 126-196. There is also the German edition of another 
excellent work, H. G. ZEUTHEN, Die Lehre von den Kegelschnitten im Altertum. Copenhagen, 1886, 
xiv, 511 pp. A monumental edition of the complete Conics of Apollonius, the eighth book restored, 
was published in 1710 by EpMonp HALLEy, to whom we shall later [211] return. Reference may 
also be given to O. NEUGEBAUER, “Apollonius—Studien (Studien zur Geschichte der antiken Alge- 
bra II.),” Quellen u. Studien ..., v. 2B, pp. 215-253, 1932. See also O. NEUGEBAUER, “The astro- 
nomical origin of the theory of conic sections,” Amer. Phil. Soc., Proc., v. 92, 1948, pp. 136-138. 

86a. See THomas [46a], v. 1, pp. 362-363, 495-496. 

87. For example, C. HELLwic, Das Problem des Apollonius ... Halle, 1856, iv, 43 pp.+4 
plates. B. ALvorp, The Tangencies of Circles and Spheres (Smithsonian Contribs. to Knowledge). 
Washington, 1856, 16 pp.+9 plates. 

88. See R. C. ARCHIBALD, (a) “Centers of similitude and certain theorems attributed to 
Monge. Were they known to the Greeks?,” Amer. Math. Monthly, v. 22, 1915, pp. 6-12; (b) “His- 
torical note on centers of similitude of circles,” idem, v. 23, 1916, pp. 159-161. 

89. R. C. ARCHIBALD, “Discussion and history of certain geometrical problems of Heraclitus 
and Apollonius,” Edinburgh Math. Soc., Proc., v. 28, 1910, pp. 152-178+5 folding plates. A hun- 
dred solutions of the problems of Heraclitus are given ina notable book: A. MARoGER, Le Probléme 
de Pappus et ses cent Premiéres Solutions. Paris, 1925, viii, 386 pp. For an account of the important 
work of APOLLONIUS in connection with epicycles and eccentrics see J. L. E. DREYER, History of 
the Planetary Systems from Thales to Kepler. Cambridge, England, 1906, pp. 151 f. 

90. FoTHERINGHAM [31]; the exact dating here of these astronomers is without foundation, 
since the reasoning of SCHNABEL, upon which the statements are based, is entirely wrong. 

91. HEATH [22], History, v. 2, pp. 253-260; Manual, pp. 393-399. 

92. There is not the slightest evidence that the Babylonians observed the precession of the 
equinoxes. Various writers, such as F. Cajort, “Babylonian discovery of the precession of the 
equinoxes,” Science, n.s. v. 65, 1927, p. 184, were misled by the wholly erroneous monograph of 
P. SCHNABEL, “Kidenas, Hipparch und die Entdeckung der Prizession,” Z. v. Assyriologie, n.s., 
v. 3, 1926, pp. 1-60. 

93. H. Voct, “Versuch einer Wiederherstellung von Hipparchs Fixsternverzeichnis,” Astron. 
Nach., v. 225, 1925, cols. 17-54. 

94. O. NEUGEBAUER, Quellen u. Studien ..., Vv. 2B, pp. 41-44, where both Babylonian and 
Greek sources are quoted. See also THomas [46a], v. 2, pp. 395-397; and F. THuREAU-DANGIN, 
“La division du cercle,” Revue d’Assyriologie, v. 25, 1928, pp. 177-188 [see ARCHIBALD [44] (Supple- 
ment), 1928]. 

95. HEATH [22], History, v. 2, pp. 298-354; Manual, pp. 415-433. 

96. A. Rome, “Le probléme de la distance entre deux villes dans la Dioptra de Héron,” Soc. 
Sci. de Bruxelles, Annales, v. 42, 1923, mémoires pp. 234-258;0. NEUGEBAUER, “Uber eine Methode 
zur Distanzbestimmung Alexandria-Rom bei Heron,” Danske Vidensk. Selskab., hist.-filol. 
Meddelelser, v.26, no. 2, 1938, 26 pp.+5 plates. Part 2, v. 26, no. 7, 1939, 11 pp. NEUGEBAUER dis- 
cusses the dating of HERON and makes it seem plausible that he flourished in the first century of 
the Christian era. 

97. J. E. Hormann, “Uber die Annaherung von Quadratwurzeln bei Archimedes und Heron,” 
Deutsche Math.-Ver., Jahresb., v. 43, pp. 187-210, 1934. 

98. Attention may be drawn to an interesting summary article by J. TRoprKE, “Zur Ge- 
schichte der quadratischen Gleichungen tiber dreieinhalb Jahrtausend,” Deutsche Mathem.-Ver., 
Jahresb., v. 43, pp. 98-107, Dec. 1933; v.44, pp. 26-47, June, and pp. 95-119, Aug. 1934. The sections 
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dealt with in these parts are as follows: I. Introduction. Survey of Known Results; II. Babylonian 
Mathematics; III. Euciip; IV. Heron; V. DiopHantus; VI. Muhammed ibn 
razmt; VII. ABO KAmit VIII. aL-Karxkut; IX. "Omar Knayyam; X. ABRAHAM BAR CHIJA, 
named SAVASORDA; XI. LEONARDO VON Pisa; XII. Anonymous arrangement of the Algebra of 
AL-KHOWARAZMT; XIII. MICHAEL StIFEL; XIV. GrroLAaMo CARDANO; XV. RAFAEL BOMBELLI; 
XVI. CuristopH CLavius; XVII. Smuon STEvIN. 

99. Perhaps the best first introduction to DiopHantus is T. L. HEatH, Diophantus of Alex- 
andria. A Study in the History of Greek Algebra. Second ed., with a Supplement containing an Account 
of Fermat's Theorems and Problems connected with Diophantine Analysis and some Solutions of Dio- 
phantine Problems by Euler. Cambridge, 1910, viii, 387 p. See also HEATH [22], History, v. 2, pp. 
448-517, and Manual, pp. 472-509. 

100. J. KLEIN, Quellen u. Studien ..., v. 3B, pp. 133-135, 1936. This is a long footnote about 
the date of DiopHantus. See also Heath [22], History, v. 2, pp. 306; dedication to Dionysius. 

101. The history of the development of this subject is most elaborately set forth in L. E. 
Dickson, History of the Theory of Numbers, v. 2, Diophantine Analysis. Washington, D. C., 1920, 
xxxv, 803 pp. OrE [7b], “Diophantine problems,” pp. 165-208. 

102. HEATH [22], History, v.2, pp. 260-273; Manual, pp. 399-402. The question as to whether 
MENELAUS prepared a Catalogue of fixed stars is discussed by A. A. By6rnBo, Bibl. Math., v. 2, 
1901, p. 196-212. See also DREYER [106], 1917, pp. 533-535. 

103. A Latin edition of the Sphaerica based on Hebrew and Arabic mss. was prepared by 
EpMonp HALLeEy and published posthumously in 1758; note HALLEy’s earlier Greek work in 
[86]. There are also the following two German translations based on a considerable body of 
Arabic material: (1) A. A. Studien Menelaos’ Sphiarik, Beitrige zur Geschichte der 
Spharik und Trigonometrie der Griechen. (Abh. 2. Gesch.d. Math. Wissen., v. 14). Leipzig, 1902, viii, 
154 pp. (2) M. Krause, Die Sphdrik von Menelaus aus Alexandria. ... (Gesell. d. Wissen. z. 
Gittingen, Abh., phil.-hist. Kl., s. 3, no. 17). Berlin, 1936, viii, 254, 112 pp.+7 plates. This latter 
edition is by far the best. 

104. E. H. Bunsury & C. R. BevAN, Encycl. Britannica, eleventh ed., v. 22, 1911, pp. 618- 
626; HEATH [22], History, v. 2, pp. 273-297; Manual, pp. 402-414. 

105. A. G. BurcEss, “Ptolemy’s theorem and certain trigonometrical formulae,” Edinburgh 
Math. So., Math. Notes, no. 4, 1910, pp. 42-43; School Science and Math., v. 17, 1917, pp. 784-786; 
R. C. ARCHIBALD, “Ptolemy’s theorem and formulae of trigonometry,’’ Amer. Math. Monthly, 
v. 25, 1918, pp. 94-95. That ProLemy had given a solution of the so-called SNELL-POTHENOT Prob- 
lem in connection with astronomy rather than geodesy, navigation, or elementary geometry, was 
recorded in J. A. C. OupEMANS, (a) “Lésung des sog. Pothenot’schen, besser Snellius’schen Pro- 
blems von Ptolemaeus,” Astron. Gesell., Vierteljahrschrifi, v. 22, 1887, pp. 345-349; (b) “Het pro- 
blema van Snellius obgelost door Ptolemaeus,” Akad. v. Wetens., Verslagen, afd. Natuur., s. 2, 
v. 19, 1884, pp. 436-441. This problem has a very extended literature including discussions by C. 
F. Gauss (1816-1852). The solution of WILLEBRORD SNELL (1580 or 1581-1626) was given in his 
Eratosthenes Batavus de terrae ambitus vera quantitate. Leyden, 1717, pp. 199-200. To him is also due 
(1624) the name “loxodrome” for the rhumb line in navigation, a rediscovery of the Hindu formula 
for the area of a circumscribed quadrilateral in terms of its sides, and the law of refraction of 
light (see J. A. VottGrarFr, “Snellius’ notes on the reflection and refraction of rays,” Osiris, v. 1, 
1936, pp. 718-725.) 

106. The best edition of this Catalogue is’ Ptolemy's Catalogue of Stars, a Revision of the 
Almagest, by C. H. F. PETERS and E. B. Knoset. Carnegie Institute of Washington, 1915, iv, 
207 pp.+portrait. On account of various misleading statements made in histories, the following 
papers are of importance: J. L. E. DrEvErR, “On the origin of Ptolemy's catalogue of the stars,” 
R. A. S., Mo. Not., v. 77, 1917, pp. 528-539; v. 78, 1918, pp. 343-349. See also [92]. 

106a. Pages 1-34 of the following scholarly work is mainly devoted to discussion of PTOLEMY’s 
Geography: A. E. NORDENSKIOLD, Facsimile—Atlas to the Early History of Cartography with Re- 
productions of the Most Important Maps Printed in the X V and X VI Centuries. Translated from the 
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Swedish Original by J. A. ExeLér and C. R. Markuam. Stockholm, 1889, viii, 141 pp., 51 double 
map-plates. The first English translation of the Geography was published by the New York Public 
Library in 1932, in an edition of 250 copies and sold at $1000 each. See Jsis, v. 20, 1933, pp. 270- 
274. On account of the text chosen for translation this edition was a most unfortunate one and 
highly unsatisfactory as a work of scholarly achievement. 

106b. See ALBERT LEJEUNE, (a) “Les tables de réfraction de Ptolémée,” Soc. Sci. de Bruxelles, 
Annales, s. 1, v. 60, 1946, pp. 93-101; (b) “Les lois de la réflexion dans l’optique de Ptolémée,” 
L’Antiquité Classique, v. 15, 1947, pp. 241-256. 

106c. A somewhat defective text of this work, together with a Latin translation by JoHN 
WALLIs was published at Oxford in 1680, and reprinted in his Collected Works, 1699. Compare F. 
J. Fétis, Biographie Universelle des Musiciens ..., Paris, v. 7, 1870; also The Oxford History of 
Music, v.1, by H.E. WootpripGe, Oxford, 1901, pp. 15-22; H.WyLpE, The Evolution of the Beauti- 
ful in Sound, Manchester and London, 1888, chap. XI, efc.; and D. B. Munro, The Modes of 
Ancient Greek Music, Oxford, 1894, pp. 108-112. Such works may also be consulted with regard to the 
musical work of EucLip and PYTHAGORAS. 

107. HEATH [22, 28], History, v. 2, pp. 355-459; Manual, pp. 434-465. Reference may also be 
given to J. H. WEAVER (a) “Pappus, Introductory Paper,” Amer. Math. Soc., Bull., v. 23, pp. 127- 
135, 1916; (b) “On foci of conics,” idem, pp. 357-365, 1917; (c) “Some extensions of the work of 
Pappus and STEINER on tangent circles,” Amer. Math. Monthly, v. 27, 1920, doctoral dissertation, 
Univ. of Pennsylvania, with “Life,” 10 pp. This last deals with properties of the figure called 
“Shoemaker’s Knife” studied by ARCHIMEDES and discussed by Pappus from whom we also learn 
of the interest of Archimedes in semi-regular polyhedra (see {83]). Pappus was also the author 
of a notable work: The Commentary on Book X of Euclid’s Elements. Arabic Text and Translation by 
William Thomson, with Introductory Remarks, Notes, and a Glossary of Technical Terms by Gustav 
JuNGE & WILLIAM THomson. Cambridge, Harvard Univ. Press, 1930, 294 pp. 

108. Of this work, originally in 8 books, Book 1 and the first 13 of 26 propositions in Book 2 
are missing. There is a French translation of the Collection by Paut VER EEcKE. Paris and 
Bruges, 1933, cxxviii, 885 pp. There arealso translations of two portions: (1) the latter part of Book 
3, by J. S. Mackay, “Pappus on the progressions,” Edinb. Math. Soc., Proc., v. 6, 1888, pp. 48-58; 
(2) a German translation of books 7-8 by C. I. GeRHARDT, Halle, 1871, ii, 381 pp. 

109. For example P. VER EEckE, “Le theoréme dit de Guldin considéré au point de vue his- 
torique,” Mathesis, v. 46, 1932, pp. 395-397. In Scripta Mathematica, v. 1, 1933, p. 268, it is shown 
that there is no foundation in fact for the argument of VER EECKE that GULDIN was an independent 
discoverer; rather does it confirm the belief that GuLpIN had taken his result from the work of 
Pappus. 

110. HEATH [22], History, v. 2, pp. 389-390, gives a translation of Pappus’ “Preface on the 
sagacity of bees.” See also the valuable survey, with references to literature, in D. W. THompPson, 
On Growth and Form, new edition. Cambridge, 1942, pp. 526-539. Also THomas [46a], v. 2, pp. 589- 
593. 

111. We have been making numerous references to astronomy since it involved mathematics 
and, until long after the period we are considering, it was regarded as a part of mathematics, An 
old work of importance, almost wholly devoted to Greek astronomy, is J. B. J. DELAMBRE, Histoire 
de l’Astronomie Ancienne, Paris, 1817, v. 1, Ixxii, 556 pp., 1 plate; v. 2, vii, 640 pp., 16 plates. The 
amount of presented detail, elaborated from source material, is especially valuable. 

1lla. THEON OF ALEXANDRIA, fourth century mathematician and astronomer, prepared edi- 
tions of Euciip's Elements and Optics [76], and with his daughter Hypatia, mathematician and 
philosopher, prepared an elaborate commentary on PToLEMy’s Almagest. There is a biography of 
Hypatia in Encycl. Britannica, eleventh ed., v. 14, 1910. The story of her life was the basis of 
CHARLES KINGSLEY’s romance Hypatia (1853). Scholarly biographies of both Hypatia and her 
father are in PauLy-Wissowa, Real-Encyclopidie, Hypatia by K. PRAECHTER, v. 9, 1914, cols. 
242-249; THEON by K. ZIEGLER, s. 2, v. 10, 1934, cols. 2075-2080. The following is the best text of 
Commentaires de Pappus et de Théon d’Alexandrie sur I’ Almageste. Text établi et annoté par A. ROME. 
Tome 1: Pappus d’Alexandrie Commentaire sur les livres 5 et 6 de I’ Almageste. Tome II-III: Théon 
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d’Alexandrie, Commentaire sur les livres 1 et 2 et 3 et 4 de l’'Almageste. 3 v. Studie e Testi 54, 72, 
106. Rome, Vatican, 1931, 1936, 1943, paged continuously cxl, 1085 pp. See also [172]. 

111b. The Astrolabe is an instrument used not only for stellar but also for solar and lunar 
altitude observation. Its earliest forms may go back to the time of H1ppARCHUS; many varieties 
were developed by the Arabs and others up to the nineteenth century. The first Greek treatise on 
the astrolabe, which has been preserved, was by JoHN PuiLoponus of Alexandria (c. 525). There 
is a French translation by P. TANNERY, “Jean le grammairien d’Alexandrie (Philopon), sur l’usage 
de I’astrolabe et sur les tracés qu’il présente,” in his Mémoires Scientifiques, Toulouse and Paris, 
v. 9, 1929, pp. 341-367. A rather worthless English translation, by H. W. GREENE who evidently 
knew nothing of Greek scientific terminology, appears in v.1, pp. 61-81 of R. T. GUNTHER, The 
Astrolabes of the World, 2 v., Oxford, 1932; this is a sumptuous and interesting work illustrated 
with over 150 plates. A recent excellent work discussing the history, theory and use of such instru- 
ments is HENRI MICHEL, Traité de l’Astrolabe, Paris, 1947, viii, 202 pp., with 24 plate reproductions. 
On pp. 164-165 are paragraphs about Birai as a notable instrument maker. There are also refer- 
ences to the use of the linear astrolabe of Nastr ED-ptN AL-Tost (pp. 21, 115-122) and to the astro- 
labe and “Horizontall Dyall” of OUGHTRED (pp. 24, 129-130). The astrolabe was superseded by 
Joun HADLEy’s much more accurate reflecting quadrant of 1731-34. 

Of an earlier Greek work on the astrolabe instrument, by THEON of Alexandria, only the con- 
tents, in Syriac, have been preserved, but these are sufficient to indicate that the original was a main 
source for later writing. From PToLeMy’s Planesphaerium (German translation by J. DRECKER in 
Isis, v. 9, 1927, pp. 255~278) it is suggested that H1PPARCHUs was familiar with stereographic pro- 
jection, and it is clear that ProLemy knew of the construction and use of the plane astrolabe or 
Theon’s “Little astrolabe.” The use of the term astrolabe by PToLemy in the Almagest does not 
apply to this, but, as in the case of the Hypotyposis of PRoc.us, to the “armillary sphere.” 

The great fourteenth century poet GEOFFREY CHAUCER wrote in 1391 for his son, “Little 
Lowrys,” a famous “Treatise on the Astrolabe. Bread and Milk for Children,”” of which an edition 
was published in R. T. GuNTHER, Early Science in Oxford, v. 5, Oxford, 1929. A better edition, 
perhaps, is that of W. W. Sxeat, London, 1872. 

For many of the facts in this note I am indebted to Professor NEUGEBAUER, who has set forth 
the early history of the astrolabe in a memoir to be published in Jsis in the near future. A reference 
may be given to Marcia L. LatuaM, “The Astrolabe,” A mer. Math. Monthly, v.24, 1917, pp. 162-168, 
even though the distinction between astrolabe and “armillary sphere” has not been recognized. 

112. P. K. Hitt, History of the Arabs, London, 1937, p. 166, gives information concerning 
Alexandrian libraries. “The great Ptolemaic Library was burnt as early as 48 B.C. by JuLtus 
Caesar. A later one, referred to as the daughter Library, was destroyed about A.D. 389 at the 
command of Roman Emperor TuEopostus. At the time of the Arab conquest, therefore, no library 
of importance existed in Alexandria.” A whole chapter is devoted to “The Library of Alexandria” in 
A. J. Butter, The Arab Conquest of Egypt and the last Thirty Years of the Roman Dominion, Oxford, 
1902. 

113. References may be given to the following recent publications dealing with Hindu 
mathematics before 600 A.D.: 

B. Datta, The Science of the Sulba. A Study in Early Hindu Geomeiry, Calcutta, 1932, xvi, 
240 pp. The “Sulbas” or “Sulba-sitras” are manuals for the construction of altars necessary in con- 
nection with sacrifices of vedic Hindus. While seven of these manuscripts, now available, are com- 
paratively modern there is a wide range to the claims for antiquity of the originals—one authority 
placing 200 A.D. as an upper limit, another 500 B.C. The Sulbas contain considerable discussion 
of mathematical interest, including a rule for squaring the circle. This rule, involving a segment of 
a circle and its apothem, suggests a possible connection with the problems showing that the Baby- 
lonians were familiar with the Pythagorean theorem about 2000 B.C. See also C. MULLER, “Die 
Mathematik der Sulvasitra, eine Studie zur Geschichte indischer Mathematik,” Hamburg Univ., 
Math. Sem., Abhandlungen, v. 7, 1929, pp. 173-204. 

Aryasnata (c. 476-c. 550) the elder wasa noted Hindu astronomer whose celebrity rests on a 
work entitled Aryabhafiya, of which the second section, Ganita (66 lines) is devoted to mathematics 
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and is simply a set of rules which for the volume of a sphere is very inaccurate. It has been surmised 
that he attempted the general solution of a linear indeterminate equation. The following are refer- 
ences to literature: P. C. Sengupta, (a) “Aryabhata, the father of Indian epicyclic astronomy,” 
Univ. of Calcutta, Jn. Dept. Letters, v. 18, no. 3, 1929, 56 pp. (b) “The Aryabhatiyam, Translation,” 
idem, v. 16, no. 6, 1927, 56 pp.; the Ganita with commentary occupies pp. 13-30. The Aryabhatya of 
Aryabhata. An Ancient Indian Work on Mathematics and Astronomy. Translated with notes (and 
the use of SENGupta’s works), by W. E. CLarkK, Chicago, 1930, xxx, 90 pp. C. MULLER, “Volumen 
und Oberflache der Kugel bei Aryabhata I," Deutsche Mathematik, v. 5, 1940, pp. 244-255. S. 
GANGULI, “India’s contribution to the theory of indeterminate equations of the first degree,” 
Indian Math Soc., Jn., v. 19, 1931, pp. 110-120, 129-142, 153-168; the first two parts deal with 
work of AryABHATA the elder and the younger. Other references may be found in [114-115]. 
Had it not been for the lengthy review in Math. Reviews, v. 9, Feb. 1948, of the following miserable 
book, no reference to it would have been made here: L. V. Gurjar, Ancient Indian Mathematics 
and Vedha. Poona, 1947, vi, 202 pp. Another phase of its worthlessness is brought out in Nature, v. 
161, Apr. 17, 1948, p. 580. 

114. More general treatments of Hindu mathematics are to be found in the following: D. M. 
Menta, Theory of Simple Continued Fractions (with special Reference to the History of Indian Mathe- 
matics). Diss. Heidelberg, Bhavnagar, India, 1931, iv, 164, 4 pp. G. CHAKRAVARTI, (a) “Growth and 
development of progressive series in India,” (b) “The Hindu term for area,” (c) “Surd in Hindu 
mathematics,” (d) “On Hindu treatment of fractions,” Univ. of Calcutta, Jn. Dept. Letters, v. 24, 
nos. 6-9, 76 pp. A. N. Sinau, “Use of series in Hindu mathematics,” Osiris, v. 1, 1936, pp. 606-628. 

115. Other general works of value are: G. R. KAYE, (a) Indian Mathematics. Calcutta and 
Simla, 1915, iv, 74 pp., 2 plates. (b) “Indian Mathematics,” Jsis, v. 2, 1919, pp. 326-356. B. Datta & 
A. N. Sincu, History of Hindu Mathematics. A Source Book. Part 1, Numerical Notation and Arith- 
metic. 1935, xx, 261 pp. Part2, Algebra. 1938, xvi, 314 pp. Lahore. Unreliable features of the first part 
are set forth in NEUGEBAUER’S review in Quellen u. Studien ...,v. 3B, pp. 263-271. See also 
DELAMBRE [111], v. 1, pp. 400-556. 

116. H. G. ZEUTHEN, “Sur I’arithmétique géométrique des Grecs et des Indiens,” Bibl. Mathe- 
matica, s. 3, v. 5, 1904, pp. 97-112. 

117. Cajori [2], pp. 99-112; Smith [4] 1, pp. 164-177. 

118. The great reference work for Arabian mathematicians, more than 500 of whom are listed, 
is H. SuTER, Die Mathematiker und Astronomen der Araber und ihre Werke (Abhand. z. Gesch. d. 
mathem. Wissen. Heft 10), Leipzig, 1900, x, 278 pp. (Also as Supplement to Z. f. Math. u. Physik, 
v. 45); “Nachtrage und Berichtigungen,” Heft 14, 1902, pp. 155-185. See also H. P. J. RENaup, 
“Additions et corrections 4 Suter, ‘Die Mathematiker...,’” Isis, v. 18, pp. 166-183, 1932. 
Another Arabic work of first importance is H. Suter, Das Mathematiker-Verzeichnis in Firhrist 
des Ibn abt Ja‘kab an-Nadtm, zum erstenmal vollstindig ins deutsche ubersetzt und mit Anmerkungen 
versehen. (Abhand. 2. Gesch. d. Mathem. Wissen., Heft 6), 1892, 87 pp. Also as Suppl. to Z. f. Math. 
u. Physik, v. 37. Ibn Ja‘kdb an-Nadim =Abu'l FaragMah.b: Ish4q. 

119. We have already listed five works of this kind, [72, 81, 86, 103]. Among others were 
Arabic translations of works of APOLLONIUS, ARCHIMEDES, DIOPHANTUS, EucLID, HERON, MENE- 
LAUS, PTOLEMY. 

120. One of the main sources in English for the text of the chief mathematical work of BRAHMA- 
Gupta is Algebra, with Arithmetic and Mensuration from the Sanscrit of Brahmegupta and Bhéscara, 
translated by H. T. COLEBROOKE. London, 1817, Ixxxiv, 378 pp. In the long introduction, pp. xxv- 
xxxvii deal mainly with BRAHMAGUPTA’S astronomical work; pp. Ixxx-lxxxiv contain a note on 
“communications of the Hindus with western nations on astrology and astronomy.” BHASKARA’S 
work on Arithmetic (Lilévatf) and Algebra (Vija-ganfta) fills pp. 1-276. BRanMaGupta’s Arith- 
metic (Ganfta) and Algebra (Pulverizer) occupies pp. 277-378. 

121. In Datta & S1nGu [115], v. 2, pp. 204-245, are sections on rational triangles and rational 
quadrilaterals. See also Dickson [101], pp. 191, 216; and L. E. Dickson, “Rational triangles and 
quadrilaterals,” Amer. Math. Monthly, v. 28, 1921, pp. 244-245. 

122. It is said that Lilavati was the name of BHAsKaARA’s daughter and that the book of that 
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name was written in her honor. The first English translation was Bija Ganita: or the Algebra of the 
Hindus. By E. Stracuey, London, 1813, viii, 119 pp. There are also two revised editions of 
Colebrooke’s Translation of the Lilévati with Notes. By H. C. BANERJt, Calcutta, (a) 1893, viii, 174, 
120 (Sanskrit text appendix) pp.; second ed., 1927, x, 202, 114 pp. 

123. BHAsKARA’s methods lead to x=226153980, y=1766319049 as the solution for the 
equation when A =61. Finding this result was proposed as a problem by FERMAT to FRENICLE DE 
Bessy in a letter of February 1647. EuLEr solved it in 1732. See Datta and Sr1nou [115], v. 20, 
pp. 166-170. The cattle problem of ARCHIMEDES called for the solution of an equation of this type, 
with A =4729494; compare ARCHIBALD [80], or HEATH [22], History, v. 2, pp. 97-98. For details 
regarding tables of solutions of the equation x?—Ay*?=1, A $2000 by DeGEN, CayLEy, WHITFORD, 
D. H. LeHMER, see D. H. LEHMER, Guide to Tables in the Theory of Numbers, Washington, 1941. 

124. D. E. Smita & L. C. Karpinski, The Hindu-Arabic Numerals. Boston, 1911, vi, 160 pp. 

125. F. Cayori, “The controversy on the origin of our numerals,” Scientific Mo., v. 9, 1919, 
pp. 458-464. 

126. For many years the chief information in English regarding the first Arabic arithmetic, 
geometry, and algebra, was The Algebra of Mohammed ben Musa edited and translated by F. Rosen. 
London, 1831, xvi, 208, 127 (Arabic text) pp. See S. Ganpz, “The sources of al-Khow4rizmi’s alge- 
bra,” Osiris, v. 1, 1936, pp. 263-277. Dissatisfied with the ROSEN edition of the geometry section 
of his algebra, GANDz brought out a new English edition, and showed that its rather trivial contents 
are mainly a reproduction of a Hebrew geometry of 150 A.D., displaying no evidence of Greek in- 
fluence: The Mishnat ha Middot the first Hebrew Geometry of about 150 C.E. and The Geometry of 
Muhammad ibn Musa al-Khowarizmi the first Arabic geometry (c. 820), representing the Arabic 
version of the Mishnat ha Middot. A new edition of the Hebrew and Arabic Texts with Introduction, 
Translation and Notes, Quellen u. Studien ...,v. 2A, 1932, pp. 61-85+certain parts of pages 
86-96 (Literature and Index, etc.). The v. consists of 96 pp.+-4 plates. GANDz has also made elabo- 
rate correction of the “book on the legacies” in another section of RosEN’s edition of al-Khowéariz- 
mi’s Algebra, in “The algebra of inheritance, a rehabilitation of al-Khowarizmi,” Osiris, v. 5, 
1938, pp. 319-391. See also L. C. KarpPInsKI, (a) “Robert of Chester’s translation of the algebra 
of al-Khowarizmi,” Bibl. Math., s. 3, v. 11, pp. 125-131, 1911; (b) Robert of Chester’s Latin Transla- 
tion of the Algebra of Al-Khowarizmi, with an Introduction, Critical Notes and English Version by 
L. C. Karpinski. (Univ. of Michigan Studies, Humanistic Series, v. 11). New York, 1915, viii, 164 
pp.+4 plates. The Introduction occupies pp. 1-63. See also SARTON [8], v. 1, pp. 563-564; and a 
popular article, Dumont, “Un professeur de mathématiques au IX® siécle: M-hammed ibn 
Mousa Al-Khowarizmi,” Rev. gén. d. Sci. Pures et Appl., v. 54, no. 2, 1947, pp. 7-13. 

127. SmitH & KARPINSKI [124], p. 52. See also B. Datta, “Early literary evidence of the use 
of zero in India,” Amer. Math. Monthly, v. 33, 1926, pp. 449-454. 

128. F. Cayori, “The zero and principle of local value used by the Maya of Central America,” 
Science, n.s. v. 44, 1916, pp. 714-717. 

129. Ganvz [21], pp. 509-541, has the following subsections: 11. “AL-KHowARizMt’s algebra. 
Its character and its.contributions”; 12. “The algebraic analysis of the Arabic types”; 13. “The 
geometric demonstrations, Al-K. and Euctip”; 14. “The Babylonian problems in Al-K. algebra”; 
15. “The analysis of type A II in Al-K. algebra”; 16. “Al-K. and DiopHantus”; 17. “Al-K. and 
Hero.” See also TROPFKE [98], pp. 95-99. 

THUREAU-DANGIN, in “Un probléme algébrique babylonien,” Halil Edhem Hatira Kitabi 
(< cncil offert dla Mémoire de Halil Edhem), Ankara, Tork Tarih Kurumu Basimeri, 1947, pp. 44- 
47, presents a Babylonian text dated about 1700 B.C. to show that of the three types of trinomial 
equations of the second degree distinguished by AL-KHowArizmt (1) x*+-ax=), (2) x?+b=ax, 
(3) ax-+-b=<x?, type 2 is also found in Babylonian mathematics. Al-K. employed no symbols but 
an algebraic geometry discussion. The Babylonians like Diophantus had numerical algebra. 
Types (1) and (3) were found there earlier (GANDz [21], p. 142, and Thureau-Danain [15], pp. 
xxi-xxiv, 1-10). See also especially THUREAU-DANGIN [34]. 

130. H. SuTErR, Die astronomischen Tafein des Muhammed ibn Masé al-Khowérizmt in der 
Bearbeitung des Maslama ibn Ahmed al-Madjrifi unter der Latein. Uchersetzung des Athelhard von 
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Bath auf Grund der Vorarbeitung von A. BJ@RNBO und R. BESTHORN herausgegeben und commentiert. 
Copenhagen, 1914 (Danske Vidensk, Selsk., Skrifter, s. 7, Hist. of Filos., v. 3, no. 1), Tables 58, 
58a, 60. See also A. A. ByérnBo, “Al-Chwarizmt’s trigonometriske Tavler,” pp. 1-17. of Festskrift 
til H. G. ZEUTHEN, Copenhagen, 1909. 

131. SenGupta [113] (b) Aryabhatiyam, p. 11, a table of the values of 3438 sin A, with first 
differences for 24 angles A =3°45’(225’)90°. The values vary from 225 to 3438. See also A. von 
BRAUNMUHL, Vorlesungen u. Gesch. d. Trigon., 2 v. Leipzig, 1900, 1903; v. 1, p. 34. 

132. H. Suter, Encyclopaedia of Islam, v. 1, Leyden and London, 1908, pp. 112-113. Sarton 
{8], v. 1, pp. 666-667. J. B. J. DELAMBRE, Histoire de l'Astronomie au Moyen Age, 1819, pp. 156-170. 

* 133. There are French and German translations of his geometry based on different manu- 
scripts, as follows: F. WoEpPckE, “Analyse et extraits d’un receuil de constructions gé>métriques 
par Aboal Wef4,” Journal Asiatique, s. 5, v. 5, 1855, pp. 218-256, 309-359, also as a reprint 89 pp. 
H. Suter, “Das Buch der geometrischen Konstruktionen des Abu’l Wefa” (Abh. 2. Gesch. d. 
Naturwiss. u. d. Medizin, Heft 4). Erlangen, 1922, pp. 94-109. The history of various attempts at 
geometrical constructions with compasses with a single opening is given in W. M. Kutta, “Zur 
Geschichte der Geometrie mit constanter Zirkeléffnung,” K. Leop.-Carol. deutsch. Akad. Naturf., 
Nova Acta, v. 81, 1897, pp. 71-101+3 plates. See also L. Ropet, Bull. d. Bibl. d. Storia d. Sci. 
Matem. e Fis., v. 16, 1883, pp. 534-542. 

134. Sin 30’ = .0087265373, which should have been 
54'¥0v17¥i = 0087265355. BRAUNMUHL [131], v. 1, p. 57, in this connection is decidedly erroneous. 
The value of sin 30’ was first given by RoDET, in Journal A siatique, s. 5, v. 15, 1860, p. 303. 

135. W. E. Story, Omar Khayyam as a Mathematician, read at a meeting of Omar Khayyém 
Club of America, 6 April 1918. Privately printed, Needham, Mass., Rosemary Press, 1919, 13 leaves 
+plates; also in Twenty Years of the Omar Khayydm Club of America, 1921. Needham, Mass., 
leaves 70-72, 74, 75, 77, 78, 80, 81. G. Sarton, “The tomb of Omar Khayy4m,” Jsis, v. 29, 1938, 
pp. 15-19 with plate illustration of the magnificent tomb now at Nishapar; also J. FLEmMiInG, “A 
pilgrim to Omar's forgotten tomb,” Travel, v. 58, 1932, pp. 9-14. Among several imaginary sketches 
of the life of Omar the following two may be mentioned: the attractively written H. MACFALL, 
The Three Students, London, 1926, viii, 351 pp.; and H. Lams, Omar Khayyam, a Life. Garden City, 
N.Y., 1934, viii, 316 pp. The chief general English articles for scholars are in Encyclopaedia of Islam, 
v. 3, 1936, p. 985-989 by V. Minorsky, and v. 1, 1912, p. 1006, art. “Djalali,” by H. Suter; and 
in SARTON [8], v. 1, pp. 759-761. 

136. The famous English translation of this by EDWARD FITZGERALD first appeared in 1859 
and was successively revised in 1868, 1872, 1879. A beautifully illustrated edition, “set forth in 
meter” by D. E. Situ, and said to be more complete and more literal than FITZGERALD'S, was 
published at New York in 1933. 

137. L'Algébre d’Omar Alkhayyémt, publiée traduite et accompagnée d’extraits de manuscrits 
inédits by F. WorpckeE. Paris, 1851, xx, 128, 56 (Arabic text) pp.+5 folding plates. The following 
English translation by D. S. Kastr, professes to be a translation of an Arabic ms. in the D. E. 
SmitH Library of Columbia University: The Algebra of Omar Khayyam. Doctoral diss., Teachers’ 
College, Columbia Univ., New York, 1931, vi, 126 pp. Kasir states that the Arabic ms. he used is 
practically identical with the one basic in WoEPCKE’s work. See also TROPFKE [98], pp. 105-106. 
Special attention should be directed to a recent extensive paper concerning the binomial theorem 
and the extraction of cube and higher roots in Islamic mathematics: P. Luckey, “Die Ausziehung 
der n-ten Wurzel und der binomische Lehrsatz in der islamischen Mathematik,” Mathem. Annalen, 
v. 120, 1948, pp. 217-274. The names of OMaR KuayyAmM and aL-BérOnt, among many others, 
arise in the discussion. 

138. SaRTON [8], v. 2, pp. 1001-1013. R. SrrorHMANN & T. Ruska, Encyclopaedia of Islam, 
v. 4, 1934, pp. 980-982. SuTER [118], pp. 146-153. 

139. Traité du Quadrilatére attribué @ Nassiruddin-el-Toussy ...traduit par A. CARATHEO- 
pory. Constantinople, 1891, ii, 214, 157 (Arabic text) pp. Review by (a) H. Suter, Bibl. Math., s. 2, 
v. 7, pp. 1-8, the best; (b) P. TANNERY, Bull. Sct. Math., s. 2, v. 16, 1892, pp. 147-152; (c) CARRA DE 
Vaux, Jn. Asiatique, s. 8, v. 20, 1892, pp. 176-181. See also Sister Mary CLAupDIA ZELLER, The 
Development of Trigonometry from Regiomontanus to Pitiscus, Diss. Univ. Mich., 1946, pp. 9-13. 
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A. von BRAUNMURL, “Nasstr Eddin Tasi und Regiomontan,” K. Leopold-Carol. deutsch. Akad. 
d. Naturf., Nova Acta, v. 81, 1897, pp. 39-68+-2 plates. In his discussion of celestial spheres NAstR 
ED-DfN notes incidentally that the locus of a point on the circumference of a circle C, rolling inside 
the circumference C,, whose radius is twice that of C, is a diameter of C,; see P. TANNERY, Re- 
cherches sur I’ Histoire de l' Astronomie Ancienne. Paris, 1893, viii, 370 pp. p. 348. 

140. D. E. Smitu, “Euclid, Omar Khayy4m, and Saccheri,” Scripta Mathematica, v. 3, 1935, 
pp. 5-10. In order to have here a true picture of what is known, the following facts should also be 
borne in mind. At least three editions of NAstR ED-ptn’s Euclidis elementorum libri XII studii 
Nassiredini, an Arabic work with Latin title, were published (1594, 1657, 1801). The part of it 
dealing with Euctip’s fifth postulate was translated into Latin, in JoHN WaALLIs, Opera, v. 2, 
1693, pp. 669-673. See HEATH [73], v. 1, pp. 208-210; but especially Bonova [78], where it is made 
clear that SACCHERI’s work on noneuclidean geometry was started by his knowledge of Nastr 
ED-pDtNn’s writings. If scholars later agree that in this discussion NAstr ED-DtN is reporting on a 
work of OMaR KHAYYAM, it would certainly be a matter of exceptional interest. 

141. L. Bouvat, Encycl. of Islam, v. 4, 1934, pp. 994-996; DELAMBRE [132], pp. 204-211. 
Ulugh Beg’s Catalogue of Stars revised from all Persian Manuscripts existing in Great Britain ... by 
E. B. KNOBEL, as published by the Carnegie Institution of Washington in 1917, 109 pp., is the best. 
There is information about ULuGH Bsc in this introduction. This Catalogue was made mainly 
from original observations. See also DELAMBRE [132], pp. 204-211. 

142. aL-BirOnt-ScHoy [81], pp. 92-108. Tables of sin A, A =0(1’)44°59’, and of tan A, 
A=0(1’)45° are given here; the latter table was continued at 5’ interval to 90°, and of sin A, at 
interval 1’. See also C. Scnoy, “Beitrige zur arabischen Trigonometrie,” Jsis, v. 4, 1923, pp. 398- 
399, where 7 values of sin A, from A =57°4’ to A =89°59’ are given. This article of Scnoy is other- 
wise of great interest and value. 

143. See BRAUNMUHL [131], v. 1, pp. 72-75. If the radius=60° the cubic equation is 2700°x 
=23+900? sin 3°, whence x=sin 1°=1°2'49’’43’''11!V is found. The more accurate value is 
sin 1° = 1°2’49’’43’/11!V14V44VI =0,017 452 406 437. It seems probable that the Arabs, long before 
the time of ULuGH BEG, knew how to find sin 1°. See WoEPcKE, “Discussion de deux méthodes 
Arabes pour déterminer une valeur approchée de sin 1°,” Jn. d. Math. Pures et Appl., v. 19, 1854, 
pp. 153-176; and also WoEPCKE [137], p. 125. If in Ulugh Beg’s cubic we set r=1, we get the 
well-known relation sin 3°=3 sin 1°—4 sin’ 1°. 

144. CANTOR [12], v. 2, pp. 1-53; SarToN [8], v. 2, pp. 611-613; ARCHIBALD [72]; TROPFKE 
[98]; Gli Scienziati Italiani, v. 1, part 1, Rome, 1921, “Leonardo Fibonacci,” by G. Loria, pp. 4-12, 
excellent sketch of life and works, with bibliography. Most of LEoNARDO’s writings have been 
brought together in two very large volumes, edited by Prince BALDASSARE BONCOMPAGNI: Scritti di 
Leonardo Pisano, Rome; v. 1, 1857, 459 pp., contains the Liber Abaci; v. 2, 1862, with Practica 
Geometriae, pp. 1-224; Flos, pp. 227-247; Liber Quadratorum, pp. 253-283. 

145. See [144] and Canror [12], v. 2, pp. 5-35; K. VoGeL, “Zur Geschichte der linearen 
Gleichungen mit mehreren Unbekannten,” Deutsche Mathematik, v. 5, 1940, pp. 217-240. This 
paper deals with 29 problems on pp. 228-258 of section 12 (extending from pp. 166 to 318) in the 
15 sections of Liber Abaci. The contents of the other sections are suggested by the following head- 
ings: 1. Reading and writing of numbers in the Hindu-Arabic system; 2. Multiplication of integers; 
3. Addition of integers; 4. Subtraction of integers; 5. Division of integers; 6. Multiplication of 
integers by fractions; 7. Further work with fractions; 8. Prices of goods; 9. Barter; 10. Partnership; 
11. Alligation; 13. Rule of false position; 14. Square and cube roots; 15. Geometry and algebra, 
the former devoted to mensuration. 

146. D. E. Smitu, “On the origin of certain typical problems,” Amer. Math. Monthly, v. 24, 
1917, pp. 64-71. 

147. If u, denotes the mth term of this series, DANIEL BERNOULLI in 1724, and EuLer in 


1726, found that i 


The literature connected with this series is very extended, and in different directions, such as 
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golden section, decomposition of large numbers, mathematical puzzles, and older discussions of leaf 
arrangement or phyllotaxis. Some suggestions in this connection may be found in R. C. ARCHIBALD, 
(a) “Golden section” and “Fibonacci series,” Amer. Math. Monthly, v. 25, 1918, pp. 232-238; 
(b) “Notes on the logarithmic spiral, golden section and the Fibonacci series,” pp. 146-157 of J. 
HAMBIDGE, Dynamic Symmetry, New Haven, 1920. See also D. W. THompson, On Growth and Form, 
second ed., Cambridge, 1942, pp. 912-933; L. E. Dickson, History of the Theory of Numbers, Wash- 
ington, D.C., v. 1, 1919, pp. 393-411; and D. Yarpen, “A bibliography of the Fibonacci sequence,” 
Riveon Lematematika, v. 2, Jan. 1948, pp. 36-45, covering the period 1202-1947. 

148. R. B. McCuenon, “Leonardo of Pisa and his Liber Quadratorum,” Amer. Math. Monthly, 
v. 26, 1919, pp. 1-8. 

149. Flos, Scritti, p. 234 [144]; = 1.36880 81078 532 instead of 
1.36880 81078 213. But more remarkable than the approximation of this root is LEONARDO’s dis- 
cussion of the equation in attempting to prove that a geometrical construction of a root with ruler 
and compasses was impossible. As BELL [5] remarks, there was nothing in algebra like the inspira- 
tion for this attempted proof until the nineteenth century. See J. P. Gram, “Essai sur la restitution 
du calcul de Leonard de Pise sur |’équation x*-+2x?+10x=20,” Danske Vidensk. Selskabs, Med- 
delelser, no. 1, 1893, pp. 18-28; F. WoepcKE, “Sur un essai de déterminer la nature de la racine 
d’une équation du troisiéme degré... ,” Jn. d. Math. Pures et Appl., v. 19, 1854, pp. 401-406; A. 
Genoccut, Annali di Scienze Matem., Fisichz, v. 6, 1855, pp. 161-168; Q. VeTTER, (a) “Nota alla 
risoluzione dell’ equazione cubica di Leonardo Pisano,” R. Accad. d. Sci. d. Torino, Aiti, C?. d. 
Sci. Fis., Matem. e Nat., v. 63, 1928, pp. 296-299; (b) also in Czechish, Casopis pro péstovént Matem. 
a Fysiky, v. 58, 1928, pp. 149-151. A solution is obtained by the method of false position. To illus- 
trate Arabic solutions of cubics, similar to Leonardo's, but two centuries earlier, see AL-BERONT- 
Scnoy [81], pp. 19, 21, where for the equation x*=1+3x the root is given as 1°52’45/’47'//131V 
=1.879 385 246 8 whereas the more accurate approximation is 1.879 385 241 8; for +1 =3x, 
x =0°20'50’/16’’1!V =0.347 296 373 5, where the better value is 0.347 296 355 3. These equations 
come up in AL-Béroént’s discussion of the construction of a regular polygon of nine sides. For 
Greek solutions of cubic equations see THomas [64a], v. 2, pp. 133, 137-159, 163, 539-541. 

150. J. G. HAGEN, The Catholic Encyclopedia, v. 10, New York, 1911, pp. 628-629; A. M. 
CLERKE, Encycl. Britannica, eleventh ed., v. 23; Delambre [132], pp. 288-365; Cantor [12], v. 2, 
pp. 252-289; A. ZIEGLER, Regiomontanus (Joh. Miiller aus Kénigsberg in Franken) ein geistiger 
Vorlaufer des Columbus. Dresden, 1874, iv, 104 pp. Astronomical Ephemerides (1473-74) of REGIo- 
MONTANUS with positions of the sun, moon and planets and the eclipses 1475 to 1506, guided 
Co_umBus to America. See also pp. 304-305, 320-323 of J. D. Bonp, “The development of trigo- 
nometrical methods down to the close of the XVth century (with a general account of the methods 
of constructing tables of natural sines down to our days),” Isis, v. 4, pp. 295-323, 1922. Also Sister 
M. C. ZELLER [139] pp. 17-36; A Source Book in Mathematics, ed. by D. E. Smitu, New York, 1929, 
pp. 427-433, “On the law of sines for spherical t:iangles” and “On the relations of the parts of a 
triangle.” 

151. In an essentially astrological work, Tabulae Directionum Professionumque (1490) REGIO- 
MONTANUS gives a table of tangents for each degree of the quadrant of a circle of radius 100 000. 
Up to 45° the error in the last figure does not exceed 2, but later, the error is much larger. 

152. D. E. Smitu, “The first printed arithmetic (Treviso, 1478),” Isis, v. 6, 1924, pp. 311-331. 
See also D. E. Smitu, Rara Arithmetica, Boston, 1908; Addenda, 1939. 

153. For various printed editions of Euclid’s Elements, see P. Riccarp1, Saggio di una Biblio- 
grafia Euclidea, 5 parts, Bologna, 1887-1893; C. THomas-STANFoRD, Early Editions of Euclid’s 
Elements. London, 1926, vi, 67 pp.+13 pls. 

154. CanTorR, v. 2, pp. 306-344; H. StaicMiLier, “Lucas Paciuolo. Eine biographische 
Skizze,” Z. f. Math. u. Physik, Hist. Abt., v. 34, 1889, pp. 81-102, 121-128. Of Pactoui’s Sama 
there was a second edition in 1523 and of the divine proportion there was a German edition with 
commentary by C. WINTERBERG (Vienna, 1896, iv, 365 pp.). See also S. Morison, Fra Luca de 
Pacioli of Borgo S. Sepolcro. New York, The Grolier Club, 1933, x, 106 pp. 

155. J. B. GEIJSBEEK, Ancient Double-Entry Book-keeping Lucas Pacioli’s Treatise (A.D. 
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1494—The earliest known writer on bookkeeping) reproduced and translated with reproductions, notes 
and abstracts from Manzoni, Pietra, Mainardi, Ympyn, Stevin, and Dafforne. Denver, Colo., 1914, 
iv, 182 pp. 

156. In the main I have here followed Cantor [12], v. 2, pp. 482-496, and H. WIELEITNER, 
“Uber Cardan’s Beweis fiir die Lésung der kubischen Gleichung,” Physik.-medizinische Sozietat, 
Sitzb., Erlangen, v. 58-59, 1928, pp. 173-176. Another point of view is set forth by TRopFKE [11], 
v. 3, p. 136-139; perhaps his is the more correct. 

157. J. CaRDAN, The Book of My Life (De Vita Propria Liber) translated from the Latin by 
Jean Stoner, New York, 1930, xx, 331 pp.; SmiTH [54]; R. B. Linpsay, “Jerome Cardan, 1501- 
1576,” Amer. Jn. Physics, v. 16, May, 1948, pp. 311-317; W.G. WaLTERs, Jerome Cardan, a Bio- 
graphical Study. London, 1898, vi, 301 pp.; H. Morey, The Life of Girolamo Cardano, of Milan, 
Physician. 2 v. London, 1854, xii, 304, iv, 308 pp.; S. GUNTHER, Allgemeine Deutsche Biographie, 
v. 28, 1889, pp. 388-390; TRopFKE [98]; D. E. Smit, “Medicine and mathematics in the sixteenth 
century,” Annals of Medical History, 1917, p. 130. Of the 528 mathematicians and astronomers 
listed in SUTER [118], at least 87 are known to have been physicians; see also [162]. ARCHIBALD 
[57] tells about Cardan’s work on music. JAMES ECKMAN, Jerome Cardan. (Supplements to the 
Bulletin of the History of Medicine, no. 7). Baltimore, 1946, xiv, 120 pp. Under “References” are 
335 titles. 

158. An English translation, with commentary, of the solutions of cubic and quartic equations 
occurring in CARDAN’s work, is given by R. B. McCLENON in SmiTH [150], pp. 203-212. CarDAN 
gave the modern transformation for reducing a four-term equation of the third degree to one lack- 
ing the second-degree term; he recognized that a cubic equation had three roots, which might be 
negative or irrational, and he knew that the sum of the roots of a cubic equation was equal to the 
coefficient of the term of the second degree (see TROPFKE [11], v. 3, pp. 138-139). 

159. For some details in this regard see J. W. L. GLAISHER, “Report on mathematical tables,” 
BAAS Report 1873, pp. 43-45, 158; A. DEMorGav, (a) art. “Table” in The English Cyclopaedia, 
Arts and Science Section, v. 7, 1861, cols. 984, 988; (b) “On the almost total disappearance of the 
earliest trigonometrical canon,” RAS Mo. Not., v. 6, 1845, pp. 221-228; reprinted with a small 
addition in Phil. Mag., s. 3, v. 26, 1845, pp. 517-526. This last article is of exceptional interest and 
value. See also DELAMBRE [160], v. 2, pp. 1-35. In a 22-page Canon Doctrinae Triangulorum, 
Leipzig, 1551, Rueticus has a 7-place table of the trigonometric functions at interval 10’. 

160. K. LunpMarK, “Nicolaus Kopernikus (Kopernik) and his astronomical reformation, in- 
troductory observations,” Lund, Universitet, Observatoriet, Meddelanden, s. 2, no. 112, 1944, 
18 pp. (Historical Notes and Papers, no. 19). A. ARMITAGE, Copernicus, the Founder of Modern 
Astronomy. London, 1938, ii, 183 pp. Nicholas Copernicus, a Tribute of Nations. Ed. by S. P. Mizwa. 
New York, 1945, xix, 268 pp. O. J. LopGE, Pioneers of Science, London, 1919, “Copernicus, and the 
motion of the earth,” pp. 3-31. DREYER [89], pp. 305-344. Smitn [54]. L. C. Karpinskr, “The 
progress of the Copernican theory,” Scripta Math., v. 9, 1943, pp. 139-154, illustr. DELAMBRE, 
Histoire del’ Astronomie Moderne, 2 v., Paris, 1821, v. 1, pp. 85-142. My reasons for calling Coperni- 
cys a Polish astronomer are that he was born in Thorn, Poland; that his father was born in Cracow, 
Poland; that his mother’s brother was a bishop of Ermeland, Poland. Ermeland was Polish 1466- 
1772, and Thorn 1466-1793. 

161. There was a German translation of the De Revolutionibus in 1879, a French translation in 
1934, and an English translation by C. G. WALLIs, On the Revolution of the Celestial Spheres, 1939. 
This last is not, however, available for general distribution, but is for consultation in the Library 
of St. John’s College, Annapolis, Md. There is available, however, Nicolaus Copernicus, De Revolu- 
tionibus Preface and Book I translated by J. F. Dopson & S. BRODETSKY, with a Biographical Note 
and Notes on the Translation. RAS, Occasional Notes, no. 10, May 1947, ii, 32 pp., 2 plates. Even 
though it is not easy for a library to procure this publication, it is to be hoped that this transla- 
tion, although somewhat abridged, may be continued. In order to prevent useless search the fol- 
lowing notes may be added: In Nature, v. 106, p. 515, 16 Dec. 1920, a note states that Dosson 
& BropeEtTsky had nearly completed their translation of De Revolutionibus. This note was elabo- 
rated by F. E. Brascu in Science, n.s., v. 64, 13 Aug. 1926, stating that printers’ proof of the trans- 
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lation was being read but that the v. was to be published by the Oxford Univ. Press. The v. has 
not yet appeared. Many years ago I saw the original manuscript of De Revolutionibus in the City 
Hall at Prague. Although this Hall was destroyed during the recent war, I learn that the manuscript 
is still intact in Prague. See also G. McCoL.ey, “The universe of De Revolutionibus,” Isis, v. 30, 
pp. 452-472. An admirable introduction to ideas of CoPERNICUS is given by E. RosEN in Three 
Copernican Treatises: The Commentariolus of Copernicus, the Letter against Werner, the Narratio 
Prima of Rheticus; translated with Introduction and Notes. New York, 1939, x, 211 pp. 

162. RoBERT RECORDE (1542) was the author of four books on mathematics and one on 
medicine, for he was also physician to King EpwarpD VI and Queen Mary. There were many 
editions of his Ground of Arts (1541?), arithmetic; his Castle of Knowledge (1551), astronomy, dealt 
with the Copernican System; the Whetstone of Witte (1557), algebra, was the source of our sign for 
equality; L. C. Karpinsk1, “The Whetstone of Witte (1557)”, Bibliotheca Math., s. 3, v. 13, 1913, 
pp. 223-238. See SmitH [4], v. 1, pp. 317-321. Also D. E. Smita, “New information respecting 
Robert Recorde,” Amer. Math. Monthly, v. 28, 1921, pp. 296-300; F. V. Morey, “Finis coronat 
opus,” Scientific Monthly, v. 10, 1920, pp. 306-308; F. M. CLarKE, “New light on Robert Recorde,” 
Isis, v. 8, 1926, pp. 50-70; F. R. JonNnson and S. V. LarKey, “Robert Recorde’s mathematical 
teaching and the anti-Aristotelian movement,” The Huntington Library Bull., no. 7, 1935, pp. 59- 
87. A work including quaintly expressed biographical notes concerning seventeenth century 
mathematicians is: ‘‘Brief Lives,” Chiefly of Contemporaries, set down by JOHN AUBREY between the 
Years 1669 & 1696. Edited from the Author's Mss. by ANDREW CLARK. 2 v. Oxford, 1898, xvi, 
428. iv, 372 pp., 8 plates. 

163. Admirable surveys of the life and work of STEvIN and of the history of decimal fractions 
have been given by G. Sarton, (a) “Simon Stevin of Bruges (1548-1620),” Isis, v. 21, 1934, pp. 
214-303+2 plates; (b) “The first explanation of decimal fractions and measures (1585). Together 
with a history of the decimal idea and a facsimile (no. XVII) of StEvin’s Disme,” Isis, v. 23, 1935, 
pp. 153-244. Then there’s the recent fine volume, in Dutch, Simon Stevin by E. J. D1JKSTERHUIS. 
The Hague, 1943, x, 379 pp., 7 plates. He had earlier published “Simon Stevin und seine Bedeutung 
fiir die Geschichte der Mathematik und Naturwissenschaften,” Unterrichtsblatter f. Mathem. u. 
Naturw., v. 38, 1932, pp. 148-150. R. C. ARCHIBALD, Mathematical Table Makers. Portraits, Paint- 
ings, Busts, Monuments, Bio-Bibliographical Notes. New York, 1948, pp. 74-76, 82. See also F. 
Cayjort, A History of Mathematical Notations, 2 v., Chicago, 1928-1929, v. 1, pp. 154-158, 314-315, 
etc. 

164. R. C. ARCHIBALD, Math. Tables and Other Aids to Computation, v. 1, pp. 400-402, 1945; v. 
2, pp. 91-92, 1946. 

165. A good account of Viet and his works, with other material, is given by A. DEMorRGAN 
in the Penny Cyclopaedia, v. 26, 1843, pp. 311-317; and also in The English Cycl.-Biog., v. 6, 1858, 
cols. 361-371. See also C. Hutton, A Philosophical and Mathematical Dictionary, new ed., v. 2, 
London, 1815; J. L. F. BERTRAND, Eloges Académiques, n.s., Paris, 1902, “La vie d’un savant au 
xvi siécle,” pp. 143-146; ARCHIBALD [163], pp. 81-82; SmirH [54]; and Cayor1 [163], v. 1-2. 

166. Q. VeTTER, “Sur |’équation du quarante-cinquiéme degré d’Adriaan van Roomen,” Bull. 
d. Sciences Math., s. 2, v. 54, 1930, pp. 277-283; and BRAUNMUHL [131], v. 1, pp. 169-170. De- 
LAMBRE [132], pp. 455-483; C. Hutton, Mathematical Tables, sixth ed., London, 1822, “History of 
trigonometrial tables,” pp. 4-9. These last two items tell something of VieTa’s remarkable tables 
of trigonometric functions, Canon Mathematicus seu ad Triangula, 1679. See also DEMorGAN (a) 
[159], cols. 985-986 and K. Hunratu, “Des Rheticus Canon doctrinae triangulorum und VietTa’s 
Canon Mathematicus,” Abh. 2. Gesch. d. Math., v. 9, 1899, pp. 211-240. 

167. In a publication of 1593 VieTA derived an expression for the area of a unit circle, which 
was equivalent to finding the following relation: 


(The unconditional convergence of this product was proved by F. Rupio, Z. Math. Phys., v. 26, 
1891, hést.-lit. Abt., pp. 139-140.) This is a particular case of the relation obtained by EuLEr in 
1737 

sin 0/6 = cos $0-cos 4@-cos ,0< 7m. 
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168. The Sumario Compendioso of Brother Juan Diez, the Earliest Mathematical Work of the 
New World. Boston, 1921, vi, 65 pp., frontispiece, is a little work edited by D. E. Situ. It gives a 
facsimile reproduction and translation of pages of chief mathematical interest, with introductory 
material. See also D. E. Smitu, “The first work on mathematics printed in the New World,” Amer. 
Math. Monthly, v. 26, 1921, pp. 10-15. L. C. Karpinsgt, Bibliography of Mathematical Works 
Printed in America through 1850, Ann Arbor, Mich., 1940, p. 25, lists this work by “Juan Diez freyle” 
(Brother Juan Diez) as by Freyle, Juan Diez. The earliest arithmetic published in America was 
that of PEDRO DE Paz at Mexico City in 1623; see F. Cayort, Isis, v. 9, 1927, pp. 391-401+-1 plate. 

It is a striking fact that in the Old World not until the nineteenth century (1825) was the first 
book published in Athens, Greece. 

169. W. R. Macpona_p, Dict. Nat. Biog., v. 40, 1894, pp. 59-65. J. W. L. GLatsHEr, “Napier, 
John,” Encycl. Britannica, eleventh ed., v. 19, 1911, pp. 171-175; also “Logarithm,” v. 16, 1911, 
pp. 868-877. ARCHIBALD [163], pp. 58-63. Napier Tercentenary Memorial Volume, ed. by C. G. 
Knott. Publ. by the R. Soc. Edinburgh, London, 1915. xii, 442 pp. [Partial contents: Lorp MouL- 
TON, “The invention of logarithms, its genesis, and growth,” pp. 1-32 +6 pp. of plates; P. H. BRown, 
“John Napier of Merchiston,” pp. 33-51; F. Cayor1, “Algebra in Napier’s day and alleged prior 
inventions of logarithms,” pp. 93-109; D. M. Y. SoMMERVILLE, “Napier’s rules and trigono- 
metrically equivalent polygons,” pp. 169-176]. Modern Instruments and Methods of Calculation. A 
Handbook of the Napier Tercentenary Exhibition, edited by E. M. Horspurcu, London, 1914, viii, 
343 pp.+plates; G. A. Grsson, “Napier and the invention of logarithms,” pp. 1-16. Smit [54]. 
The word logarithm, employed by Napier in 1614, is found much earlier in a 1553 work on divina- 
tion by CasPpAR PEucER; “among the kinds of arithmanteia there is one we call by the new name 
logarithmanteia.” For further details see F. Cayort, Archeion, v. 12, 1930, pp. 229-233. 

170. J. GinsBurG, “The Napier bones,” SmitTH [150], pp. 182-185; W. D. Cairns, “On the 
table of logarithms,” Smit [150], pp. 149-155. 

171. E. W. Hopson, John Napier and the Invention of Logarithms, 1914, Cambridge, 1914, 48 
pp. H. S. Carstaw, “The discovery of logarithms by Napier,” Math. Gazette, v.8, 1915, pp. 76-84, 
115-119. R. C. ArcutpaLp, “Napier’s Descriptio and Constructio,” Amer. Math. Soc., Bull., v. 
22, pp. 182-187, 1916. The Construction of the Wonderful Canon of Logarithms by JOHN NAPIER. 
Translated from Latin into English with Notes and a Catalogue of the Various Editions of Napier’s 
Work by W. R. Macpona.p. Edinburgh and London, 1889, xx, 169 pp. 

172. TROPFKE [11], v. 2, pp. 217-218. The only rival of NAPIER in the invention of logarithms 
was the Swiss JOOST BURGI, who published a table of logarithms Arithmetische und Geometrische 
Progress Tabulen, at Prague in 1620. This table was conceived and constructed independently of 
Napier. The base of these logarithms was (1.001)-4. For sources of information about Birai see 
ARCHIBALD [163], pp. 15, 82. See also Cayort [169] and Knott [169], R. A. Sampson, “The dis- 
covery of logarithms by Jobst Buergi,” pp. 208-218+plate. Also L. DeFossEz, Les Savants du 
XVIIT* S. et la Mesure du Temps. Lausanne, 1946. 

173. The gap from 20000 to 90000, to ten places of decimals, was filled in by DEDECKER & 
ADRIAEN VLAcQ in a work published at Gouda, Holland in 1628 (English edition, London, 1631). 
It was a comparatively easy matter to fill this gap to 10 places from what BricGs had already done 
in his Arithmetica Logarithmica to 14. Rushing into print with this as a second edition of the work 
of BRIGGs, at a time when it was known that Briccs had nearly completed his table to 14 places 
is not easily condoned. For a biography of Briccs by THOMAS WHITTAKER, see Dict. Nat. Biog. v. 
6, 1886, pp. 326-327. On pp. 10-11 of his 1624 volume Briccs found the value of logie 1.(000)*1 
=0.(0)'*43429 4481903251 804. Since logis = .43429 44819 03251 82765 ... , and 
Briggs really gave logis e correct to 16D. 

174. Logarithmica Britannica, being a Standard Table of Logarithms to Twenty Decimal Places. 
By A. J. THompson, Cambridge, Engl., Parts 1-10, 1924-1949, each part containing the logarithm of 
10000 numbers. In several of the parts are some interesting facsimile reproductions, such as the will 
of Henry Briccs, the title-pages of his work of 1624, the title and specimen pages of his tract of 
1617, Logarithmorum Chilias Prima, and pages illustrating the relation of Briccs to NaPIER’s 
Constructio Canonis, 1619. See also ARCHIBALD [163], “A. J. Thompson,” pp. 78-79 and portrait. 
175. See E. Bortotorti, L’Ecole Mathématique de Bologne, Aper¢u historique. Bologna, 1928, 
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pp. 35-38; among mathematicians at Bologna before 1800 were the following: PAcIoL!, TARTAGLIA, 
CarDAN, FERRARI, CAVALIERI, RiccatTi, AGNEsI. L. Brunscuvicc, Les Etapes de la Philosophie 
Mathématique. Paris, 1912, pp. 162-167. 

176. Johann Kepler 1571-1630, A Tercentenary Commemoration of his Work... prepared 
under the Auspices of the History of Science Society. Baltimore, 1931. (Contents: W. C. RuFus, 
“Kepler as an astronomer,” pp. 1-38; D. J. Strurx, “Kepler as a mathematician,” pp. 39-57 
(admirable sketch); F. E. Brascu, “Bibliography of Kepler’s Works,” pp. 86-133]. The best Kepler 
bibliography, with many facsimile reproductions of title pages, is Bibliographia Kepleriana. 
Ein Fiihrer durch das gedruckte Schriftum von Johannes Kepler mit 80 Faksimile. By M. Caspar, 
Munich, 1936, 160, 86 pp. Many other references to material about KEPLER including a discussion 
of numerous false portraits are to be found in ARCHIBALD [163], pp. 34-42. DREYER [89], pp. 372- 
412. There are exactly 9 regular solids: the 5 convex solids of the ancient Greeks, and the four star 
polyhedra, two discovered by KEPLER; see H. S. M. Coxeter, “The nine regular solids,” Proc. of 
the First Canadian Math. Congress Montreal 1945, Toronto, 1946, pp. 252-264. The best biography 
of BRAHE is J. L. E. DREYER, Tycho Brahe, A Picture of Scientific Life and Work in the Sixteenth 
Century. Edinburgh, 1890, xvi, 405 pp. T. BRAHE, Opera Omnia, Copenhagen, 15 v. 1913-1929, 

177. Hart [60], pp. 102-124. J. J. Faure, (a) Galileo his Life and Work. New York, 1903, xvi, 
401 pp. Memorials of Galileo, 1564-1642. Portraits and Paintings, Medals, Medallions, Busts, and 
Statues, Monuments, Mural Inscriptions. London, 1929. (b) ‘‘The scientific work of Galileo (1564- 
1642) with some account of his life and trial,” Studies in the History of Science, ed. by C. SINGER, 
v. 2, Oxford, 1921, pp. 206-284+-3 plates; this is a most admirable revealing of Galileo’s greatness 
as a scientist. An excellent brief summary is to be found in chapter 6, pp. 75-95 of H. F. Girvin, 
A Historical Appraisal of Mechanics, Scranton, Pa., 1948, xii, 275 pp. A. Koyr£, “Galileo and the 
scientific revolution of the seventeenth century,” and L. OLscHx1, “Galileo’s philosophy of science,” 
Philosophical Review, v. 52, 1943, pp. 333-348 and 349-365. Portraits of Famous Physicists, with 
Biographical Accounts by HENRY Crew, New York, 1942. [An excellently edited portfolio: GALILEO, 
HuycGens, NEWTON, AMPERE, FRESNEL, FARADAY, JOULE, CLAUSIUS, MAXWELL, GiBBS, HERTZ, 
ROWLAND]. 

Lane Cooper, Aristotle, Galileo, and the Tower of Pisa. Ithaca, N. Y., 1935. R. T. GUNTHER, 
“Galileo and the leaning tower of Pisa,” Nature, v. 136, 1935, pp. 6-7 (review). A. S. Eve, “Galileo 
and scientific history. The leaning tower and other stories,” Nature, v. 137, 1937, pp. 8-10. That 
GALILEO really experimented with falling bodies at the leaning tower is here made to appear some- 
what uncertain, so far as evidence available is concerned. 

178. The bridge, by Essex, across the Cam in the grounds of Trinity College, Cambridge, has 
cycloidal arches (BALL [1], p. 287). 

179. A. M. CLERKE, Dict. Nat. Biog., v. 24, 1890, pp. 437-439. H. Stevens, Thomas Hariot 
the Mathematician, the Philosopher and the Scholar ..., London, Privately printed, 1900. Also F. 
V. Morey, “Thomas Hariot—1560-1621”, Scientific Monthly, v. 14, 1922, pp. 59-65; F. Cayort, 
“A revaluation of Harriot’s Artis Analyticae Praxis,” Isis, v. 11, 1928, pp. 316-324; and Supple- 
ment to Dr. [James] Bradley's Miscellaneous Works with an Account of Harriot's Astronomical Papers, 
Oxford, 1833, pp. 17-70+-5 plates with facsimiles of Harriot manuscripts. Anyone desiring carefully 
to study Harriot’s Artis Analyticae Praxis would, in view of conflicting history statements, 
naturally read the survey in J. WALLIS, A Treatise of Algebra. Oxford, 1685, pp. 126-200, before 
turning to Cayori’s “Revaluation,” referred to above. The first paragraph (p. 126) is as follows: 
“Mr. Harriot in his Postumous Treatise of Algebra or Analytica, (published by Mr. Walter Warner, 
in the year 1631; soon after the first edition of Mr. Oughtred’s Clavis, in the same year;) doth in 
divers things vary from the Method of Vieta and Oughtred. And hath made very many advan- 
tagious improvements in this art; and hath laid the foundation on which Des Cartes (though with- 
out naming him,) hath built the greatest part (if not the whole) of his Algebra or Geometry. With- 
out which, that whole superstructure of Des Cartes (I doubt) had never been.” Then on p. 198: 
“The Improvements of Algebra to be found in Harriot (as appears from what is already said,) and 
which (all or most of them) we owe to him; (of which it will not be amiss, before I leave him, to 

give a brief Recapitulation;) are chiefly these.” Then follow 25 numbered statements of which no. 
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5 is: “Determining the Number of Roots (Affirmative, Negative, or Imaginary), in every equation. 
viz. So many as are the Dimensions of its Highest Term.” This is contrary to HARRIOT’S own state- 
ment in his Artis, pp. 89-90, Lemma, that equations have only positive roots. Directly and in- 
directly Cayor1 shows that hardly any of WALLIS’s statements quoted above are correct. But he 
also sums up the various contributions of importance which HARRIoT made. In H. W. TuRNBULL, 
Theory of Equations, second ed., Edinburgh and London, 1944, reference is made (pp. 99-100) to 
“The Harriot-Descartes Rule of Signs” because the rule is “implicit in the work of Harriot”. 
There is not the slightest foundation in fact for this statement. 

180. For “Pascal on the arithmetic triangle” ed. by A. Savitsky, see SmiTH [150], pp. 67-79; 
and for triangular arrays before the publication by PAscaL in 1654 see SmiTH [4], v. 2, pp. 508-511. 

181. F. Cayort, (a) William Oughtred, a Great Seventeenth-Century Teacher of Mathematics, 
Chicago, 1916, 100 pp.; (b) “A list of Oughtred’s mathematical symbols with historical notes,” Univ. 
of California, Publs. in Math., v. 1, pp. 171-186, 1920; (c) “On the history of Gunter’s scale and the 
slide rule during the seventeenth century,” idem., pp. 187-209; (d) Cayort [163], v. 1-2, see indices. 
AusrEY [162], Oughtred, v. 2, pp. 105-114. H. Bosmans, “La premiére édition de la Clavis Mathe- 
matica d’Oughtred; son influence sur la géométrie de Descartes,” Soc. Sci. de Bruxelles, Annales, 
v. 35, 1911, pp. 24-78; Quotation: “Celle-ci reste . . . un ouvrage original et de haute valeur, en 
progrés notable sur les travaux de Viéte et ayant exercé une grande influence. II n’est pas permis 
de la passer sous silence dans |histoire des mathématiques.” 

18la. This publication is the interesting and remarkable anonymous Appendix (16 pp.) of the 
so-called second English edition by E>pwarD WriGut, 1618, of Napier’s Descriptio. The Appendix 
is reprinted in full in J. W. L. GLatsHErR, “The earliest use of the radix method for calculating 
logarithms, with historical notices relating to the contributions of Oughtred and others to mathe- 
matical notation,” Quart. Jn. Math. v. 46, pp. 125-197, 1915. The Oughtred abbreviations for 
the trigonometric functions are: s=sine, t=tangent, s» =cosine, t =cotangent. In the Table are 
given the 54 values of 10° log.x, for x=[1(1)10(10)100(100)1000(1000)10 000(10 000)100 000 
(100 000)900 000; 6D]; in the “Supplement of the Table for tenth and hundredth parts” are num- 
bers from which the values for 18 more x’s may be found. The errors of this table are listed in Math. 
Tables and Other Aids to Computation, v. 3, Jan. 1949. 

182. F. Cayort, A History of the Logarithmic Slide Rule and Allied Instruments. New York, 
1909, viii, 128, x pp. 

183. ARCHIBALD [57], pp. 15-16. 

184. L. G. Simons, “Desargues on perspective triangles” and “Desargues on the 4-rayed pencil,” 
Smita [150], pp. 307-314. W. M. Ivins, Jr., “A note on Girard Desargues,” Scripta Math., v. 9, 
1943, pp. 33-48. G. Vacca, Enciclopedia Italiana di Scienze Lettere ed Arti, v. 12, 1931, p. 660. 
H. T. PLEDGE, Science since 1500. A Short History of Mathematics, Physics, Chemistry, Biology. 
London, 1939; “Kepler and Desargues,” pp. 74~75. 

185. BELL [53]; SmitH [54]; T. P. ARMSTRONG, “Pascal in England,” Notes and Queries, London, 
v. 170, 8 Feb. 1936, pp. 102-103; A. Woxr, A History of Science, Technology, and Philosophy in the 
16 & 17th Centuries. New York, 1935, pp. 223-225, 560-561 (picture of Pascav’s calculating 
machine). The definitive edition of the Oeuvres of Pascal is the one edited by L. BRUNSCHVICG, 
P. Boutroux, and F. Gazirr, 14 v., Paris, 1914-1925 (some v. second ed.). Biographies of PAscaL, 
his father and his sister are given pp. 1-164 of v. 1. H. Bosmans, “Sur les Oeuvres mathématiques 
de Blaise Pascal,” Revue d. Questions Scientifiques, 1929. E. Picarp, Eloges et Discours Académiques. 
Paris, 1931, “Pascal mathématicien et physicien,” pp. 1-21. Encyclopaedia of the Social Sciences. 
New York, v. 12, 1934, “Pascal” by L. Brunscuvicc. A Despoves, Etude sur Pascal et les Gé- 
ométres Contemporains, suivie de plusieurs Notes Scientifiques et Littéraires. Paris, 1878, iv, 175 pp. 
+1 plate. W. H. Bussey, “The origin of mathematical induction,” Amer. Math. Monthly, v. 24, 
1917, pp. 199-297; “Pascal’s use of complete induction,” pp. 203-205. M. StuyvaeErt, “Sur l’auteur 
de l'histoire de la roulette publiée par Blaise Pascal” Bib]. Math., s. 3, v. 8, pp. 170-172, 1908. 

186. ARCHIBALD [69], “limacon.” 

187 PascaL, Oeuvres, v. 1, pp. 243-260: “Essay pour les coniques,” 1639, published on a 
single sheet 1640. Facsimile of this in Isis, v. 10, 1928 oppo. p. 16 and a translation by F. M. 
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CLARKE, pp. 17-20, In revised form this translation was given in Smita [150], pp. 326-330. An 
earlier English edition was given by W. J. MACDONALD in Edinb. Math. Soc., Proc., v. 2, 1884, 
pp. 19-24. And again by J. J. MILNE in Math. Gazette, v. 12, 1924, pp. 53-56. 

188. D. BAXANDALL, Catalogue of the Collection in the Science Museum. 1. Calculating Machines 
and Instruments. London, 1926, pp. 8, 12, 13. The Museum has a replica (made in 1925-26) of 
Pascal's original calculating machine. DipERoT has given a detailed description of this machine 
and its use in Encyclopédie Méthodique, Mathématiques, v. 1, Paris, 1784, pp. 136-142. See also 
PascaL [185], Oeuvres, v. 1, pp. 291-321+2 plates of the machine; SmitH [150], “Pascal on his 
calculating machine,” ed. by L. L. Locke, pp. 165-172. 

189. SmitH [150], “Fermat and Pascal on probability,” ed. by V. SANForD, pp. 546-565. I. 
TopHUNTER, A History of the Mathematical Theory of Probability from the Time of Pascal to that of 
Laplace. Cambridge and London, 1865, and New York reprint, 1931; “Pascal and Fermat,” pp. 7- 
21, etc. 

190. G. Mour, Euclides Danicus, Amsterdam, 1672, with an introduction by J. HJELMsLEv, 
and a German translation from the Danish by J. PAL. Copenhagen, 1928, 8, 36, 41 pp. +3 folding 
plates. This work contains a facsimile of the Danish original. There was also a Dutch edition in 
1672. See also J. HJELMSLEV, ed., “Beitrige zur Lebensbeschreibung von Georg Mohr (1640- 
1697),” K. Danske Vidensk. Selskab, mathem.-fysiske Meddelelser, v. 11, no. 4, 1931, 22 pp.+1 plate. 

191. R. E. LANGER, “René Descartes,” Amer. Math. Monthly, v. 44, 1937, pp. 495-512. BELL 
[53], “Gentleman, soldier, mathematician—Descartes,” pp. 35-55. I. B. Hart, Makers of Science. 
Mathematics, Physics, Astronomy. London, 1923, “René Descartes and coérdinate geometry,” pp. 
125-137. TURNBULL [51], pp. 70-76. SmitH [54], Keyser [54]. G. S. MiLHaup, Descartes, Savant. 
Paris, 1921, 249 pp. E. S. HALDANE, Descartes: His Life and Times. New York, 1925, 398 pp. The 
standard edition of Descartes’ Oeuvres is that edited by C. Apam & P. TANNERY, 12 v., Paris, 
1897-1910. In v. 12 there is a life of Descartes by ADAM, xix, 646 pp. Of the important Descartes 
correspondance publiée avec une Introduction et des Notes by C. ADAM & G. S. MILHAUD, 4 v. have 
so far appeared, Paris, 1937-1947, almost 400 pp. per v. 

192. In the Geometrie steps in the demonstrations are often omitted and we meet with such 
statements as “I shall not stop to explain this in more detail because I should deprive you of the 
pleasure of mastering it yourself”; and “I find nothing here so difficult that it cannot be worked 
out by any oneatall familiar with ordinary geometry and with algebra.” This was done purposely by 
Descartes so that some professed mathematicians were unable to open their mouths in criticism of 
him, because they were unable to follow his arguments. These deficiencies were made good in the 
second edition of the Geometrie, in Latin, with notes and additions by F. pE BEAUNE and F. v. 
ScHOOTEN, published as a volume of 400 pp. at Amsterdam in 1659. There was an English edition, 
The Geometry of René Descartes, Translated from the French and Latin by D. E. SmitH and M. L. 
LatHAM, with a Facsimile of the First Edition 1637. Chicago, 1925, xiv, 246 pp. In the review of this 
v. by T. L. HEATH in Nature, v. 118, 1926, pp. 400-401 occurs the following: “The translation... 
is in many places inaccurate and sometimes wholly misleading.” 

This publication of DEscaRTES gave him priority of publication over everyone else in connec- 
tion with analytic geometry from the modern point of view. It is to be borne in mind, however, that 
several years before 1637 FERMaT had also independently come to the conception of an analytic 
geometry, and gone further than DEscaRTEs in consideration of tangents and maxima and minima 
of curves. Reference may be given to TROPFKE [11], v. 6, pp. 92-169; J. L. Coo.rpGE (a) “The origin 
of analytic geometry,” Osiris, v. 1, 1936, pp. 231-250; (b) A History of Geometrical Methods, Oxford, 
1940, pp. 122-128. We know that DEscarTEs read Harriot’s work [179] but that his own work was 
thereby in any way benefited seems decidedly doubtful; but it is barely possible that he may have 
been influenced by OuGHTRED’s Clavis [181]. J. TRopFKE, “Das x Symbol der unbekannten bei 
Descartes und seinen Nachfolgern,” Archeion, v. 13, 1931, pp. 300-319. 

193. ARCHIBALD [59], DescarTEs’ Ovals and Folium. 

194. Bex [53], “The prince of amateurs—Fermat,” pp. 56-72. Smitu [54]. SmitH [150], 
“Fermat on analytic geometry,” ed. by J. SEIDLIN, pp. 389-396; “Fermat and Pascal on probability,” 
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ed. by V. SANFoRD, pp. 546-565; “Fermat on maxima and minima,” ed. by V.SANFORD, pp. 610-612. 
ToDHUNTER [189]. H. WIELEITNER, Mathematische Quellenbiicher, v. 1: Rechnen und Algebra, 
Berlin, 1927, vi, 75 pp.; v. 2: Geometrie u. Trigonometrie, 1927, viii, 68 pp.; v. 3: Analytische u. Syn- 
thetische Geometrie, 1928, vii, 89 pp.; v. 4: Infinitesimalrechnung, 1929, vii, 160 pp.; “Fermat and 
the equations of a line and ellipse,” v. 3, pp. 15-23; “Fermat’s quadrature of higher hyperbolas 
and the method of maxima and minima,” v. 4, pp. 82-96. G. M1LHaup, “Les querelles de Descartes 
et de Fermat au sujet des tangentes,” Rev. générale d. Sci., v. 28, 1917, pp. 332-337. J. F. Scott, 
The Mathematical Work of John Wallis. London, 1938: “Controversy with Fermat and other mem- 
bers of the French School,” pp. 71-82. G. WERTHEIM, “Pierre Fermat's Streit mit John Wallis, 
ein Beitrag zur Geschichte der Zahlentheorie,” Abh. 2. Gesch. d. Mathem., v. 9, 1899, pp. 555-576. 
CANTOR [12], v. 2, “Descartes, Fermat,” pp. 851-876. The best edition of the Oeuvres of FERMAT 
is that edited by P. TANNERY and C. HEnry, 4 v., Paris, 1894-1912. OrE [7b],” The converse 
of Fermat’s theorem,” pp. 326-339. 

195. T. L. Heatu, Diophantus of Alexandria, a Study in the History of Greek Algebra. Second 
ed., Cambridge, 1910; “Additional notes, theorems and problems of Fermat,” pp. 267-328. J. M. 
Cup, “Did Fermat have a solution of the so-called Pellian equation?”, Isis, v. 3, 1920, pp. 255— 
262; CHILD concludes that FERMAT did, and that it was the one which he gives. Dickson [101], 
many references in the index. 

196. KLEIN [68], pp. 81-85. 

197. A. DEMoragan, “Cavalieri, Buonaventura,” Penny Cyclopaedia, v. 6, 1836, and English 
Cycl.— Biography, v. 1, 1856. F. Cayort, “Indivisibles and ‘ghosts of departed quantities,’ ” 
Scientia, v. 37, 1925, pp. 301-306. The Works of Aristotle translated into English under the editorship 
of W. D. Ross, v. 6, Oxford, 1913; “De lineis insectabilibus” (concerning indivisible lines), ed. 
by H. H. Joacutm, Oxford, 1908, iv, 38 pp. H. Bosmans, “Un chapitre de l’oeuvre de Cavalieri. Les 
propositions XV-XXVII de /’Exercitatio quarta,” Mathesis, v. 36, 1922, pp. 365-373, 446-456. 
M. G. SittT1GNant, “Sulla geometria degli indivisibile di B. Cavalieri,” Periodico d. Matematiche, 
s. 4, v. 13, 1933, pp. 266-288. E. WALKER, A Study of the Traité des Indivisibles of Gilles Persone 
de Roberval with a View to answering, insofar as possible, the two Questions: Which Propositions 
contained therein are his own, and which are due to his Predecessors or Contemporaries? and what 
Effect if any, had this work on his Successors? New York, 1932, vi, 272 pp. RoBERVAL (1602-1675), 
not of noble birth but a native of the village of Roberval, for 49 years professor at the Collége de 
France, Paris, is best known by the Traité (1693), referred to above, where the subject is treated 
more scientifically than by CAVALIERI in a similar work (1635). See also H. M. WALKER, “An un- 
published hydraulic experiment of Roberval, 1668,” Osiris, v. 1, 1936, pp. 726-732. Information 
about EVANGELISTA TORRICELLI (1608-1647) may be found in Encycl. Britannica, eleventh ed., 
v. 27, 1911; and TorRIcELLI, Opere Matematiche, 3 v., Fienza, 1919. C. R. WALLNER, “Die Wand- 
lungen des Indivisibilienbegriffs von Cavalieri bis Wallis,” Bibl. Mathem., s. 3, v. 2, 1901, pp. 230- 
234. C. B. Borer, The Concept of the Calculus. A Critical and Historical Discussion of the Derivative 
and of the Integral. New York, 1939, viii, 346 pp. 

, 198. G. W. Evans, “Cavalieri’s theorem in his own words,” Amer. Math. Monthly, v. 24, 1917, 
pp. 447-451. Smitu [150], “Cavalieri’s approach to the calculus,” ed. by E. WALKER, pp. 605-609. 

199. James Gregory. Tercentenary Memorial Volume. Containing his Correspondence with 
John Collins and His hitherto Unpublished Mathematical Manuscripts together with Addresses and 
Essays Communicated to the Royal Society [of Edinburgh] July 4, 1938. Edited by H. W. TuRNBULL, 
London, 1938, xii, 524 pp.+5 plates. The papefs here include (pp. 468-509): M. Denn & E. HEL- 
LINGER, “On James Gregory’s Vera Quadratura”; E. J. DijksteERHUIS, “James Gregory and Chris- 
tiaan Huygens” (controversy); A. PraG, “On James Gregory’s Geometriae Pars Universalis.” A. M. 
CLERKE, Dict. Nat. Biog., v. 23, 1890, pp. 98-99. F. Cayor1, “On an integration ante-dating the 
integral calculus,” Bibl. Math., s. 2, v. 14, 1915, pp. 316-318. G. HEINRICH, “James Gregory’s Vera 
Circuli et Hyperbolae Quadratura,” Bibl. Math., s. 2, v. 2, 1901, pp. 77-85. H. W. TURNBULL, “James 
Gregory; a study in the early history of interpolation,” Edinb. Math. Soc., Proc., s. 2, v. 3, 1933, 
pp. 151-172. G. Hernricn, “Notiz zur Geschichte der Simpsonschen Regel,” Bibl. Math., s. 2, v. 1, 
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1900, pp. 90-92; discussion of a passage in GREGORY’S Exercitationes Geometricae (1668); parts of 
this work are published in F. MAsErREs, Scriptores Logarithmici, v. 2, 1796, pp. 1-19. G. GrBson 
(a) “James Gregory’s mathematical work: a study based chiefly on his letters,” Edinb. Math. Soc. 
Proc., v. 41, 1923, pp. 2-25; (b) “Sketch of the history of mathematics in Scotland to the end of 
the 18th century,” idem, s. 2, v. 1, 1927, pp. 12-17. 

200. Of the function u there have been many tables of which the first was by EDWARD WRIGHT 
(1550) in his Certaine Errors in Navigation with special reference to MERCATOR charts; see R. C. 
ARCHIBALD, Lambertian or lambda function,” Math. Tables and Other Aids to Computation, v. 3, 
pp. 222-225, 1948. 

201. Machin’s result (in expanded form) was first published in W. JoNES, Synopsis palmiorum 
matheseos, London, 1706, p. 263; it was also in this book, pp. 243, 263, that the symbol x for the 
ratio of the circumference of a circle to its diameter was first used. Making use of GREGORY’s series 
for tan“ x, MacuIN found that if tana=}, tan and that if y=4a—}a, tan 
whence Macuin’s formula. The details of this derivation were first published by MASEREs, A 
Dissertation on the Use of the Negative Sign in Algebra, London, 1758, pp. 289-290; see also MASERES, 
Scriptores Logarithmici, v. 3, 1796, pp. 157-161. It was WILLIAM SHANKS who computed = to 707D, 
and D. F. FerGuson who discovered that this value was erroneous beyond 526D, and carried the 
computation along to 808D. Using MAcuIN’s formula JoHN W. WRENCH, JR., and Levi S. Samira 
checked the accuracy of this computation, details concerning which may be found in Math. Tables 
and Other Aids to Computation (MTAC), v. 2, 1947, pp. 245-248; v. 3, 1948, pp. 18-19. This calcu- 
lation to 808D was intended as a companion to P. PEDERSEN’s calculation of e to 808D; see MTAC, 
v. 2, pp. 68-69. There is a sketch of MAcurIN, a professor at Gresham College, by A. M. CLERKE, 
in Dict. Nat. Biog., v. 34, $893. 

202. A. DEMorGan, “Huyghens, Christian,” Penny Cycl., v. 12, 1839, and Engl. Cyc!.—Biog- 
raphy, v. 3, 1856. A. M. CLERKE, Encycl. Brit., eleventh ed., v. 14, 1910. CrEw [177]. P. LENARD, 
Great Men of Science, transl. from the second German ed., by H. S. HATFIELD. New York, 1933, 
“Huygens,” pp. 67-83. A. E. BELL, Christian [sic] Huygens and the Development of Science in the 
Seventeenth Century. London, 1948, 220 pp.+portr., is a work of value. The Contribution of Holland 
to the Sciences. A Symposium edited by A. J. BARNouw & B. LANDHEER, New York, 1943; “Astron- 
omy” by JAN SCHILT, pp. 267-280; “Mathematics” by D. J. Srruik, pp. 281-295. D. J. KoRTEWEG, 
“La solution de Christiaan Huygens du probléme de la chainette,” Bibl. Math., s. 3, v. 1, 1900, pp. 
97-108. R. C. ARCHIBALD (a) “Discussion and history of certain geometrical problems of Heraclitus 
and Apollonius,” Edinb. Math. Soc., Proc., v. 28, 1910, pp. 152-178+-5 plates; HUYGENS gave 13 
solutions of these problems. (b) “Problems discussed by Huygens,” Amer. Math. Monthly, v. 28, 
1921, pp. 468-480. TopHUNTER [189], Huygens, pp. 22-25, etc. ARCHIBALD [69], catenary, cycloid, 
evolute. H. Bosmans “Galilée ou Huygens. A Propos d’un épisode de la premiére application 
du pendule aux horlogues,” Rev. d. Questions Scient., s. 3, v. 22, 1912, pp. 573-586. The edition 
of Huygens’ Oeuvres, of which 21 v. had been published by the Dutch Society of Sciences at Leiden, 
1888-1944, is the most magnificent in appearance and detailed editing of the work of any scientist. 

203. Archimedes, Huygens, Lambert, Legendre. Vier Abhandlungen tiber die Kreismessung. 
Deutsch herausgegeben und mit einer Ubersicht uber die Geschichte des Problems von den Adltesten 
Zeiten bis auf unsere Tage, versehen von R. Rupio. Leipzig, 1892, viii, 166 p.; text statement on 
p. 40. 

204. J. F. Scott, (a) The Mathematical Work of John Wallis D.D., F.R.S. (1616-1703). London, 
1938, xii, 240 p., portrait frontispiece. (b) “John Wallis as a historian of mathematics, Annals of 
Science, v. 1, 1936, pp. 325-337. A. DEMorGaN, “Wallis, John,” Penny Cycl., vol. 27, 1843, and 
Engl. Cycl.—Biography, v. 6, 1858. AuBREY [162], Wallis, v. 2, pp. 280-283. T. P. Nunn, “The 
Arithmetic of Infinities,” Math Gazette, v. 5, pp. 345-346, 1910 and 377-386, 1911; an analysis 
of WALLIs’s greatest work, Arithmetica Infinitorum, first published in 1655. We here find for the 
first time the familiar symbol, ©, to denote infinity. Smit [150], “Wallis on imaginary numbers” 
ed. by D. E. Smita, pp. 46-54; “Wallis on general exponents” ed. by E. M. SANFoRD, pp. 217-218; 
“Wallis and Newton on the binomial theorem for fractional and negative exponents,” ed. by D. E. 
SMITH, pp. 219-223. G. ENEstR6M, “Die geometrische Darstellung imaginirer Gréssen bei Wallis,” 
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Bibl. Math., s. 3, v. 7, 1907, pp. 263-269. A. CayLey, “The investigation by Wallis of his expression 
for x,” Quart. Jn. Math., v. 23, 1889, pp. 165-169, and Math. Papers, v. 13, 1897, pp. 22-25. G. A. 
Dickinson, “Wallis’s product for 4x,” Math. Gazette, v. 21, 1937, pp. 135-139. H. WIELEITNER, 
“Die Verdienste von John Wallis um die analytische Geometrie ” Das Weltall, v. 29, 1930, pp. 
56-60. W. Lorry, “Bruchaufgaben und Rc ihensumme nach Wallis,” Unterrichtsblitter f. Mathem. 
u. Naturw., v. 41, 1935, pp. 57-58. W. Kutta, “Elliptische und andere Integrale bei Wallis,” Bibl. 
Math., s. 3, v. 2, 1901, pp. 230-234. A. Prac, “John Wallis 1616-1703. Zur Ideengeschichte der 
Mathematik im 17. Jahrhundert,” Quellen und Studien ..., v. 1B, 1930, pp. 381-412. F. Cayort, 
“Controversies on mathematics between Wallis, Hobbes, and Barrow,” Math. Teacher, v. 22, 1929, 
pp. 146-151. D. E. Smitu, “John Wallis as a cryptographer,” Amer. Math. Soc. Bull., v. 24, 1917, 
pp. 82-96; WALLIs seems to have served his country as expert cryptographer for 60 years; VIETA— 
gave similar service in France. WALLIS’s Opera Mathematica, 3 large v., Oxford, 1695, 1693, 1699. 

Apart from the circle, the first three curves (see ARCHIBALD [69]) to be rectified were as fol- 
lows: logarithmic spiral by ToRRICELLI in 1640; semi-cubical parabola by WILLIAM NEILE (a pupil 
of Wallis and a friend of CHRISTOPHER WREN) in 1657; and cycloid by WREN in 1658. Neile’s 
rectification was based on principles set forth in Wallis’s Arithmetica Infinitorum. In 1657 HUYGENS 
first showed that the rectification of a parabola depended upon the quadrature of a rectangular 
hyperbola. Learning of this result, HENDRIK VAN HEuRAET, a Dutch disciple of DESCARTES, made 
advances, published in the 1659 edition of DEscaRTES’ geometry. The names of NEWTON, FERMAT, 
GREGORY also come upin the admirable survey of J. E. Hormann, “Uber die ersten logarithmischen 
Rektifikationen. Eine historisch-kritische Studie in vergleichender Darstellung,” Deutsche Math., 
v. 6, 1941, pp. 283-303. This article is based on his earlier important discussions: “Nicolaus 
Mercators Logarithmotechnia (1669)” and “Weiterbildung der logarithmischen Reihe Mercators 
in England,” Deutsche Math., v. 3, 1938, pp. 446-466, 598-605; v. 4, 1939, pp. 556-562; v. 5, 1940, 
pp. 358-375. JamEs GREGORY in 1667 seems to have been the first to show (or at least to publish 
the result) that if xy=1 is the equation of a rectangular hyperbola, the area between the two 
ordinates y=1 and y=a, is log, a; see G. ENEstrOM, Bibl. Math., s. 3, v. 11, 1911, p. 239. 

205. History OF SCIENCE Society, ed., Sir Isaac Newton, 1727-1927. A Bicentenary Evalua- 
tion of His Work, Baltimore, 1928, 9+-351 pp. [Contents: “Newton in the light of modern criticism” 
by D. E. Smitu, pp. 3-11; “Newton and optics” by D. C. MILLER, pp. 15-48; “Newton’s philos- 
ophy of gravitation with special reference to modern relativity ideas” by G. D. BirkKuorr, pp. 51- 
64; “Newton’s influence upon the development of astrophysics” by W. W. CAMPBELL, pp. 67-86; 
“Newton’s dynamics” by M. I. Puptn, pp. 89-97; “Newton as an experimental philosopher” by 
P. R. HEYL, pp. 101-108; “Developments following from Newton’s works” by E. W. Brown, pp. 
111-124; “Newton’s twenty years’ delay in announcing the law of gravitation” by F. Cayort, pp. 
127-188; “Newton’s fluxions” by F. Cayor1, pp. 191-200; “Newton's work in alchemy and chem- 
istry” by L. C. NEWELL, pp. 203-255; “Newton's place in the history of religious thought” by G. S. 
BRETT, pp. 259-273; “Newton in the Mint” by G. E. RoBerts, pp. 277-298; “Newton’s first 
critical disciple in the American colonies—John Winthrop” by F. E. Brascu, pp. 301-338; 
.., Material displayed in the Newton exhibit at the Amer. Museum of Nat. Hist., pp. 342-351.] 

206. MATHEMATICAL ASSOCIATION, England, ed., Isaac Newton, 1642-1727. A Memorial 
Volume, London, 1927, 8+181 pp.+plates. (Contents: “Two unpublished documents of Newton” 
by D. E. Smitu, pp. 16-34; “Letters from Newton in Corpus Christi College, Oxford,” ed. by J. 
L.. E. Dreyer, pp. 35-44; “Newton and interpolation” by D. C. FrAsER, pp. 45-69; “Newton’s 
work in optics” by E. T. WHITTAKER, pp. 70-74; “Newton's problem of the solid of least re- 
sistance” by A. R. Forsytu, pp. 75-86; “Newton's work on the theory of the tides” by J. Proup- 
MAN, pp. 87-95; “Newton’s contribution to the geometry of conics” by J. J. MILNE, pp. 96-114; 
“Newton on plane cubic curves” by H. HiLTon, pp. 115-116; “Newton and the art of discovery” 
by J. M. Cup, pp. 117-129; “Newton’s influence on method in the physical sciences” by A. E. 
HEatH, pp. 130-133; “Plagiarism in the seventeenth century, and Leibniz” by L. J. RUSSELL, pp. 
134-136; “The contemporary significance of Newton's metaphysics” by E. A. Burtt, pp. 137-140; 
“Newton and his homeland; the haunts of his youth” by J. A. HoLpEN, pp. 141-143; “Trinity 
College in the time of Newton” by G. N. Watson, pp. 144-147; “A Newton Bibliography” by H. 
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ZEITLINGER, pp. 148-170; “Portraits of Sir Isaac Newton” by D. E. Smitu, pp. 171-178; “The 
portrait medals of Newton” by D. E. Smita, pp. 179-180.] 

207. THE Royat Society Newton Tercentenary Celebrations 15-19 July 1946. Cambridge, Uni- 
versity Press, 1947, xvi, 92 p.+6 plates (3 portraits of Newton, Newton's rooms at Trinity, 
Woolsthorpe Manor, Newton letter). (Contents: “Address of welcome to the delegates” by R. 
Rosinson, President of the R. S., pp. 1-2; “Newton” by E. N. pa C. ANDRADE, pp. 3-23; “Address 
of welcome to the delegates” by G. M. TREVELYAN, Master of Trinity, pp. 24-26; “Newton, the 
man” by the late Lord KrynEs (in 1942), pp. 27-34; “Newton and the infinitesimal calculus” by 
J. HADAMARD, pp. 35-42; “Newton and the atomic theory” by S. I. VaviLov, pp. 43-55; “Newton's 
principles and modern atomic mechanics” by N. Bonr, pp. 56-61; “Newton: the algebraist and 
geometer” by H. W. TuRNBULL, pp. 62-72; “Newton's contributions to observational astronomy” 
by W. Apams, pp. 73-81; “Newton and fluid mechanics” by J. C. HUNSAKER, pp. 82-90.] 

208. R. E. LANGER, “Isaac Newton,” Scripta Mathem., v. 4, pp. 241-255, 1936. H. W. Turn- 
BULL, The Mathematical Discoveries of Newton. London and Glasgow, 1945, viii, 68 pp.+frontis- 
piece portr.; admirable little book. W. W. BALL, “Newton,” Math. Gazette, v. 7, pp. 349-360, 1914. 
Crew [177]. Hart [60], pp. 138-172. Bett [53], “On the seashore—Newton,” pp. 90-116. SmitH 
[54]. A. DEMorGan, Essays on the Life and Work of Newton. Edited with Notes and Appendices by 
P. E. B. Jourparn. Second ed., Chicago, 1914, xiv, 198 pp. S. BropEetsky, Sir Isaac Newton a Brief 
Account of His Life and Work. London, 1927, xii, 161 pp.+plate. J. CraiG, Newton at the Mint. 
Cambridge, Engl., 1946, vi, 128 pp., 4 plates, J. W. N. Suttrvan, Isaac Newton, 1642-1727. ... 
With a memoir of the author by C. SINGER. London, 1938, xx, 275 pp.; very attractively written. 
L. T. More, Isaac Newton, a Biography. New York and London, 1934, xiv, 675 pp.; of the long 
biographies of Newton this is a decided advance on Brewster's, but since the author is hampered 
by the fact that he is out of sympathy with modern developments in physics, he fails to see New- 
ton’s work in perspective. 

In R. DE VittamiL, Newton: The Man. London, 1931, vi, 112 p.+portrait frontispiece, is a 
list of 1896 books originally in Newton’s library. (Brown University has the fine copy of DE- 
Motvre’s Annuities upon Lives, 1725, here listed.) In July 1943, 860 of these volumes, including 
the septuagint Old Testament in Greek, and BARRows'’ edition of Euctin’s Elements, were pur- 
chased by The Pilgrim Trust and presented to the Library of Trinity College, Cambridge, which 
had been founded by Isaac Barrow, who, before resigning his chair (1669) in NEwrTon’s favor, and 
later becoming Master of Trinity, declared that he could not make a Bible out of his Euciip or a 
pulpit out of his mathematical chair. See The Times, London, 1943, Apr. 12, p. 6d; 14, p. 5d; 
June 30, p. 2c. In “Sir Isaac Newton’s early study of the Apocalypse,” Pop. Astron., v. 34, 1926, 
pp. 75-78, F. Cayort describes NEwTon’s much annotated copy of HENRY Morg’s work in the 
Library of the University of California at Berkeley. 

Newton's last London residence (1710-1725) on St. Martin’s St., Leicester Square, was de- 
molished in 1913 by order of the London City Council, but the woodwork of the “fore parlour” 
was in 1939 re-erected in America, in the Library of the Babson Institute, BABsoN Park, Mass., 
where there is also a large collection of Newtoniana. A picture of this “parlour” appears in F. E. 
Brascu, “Newton’s portraits and statues,” Scripta Math., v. 8, 1941, pp. 199-227, 24 of the pages 
being 12 plates, 10 of which are portraits. See also “Sale of Newtoniana,” Nature, v. 138, 1936, p. 
195. 

An interesting item is MARJoRIE H. Nicotson, Newion Demands the Muse; Newton's Opticks 
and the Eighteenth Century Poets. Princeton, N. J., 1946, xi, 177 pp. 

209. F. Cayort, A History of the Conceptions of Limits and Fluxions in Great Britain from New- 
ton to Woodhouse. Chicago and London, 1919, viii, 299 pp.+frontispiece. A. DEMorGAN, “Fluxions, 
fluents, method, notation and early history,” Penny. Cycl., v. 10, 1838. F. Cajort, “The spread of 
Newtonian and Leibnizian notations of the calculus,” Amer. Math. Soc., Bull., v. 27, 1921, pp. 
453-458. G. A. Grsson, (a) “Berkeley’s Analyst and its critics: an episode in the development of 
the doctrine of limits,” Bibl. Math., s. 2, v. 13, 1899, pp. 65-70; (b) Edinb. Math. Soc., Proc., v. 17, 
1899, pp. 9-32. “Berkeley and Newton,” Math. Gazette, v. 7, pp. 418-421, 1914. GEorGE BERKELEY 
(1685-1753), bishop of Cloyne, mathematician, and one of the most subtle and original meta- 
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physicians, has considerable interest for both American and mathematical history. He lived in 
Newport, Rhode Island, Jan. 1729-Aug. 1731 and there wrote his longest work Alcephron or the 
Minute Philosopher (publ. 1732). He was raised to the bishopric of Cloyne in 1734. His first 
printed work (1707) consisted of two mathematical tracts. In 1734 he published The Analyst: or a 
Discourse addressed to an infidel Mathematician [Halley]. Wherein it is examined whether the Object, 
Principles, and Inferences of the Modern Analysis are more distinctly conceived, or more evidently de- 
duced, than religious Mysteries and Points of Faith. By the Author of The Minute Philosopher. This 
precipitated the Analyst controvery in which many participated. See “Bibliography of George 
Berkeley,” Scripta Math., v. 3, 1935, pp. 81-83. 

SmitH [150], “Wallis and Newton on the binomial theorem for fractional and negative ex- 
ponents,” ed. by D. E. Smiru, pp. 219-223; “Newton on the binomial theorem for fractional and 
negative exponents,” ed. by E. M. SANFORD, pp. 224-228; “Newton on fluxions,” ed. by E. WALKER, 
pp. 613-618. 

210. A. DEMoraan, “Barrow, Isaac,” Penny Cycl., v. 3, 1835, and English Cycl.—Biography, 
v. 1, 1856. The Soc. for the Promotion of Christian Knowledge published a popular biography, 
with slighting of scientific matters: P. H. OsMonp, Isaac Barrow, His Life and Times. London, 
1944, vi, 230 pp., 4 plates. AuBREY [162], BARRow, v. 1, pp. 87-94. BARRow was professor of 
geometry at Gresham College (1662-64) and first Lucasian professor of mathematics at Cam- 
bridge (1664-69). His Mathematical Works (Cambridge, 1860, xx, 414, ii, 320 pp., 27 folding plates) 
were edited by W. WHEWELL, and his Geometrical Lectures ... Translated, with Notes and Proofs, 
and a Discussion on the Advance made therein on the Work of his Predecessors in the Infinitesimal 
Calculus, edited by J. M. CutLp, was published at Chicago, 1916, xiv, 218 pp. 

211. The composition and publication of the Principia was due to a young man about 
thirty years of age, EDMOND HALLEY, who became the successor of WALLIS as Savilian professor 
of geometry at Oxford. He has been called “flapper HALLEY” that is, according to SwiFt, one who 
flaps another to remind him of a task to be performed. The huge task of seeing the work through 
the press involved him in considerable personal financial outlay. The first edition was very small 
and probably sold for ten or twelve shillings a copy. It went out of print so quickly it was difficult 
to obtain even in 1691. Before World War II a copy could be occasionally picked up for $100, but 
recently five times that amount has been obtained. Many corrections and developments of the first 
edition occurred in the second edition published in 1713 (750 copies), which sold unbound at fifteen 
shillings a copy. (Of this edition there were pirated Amsterdam reprints in 1714 and 1723.) There 
was a reprint of the second edition at Glasgow in 1871. For interesting information about the 
second ed., see W. G. Hiscock (a) “The war of the scientists; new light on Newton and Gregory 
(David],” Times Lit. Suppl., v. 35, 1936, p. 34; (b) David Gregory, Isaac Newton and their Circle. 
Oxford, 1937, ix, 48 pp. The printing of the third edition begun in 1723, when NEWTON was 80 years 
old, was not finished till 1726, the year before he died. The student of the Principia may find the 
following useful: W. W. R. BALL, An Essay on Newton's ‘Principia.’ London, 1893, x, 175 pp. The 
Principia was first translated into English (from the third ed.) by ANDREW Morte (1729); R. 
THORPE published a translation of book I (1777). These are the bases of the English ed. by F. 
Cajor!, posthumously published by the Univ. of California in 1934, xxvi, 680 pp.; second printing 
1946. A rather scathing review by R. A. Sampson appeared in Nature. v. 135, 1935, pp. 128-129. 
See also Scripta Math., v. 3, 1935, pp. 69-74, 186-187; and Eureka, The Archimedean’s Jn., no. 10, 
Mar. 1948, pp. 3-5. To the second edition of the Principia, HALLEY contributed a Latin poem 
entitled (in translation): “To this mathematico-physical work of the illustrious Mr. Isaac New- 
ton, an achievement which is the greatest glory of our age and nation.” Of this poem four English 
editions have been published: (1). 1759, by “Eugenio,” in General Mag. of Arts and Sciences, Lon- 
don, v.1, p..4, and E. F. MacPIKe, Correspondence and Papers of Edmond Halley. Oxford, 1932, pp. 
207-208. (2). 1934, by L. J. RicHARDSON, in Cajori’s edition of the Principia, noted above, pp. 
xiii-xv. (3). Jan. 1943, by A. Weinstein, Science, n.s., v. 97, p. 70. (4). Aug. 1943, by Mrs. S. Cuap- 
MAN, Nature, v. 152, p. 231. See also R. C. ARCHIBALD, “Mathematicians, and poetry and drama,” 
Science, n.s., v. 89, 1939, pp. 48-49, footnote 74. 

Good short sketches of Halley are those of A. DEMorGAN, Penny Cycl., v. 12, 1839; or English 
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Cycl.—Biog., v. 3, 1856; and A. M. CLERKE, Dict. Nat. Biog., v. 24, 1890, pp. 104-109. But the 
most comprehensive and up-to-date source is Correspondence and Papers of Edmond Halley, pre- 
ceded by an Unpublished Memoir of his Life by one of his Contemporaries and the Eloge by D’Ortous 
de Mairan, arranged and edited by E. F. MacP1xKeE. Published for the [Amer.] History of Science 
Society, Oxford, Clarendon Press, 1932, xiv, 300 pp., 11 plates. We have already referred [86, 103] 
to publications of HALLEY editions of works by APOLLONIUS and MENELAUs. He was also a 
notable contributor to the foundation of statistical and actuarial theory (see H. Bécxn, “Halley 
als Statistiker,” Inst. Intern. de Statistique, Bull., Rome, v. 7, 1893, pp. 1-24; and C. WALForp, 
Insurance Cyclopaedia, London, v. 5, 1878, pp. 616-618, and v. 1, 1871, pp. 360-362). One of his 
outstanding contributions in the field of astronomy was when, in 1682, he identified, and computed 
the orbit of a comet with a period of about 76 years, last seen in 1910. He observed that the orbit 
was nearly identical with those of the comets in 1607 and 1531, and he also found that this was 
the same comet which was recorded as appearing in 1456, 1301, 1145, 1066. Compare Pop. Astron., 
v. 42, 1934, pp. 191-201, where 29 “observations,” 240 B.C.-1910 A.D. are discussed. 

212. “Gauss’s line” is a term also used in this connection since Gauss showed (Zach’s Monat- 
liche Korrespondenz, 1810, p. 120; Gauss, Werke, v. 4, pp. 385-392; see also Mess. Math., v. 4, 
1868, p. 137) that the locus of the centers of ellipses tangent to the sides of a complete quadri- 
lateral is the line through the centers of the three diagonals. TERQUEM noted in 1845 (Nouv. 
Annales de Math., v. 4, p. 545) that the five NEWTON lines, of the quadrilaterals formed by omitting 
one of five tangents to a conic, are concurrent. That the middle points of the three diagonals of a 
complete quadrilateral are collinear was first pointed out by F. J. Connor in Ladies Diary, 1795, 
p. 47. 

213. Sir Isaac Newton's Enumeration of Lines of the Third Order, Generation of Curves by 
shadows, ..., translated from the Latin with notes and examples, by C. R. M. TaLBot, London, 
1861, xii, 5-140 pp., 12 folding plates; W. W. R. BaLt, “Newton’s classification of cubic curves,” 
London Math. Soc., Proc., v. 22, pp. 104-143, 1890; Encykl. d. math. Wissen., v. IIIs, pp. 461-462. 
See also R. H. Grauam, “Newton’s influence on modern geometry,” Nature, v. 42, 1890, pp. 139- 
142; C. Taytor, “On a section of Newton's Principia in relation to modern geometry,” Cam- 
bridge Phil. Soc., Proc., v. 3, 1880, pp. 359-360. 

214. The memoranda of Davip Grecory for the period 1696-1708 give interesting informa- 
tion about the publication of the first edition of Arithmetica Universalis, edited and published by 
Ws. WaISTON in 1707; see Hiscock [211]. Other Latin editions were published in 1732 and 1761, 
at London, Leiden, and Milan. The first English edition appeared in 1720, the second in 1728, and 
another in 1769. There were also a French edition (1802) and various volumes of illustrations. For 
further details see G. J. Gray, A Bibliography of the Works of Sir Isaac Newton, second ed. rev. and 
enl., Cambridge, Engl., 1907. 

215. The most remarkable passage in Newton's Arithmetica Universalis is the Rule for the dis- 
covery of Imaginary Roots, stated without any proof (see H. W. TuRNBULL, The Mathematical 
Discoveries of Newton, 1945, pp. 49-51). How NewrTon discovered such a complicated Rule is a 
mystery. It was not until nearly 160 years later that a proof of the rule was finally discovered by 
J. J. SYLVESTER, in 1864-65; see R. Soc. London, Trans., v. 154, 1864, pp. 579-666+2 pls. and 
Proc., v. 13 (1863-64), pp. 179-183, and v. 14 (1865), pp. 268-270; also in SYLVESTER, Coll. Math. 
Papers, v. 2, Cambridge, 1908, pp. 376-479, 493-494. See also the summary by H. J. Purkiss, 
Oxford, Cambr. and Dublin Mess. Math., v. 3, 1865, pp. 129-142. The Rule is a generalization of 
DescaRTEs’ Rule of Signs, but it is a much deeper result. In a leaflet of 1896 SyLVESTER noted 

“Descartes’ and Newton’s law lay hid in night: 
Heaven touched my heart with fire, and all was light.” 
The American poet SipNEy LANIER, in his “Ode to The Johns Hopkins University” has the follow- 
ing (lines 10-14): 
“From far the sages saw, from far they came 
And ministered to her, 
Led by the soaring-genius’d Sylvester 
That, earlier, loosed the knot great Newton tied, 
And flung the door of Fame’s locked temple wide.” 


} 
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F. Cajort has given “A history of the arithmetical methods of approximation to the roots of 
numerical equations of one unknown quantity,” Colorado College, Publication, General Series, 
nos. 51-52, Science Series, v. 12, 1910, pp. 171-287. The first part, before VieTa, pp. 171-182; the 
second part, pp. 182-215, deals with Vieta, NEwron, LAGRANGE; the third part, pp. 217-288, 
modern times, discusses the NEWTON-RAPHSON method and allied processes, RUFFINI-HORNER 
method, WEDDLE’s method, DANDELIN-GRAFFE method, method by infinite series, etc. See also the 
rather trivial M. A. NorDGAARD, A Historical Survey of Algebraic Methods of Approximating the 
Roots of Numerical Higher Equations up to the Year 1819. Diss. Columbia, Teachers College, New 
York, 1922, vi, 65 pp. “Vieta’s extension of the Hindu method of approximating to complete 
equations,” pp. 24-32; “Newton’s method of approximation,” pp. 33-46; “Certain effective but 
non-practicable methods,” pp. 47-52; “Horner’s method, similar methods by Ruffini and by the 
Chinese of the thirteenth century,” pp. 53-57. F. Caort, “Newton’s solution of numerical equa- 
tions by means of slide rules,” Colorado College, Publication, General Series no. 95, Engineering 
Series, v. 1, no. 18, 1917, pp. 245-253. C. RunGgE, “Separation und Approximation der Wurzeln,” 
Encykl. d. mathem. Wissen., v. 1, pp. 404-448, 1899. The so-called “Graffe method” is really due to 
earlier writers: EDWARD WARING (1734-1798), Meditationes Analyticae, 1776, pp. 311 f., or GER- 
MINAL DANDELIN (1794-1847), “Recherches sur la résolution des équations numériques,” Acad. roy. 
d. Sci. d. Belgique, Mémoires, v. 3, 1826—pp. 7-71, 153-159, but especially p. 48 f. The method 
was also suggested independently by N. I. LopacnEevsky (1793-1856), Algebra ili Ischislenie 
Konechnykh Velichin [Algebra or Calculus of Finite Quantities]. Kazan, 1834, 528 p.; p. 157, 
§257. A few other accounts mainly expository, but some expansive, are: E. T. WHITTAKER & 
G. Rosinson, The Calculus of Observations, third ed., seventh impression, London, 1940, pp. 
106-120. S. BropETsKy and G. SMEAL, “Method for complex roots of algebraic equations,” Camb. 
Phil. Soc., Proc., v. 22, pp. 83-87, 1924. C. A. Hutcninson, Amer. Math. Monthly, v. 42, 1935, 
pp. 149-163. D. H. Lenmer, “The Graeffe process as applied to power series,” Math. Tables and 
Other Aids to Comput., v. 1, pp. 377-383, 1945, and v. 3, pp. 227, 1948. 

It was the Belgian professor of Physics, G. P. DANDELIN, referred to above, who discovered 
the beautiful theorem that the foci of the conic cut bya plane, #, from a right circular cone, are the 
points of contact of the spheres tangent to the cone and to . Furthermore, the planes of the con- 
tact circles of the spheres intersect p in the directrices of the conic. See DANDELIN, Acad. d. Sci. d. 
Bruxelles, Nouv. Mém., v. 2, 1822, pp. 171-173. 

216. As yet I have not been able to trace this quotation to its source: the earliest reference I 
can give is to F. R. Moutton, Introduction to Astronomy, New York, 1906, p. 199. If this story is 
true it would seem as if the Queen in question must have been SopHi1A DorotuHEa, wife of FRED- 
ERICK WILLIAM I, and mother of FREDERICK the Great. She was the first Queen of Prussia during 
the last 10 years that LErBniz lived. 

217. BELL [53], “Master of all trades—Leibniz,” pp. 117-130. SmitH [54]. KEysER [54]. 
Cajort [4], pp. 205-219, etc. LENARD [202], “Leibniz,” pp. 111-118. Smitu [150], “Leibniz and the 
Bernoullis on the polynomial theorem,” ed. by J. GINSBURG, pp. 229-231; “Leibniz on the calculus,” 
ed. by E. WALKER, pp. 619-626. J. M. Cuitp, The Early Mathematical Manuscripts of Leibniz. 
Translated from the Latin Texts published by Carl Immanuel Gerhardt with critical and historical 
Notes. Chicago and London, 1920, iv, 238 pp. F. Cayori. “Grafting the theory of limits on the 
calculus of Leibniz,” Amer. Math. Monthly, v. 30, 1923, pp. 223-234. Boyer [197], “Newton and 
Leibniz,” pp. 187-223. 

218. E. STEPHENS, “Bibliography on general (or fractional) differentiation,” Washington 
Univ., Studies, Scientific Series, v. 12, pp. 149-152, 1925. 

219. T. Muir, (a) The Theory of Determinants in the Historical Order of its Development, v. 1, 
up to 1841, second ed. London, 1906, xii, 491 pp.; v. 2, 1841-1860, 1911, xvi, 476 pp.; v. 3, 1861- 
1880, 1920, xxvi, 503 pp.; v. 4, 1880-1900, 1923, xxxi, 508 pp. (b) Contributions to the History of De- 
terminants, [v. 5], 1906-1920, 1930, xxiv, 408 pp. Leibniz, v. 1, pp. 6-10. Smitu [150], “Leibniz on 
determinants,” ed. by T. F. Cope, pp. 267-270. 

220. L. L. Locke, “The contribution of Leibniz to the art of mechanical calculation,” Scripta 
Math., v. 1, 1933, pp. 315-321-++1 plate. SmitH [150], “Leibniz on his calculating machine,” ed. by 
M. Kormes, pp. 173-181. Lerpniz began work on the calculating machine about 1671 and had 
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completed one machine in 1694 and a second about 1706. See R. MEHMKE & M. D’Ocacnz, 
Encycl. d. Sci. Math., tome 1, v. 4, fasc. 2, 1908, pp. 248-251. 

221. F. Cajort, “Leibniz the master-builder of mathematical notations,” Isis, v. 7, 1925, 
pp. 419-429. D. MatmgKE, “Leibniz als Begriinder der symbolischen Mathematik,” Jsis, v. 9, 
1927, pp. 279-293. Also Cajor1 [163], see indices, v. 1-2. 

222. A. DEMorGaAN, Penny Cycl., v. 4, 1835, “Bernoullis.” BELL [53], “Nature or Nurture?— 
The Bernoullis,” pp. 131-138. Encycl. Britannica, eleventh ed., v. 3, 1910, pp. 803-805. James= 
Jacques= Jakob=Giacomo; John=Jean=Johann=Giovanni. Gecenkbuch der Familie Bernoulli 
zum 300. Jahrestage ihrer Aufnahme in das Biirgerrecht 1622-1922. Basel, 1922, viii, 287 pp.+-4 plates. 
Interesting portraits, facsimiles of writing, etc. C. v. BEHR-Pinnow, “Begabungsvererbung der 
Familie Bernoulli,” Naturwissenschaften, v. 22, 1934, pp. 717-721. R. WoLF, Biographien eur Kul- 
turgeschichte der Schweiz, 4 v. Ziirich, v. 1, 1858, pp. 133-166. CANTOR [12], v. 3, “Jakob und Johann 
Bernoulli,” pp. 89-98, 215-248, etc. JAMES BERNOULLI, Unendliche Reihen (1689-1704) ...ausdem 
Lateinischen tibersetzt und herausgegeben, by G. KOWALEWSKI. (Ostwald’s Klassiker series). Leipzig, 
1909, 142 pp. A. Procisst, “Il Problema bernoulliano ‘De quadrisectione trianguli scaleni per duas 
normales rectas,’” Per. d. Matem., s. 4, v. 14, 1934, pp. 1-27. This problem was propounded and 
solved by BERNOULLI in Acta Eruditorum, 1687, pp. 617-623. It was also solved by L’Hospital 
before 1704. See Loria’s history of the problem, Bibi. Math., s. 3, v. 4, 1903, pp. 48-51. 

223. See, for example, D. N. Lenmer, “Cornu’s Spiral as transition curve,” California Jn. 
Technology, v. 3, 1904, pp. 71-82. A. L. Hicctns, The Transition Spiral and its Introduction to 
Railway Curves. London, 1921, viii, 112 pp. A. N. TaLBot, The Railway Transition Spiral. Sixth ed. 
New York, 1927, viii, 96 pp. 

224. R. C. ArcuIBALD, “Euler’s integrals and Euler’s spiral—sometimes called Fresnel 
integrals and the clothoide or Cornu’s spiral,” Amer. Math. Monthly, v. 25, 1918, pp. 276-282. 

225. R. C. ARCHIBALD, “The logarithmic spiral,” pp. 146-151 of J. HamBipGe, Dynamic Sym- 
metry. New Haven, 1920. 

226. TOoDHUNTER [189], “James Bernoulli,” pp. 56-77; “Daniel Bernoulli,” pp. 213-238, etc. 
Of BERNOULLI’s Ars Conjectandi there was a French edition of the first part, “L’art de Conjecturer.” 
Caen, 1801, iv, 180 p.; “Observations, eclaircissements et additions” occupy pp. 101-180. The 
German edition of all four parts, Wahrscheinlichkeitsrechnung (Ars Conjectandi), transl. and ed. 
by R. HaussnerR, appeared in the Ostwald’s Klassiker series, 2 v., Leipzig, 1899, 162, 172 pp. An 
English translation of the first three chapters of the second book of the Ars, by F. MASERES ap- 
peared in his The Doctrine of Permutations and Combinations. London, 1795, pp. 35-213; also in 
Maseres, Scriptores Logarithmici. London, v. 3, 1796, pp. 25-133 (pp. 100-133 being “An ap- 
pendix to the foregoing translation”). 

227. J. L. CootpGE, “The beginnings of analytic geometry of three dimensions,” Amer. Math. 
Monthly, v. 55, 1948, pp. 76-86. 

228. Euclides ab omni naevo vindicatus, Milan, 1733, 142 pp. SaAccHERI’s work was translated 
into English (book 1; book 2, pp. 102-142 omitted) and edited by G. B. HatsteEp, Chicago, 1920, 
xx, 246 pp. E. McCuintock, “On the early history of the non-euclidean geometry,” N. Y. Math. 
Soc., Bull., v. 2, pp. 144-147, 1893. R. Bonota, Non-Euclidean Geometry. A Critical and Historical 
Study of its Development. Engl. transl. by H. S. Carstaw. Chicago, 1912, pp. 22-44, etc. E. 
Carruccio, “Saccheri, Giovanni Girolamo,” Enciclopedia Italiana, Rome, v. 30, 1936. 

229. HELEN M. WaLKeER, “Abraham De Moivre,” Scripta Math., v. 2, pp. 311-333, 1934; 
exceedingly interesting and comprehensive sketch. A. M. CLERKE, “Abraham De Moivre,” Dict. 
Nat. Biog., v. 38, 1894, pp. 116-117. C. Hutton, Phil. and Math. Dict., second ed., London, 1815, 
v. 2, p.402. C. WaLForp, The Insurance Cyclopaedia, London, v. 1, 1871, “Annuities on Lives, Hist. 
of,” pp. 120-122; v. 2, 1873, “De Moivre” and “De Moivre’s hypothesis,” pp. 180-183. A. DE- 
Morgan, “Demoivre, Abraham” and “Demoivre’s hypothesis,” Penny Cycl., v. 8, 1839, pp. 380- 
381. D. E. Smita, “Among my autographs: De Moivre expresses himself,” Amer. Math. Monthly, 
v. 29, 1922, pp. 340-343. H. M. WALKER, Studies in the History of Statistical Method, with Special 
Reference to Certain Educational Problems, Baltimore, 1929, viii, 229 pp.; “De Moivre,” pp. 12-19, 
ele. 
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230. TopHUNTER [189], pp. 134-193, etc. SmiTH [150], “De Moivre on the laws of normal 
probability,” ed. by H. M. WALKER, pp. 566-575. See also [229]. 
231. The formula in question is the following: If m is very large 


(1) (2am) 


This is due to DE Motvre (1730-1733) and was not anywhere given by STIRLING or implied by 
anything he stated. We shall briefly indicate STiRLING’s small contribution in the direction of this 
result. JAMES STIRLING (1692-1770) was a prominent Scottish mathematician who wrote two 
books: A commentary on NEwrTon’s lines of the third order, Lineae tertii ordinis Newtonianae 
sive illustratio tractatus Newtoni de enumeratione linearum tertii ordinis. Oxford, 1717, and added 
two new kinds (J. P. p—E Gua subsequently detected four others) to the 72 which Newton had 
remarked among curves of the third order. At p. 32 of this work occurs the theorem which usually 
goes by the name of Mactaurin’s Theorem. His second, and most important book was one on the 
calculus of finite differences. Methodus differentialis: sive Tractatus de Summatione et Inter polatione 
Serierum Infinitarum. London, 1730, viii, 154 pp. There was a second edition in 1764 and an English 
edition in 1749. Information about his life and work may be found in A. DEMorGan, Engl. Cyel.- 
Biog., v. 5, 1857, “Stirling”; and C. TWEEDIE, (a) “Life of James Stirling, the Venetian,” Math. 
Gazette, v. 10, pp. 119-128, 1920. (b) James Stirling. A Sketch of his Life and Works along with his 
Scientific Correspondence. Oxford, 1922, xii, 214 pp.+2 folding plates. 

In the Methodus (prop. XXVIII, pp. 135-137) StrrLING gave the equivalent of the formula 

1 7 31 127 

@) In ml In (2x) + + 3212605" 128- 16808 
where z = m+}. This is all that StrRLING gives. Nowhere in this connection does he consider m very 
large, or any formula such as (1). DE Motvre’s Miscellanea Analytica was published in Jan. 1730. 
This did not then contain the “Supplementum” (21 p.) which was apparently written after the 
appearance of StrrL1nG’s Methodus, and published with bound copies of his Miscellanea before the 
end of September 1730. DE Moivre here showed (pp. [8]-{9]) that 


1 1 1 1 
3) —-m+—- - tee 
where 
1 1 1 1 

(the fact that B =2 being due to St1RLING), or 
(4) log m!= = log (2rm) + m log m — mlog — + - 


360m? 1260 m5 1680m? 


This may be written 


‘ B, 1 
B,, Bz, . . . denoting the BERNOULLI numbers. When m is very large, the relation (1) readily follows 
from (5). The values of the first 71 of the coefficients (—1)""'B,/[(2m —1)2n], for n=1(1)71, were 
given in H. S. Unter, “The coefficients of Stirling’s series of log I'(x),” Nat. Acad. Sci., Proc., v. 
28, 1942, pp. 59-62. On p. (22) of the Miscellanea, DE Motvre gives a table(15-19S) of log m! 
m= 10(10)900, not without errors. DE Motvre returned to (1) ina private publication of Nov. 12, 
1733: Approximatio ad Summam Terminorum Binomii (a+b)" in Seriem expansi. (7 p.), printed in 
facsimile in R. C. ARCHIBALD, “A rare pamphlet of Moivreand some of his discoveries,” Isis, v. 8, 
pp. 671-676+-7 plates, 1926. A somewhat elaborated English edition of this pamphlet is given in 
the second and third editions of DE Motvre’s The Doctrine of Chances (1738, 1756). See also K. 
PEARSON (a) “Historical note on the origin of the normal curve of errors,” (b) “James Bernoulli's 
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theorem,” Biometrika, (a) v. 16, pp. 402-404, 1924; (b) v. 17, pp. 201-210, 1925. It is of special 
interest that DE Motvre tells us that the part of his 1733 publication into which we are here in- 
quiring dates back to 1721 at least (“It is now a dozen years or more since I had found what fol- 
lows”). Writing 23 years later as on p. 334 of the Appendix to the third edition of his Doctrine of 
Chances the genial De Moivre was evidently somewhat forgetful of the exact setting of his friend's 
relationship to one of his own discoveries. 

PEARSON’S articles make clear that to De Motvre in 1733 is also due: (a) the first treatment of 
the probability integral, and essentially of the normal curve (later given by LAPLACE in 1774 and 
1778; and by Gauss in the 19th century); (b) the theorem that the measure of accuracy depends on 
the inverse square root of the size of the sample, so often called BERNOULLI’s theorem, although 
wholly DE Motvre’s. 

232. SmitH [150], “De Moivre on his formula”, pp. 440-450, “Euler,” pp. 450-454, ed. by R. 
C. ARCHIBALD. BRAUNMUHL [131], v. 2, pp. 75-78. A. v. BRAUNMUHL, “Zur Geschichte der Entste- 
hung des sogenannten Moivrischen Satzes,” Bibl. Math., v. 2, 1901, pp. 97-102. 

233. E. I. CARLYLE, “Taylor, Brook,” Dict. Nat. Biog., v. 55, 1898. B. TayLor, Contemplatio 
Philosophica: a posthumous work... .To which is prefixed a life of the author by his grandson Sir 
William Young. London, 1793, iv, 150 pp. H. BATEMAN, “The correspondence of Brook Taylor,” 
Bibl. Math., v. 7, pp. 367-371, 1907. One of the mss. “dated July 26, 1712 contains an enunciation 
of the theorem which bears his name.” H. AUCHTER, Brook Taylor der Mathematiker und Philosoph. 
Beitrige zur Wissenschaftsgeschichte der Zeit des Newton-Leibniz-Streites. Diss. Marburg. Wiirzburg, 
1937, iv, 112 pp.+portrait plate reproduced from previous item; extracts from Taylor’s correspond- 
ence, pp. 72-97; “Contemplatio philosophica, an essay by Brook Taylor,” pp. 98-110. A. PrINGs- 
HEIM, “Zur Geschichte des Taylorschen Lehrsatzes,” Bibl. Math., s. 3, v. 1, 1900, pp. 433-479. 
Of TayLor’s Methodus Incrementorum, there was a second ed., or print, in 1717 and a facsimile 
print of this at Berlin, in 1862. F. J. Fét1s, Biographie Universelle de Musiciens, Paris, v. 8, 1884, 
p. 194. 

234. ARCHIBALD [57], B. Taylor, p. 19. 

235. C. PLatts, “Maclaurin, Colin,” Dict. Nat. Biog., v. 35, 1893. C. TWEEDIE, “A study of the 
life and writings of Colin Maclaurin,” and “Notes on the life and works of Colin Maclaurin,” Math. 
Gazette, v. 8, pp. 133-151+4 plates, 1915, and v. 9, pp. 303-305, 1919. H. W. TurNBULL, “Colin 
Maclaurin,” Amer. Math. Monthly, 1947, v. 54, pp. 318-322. Cajor1 [209], chap. VI, “Mac- 
laurin’s Treatise of Fluxions, 1742,” pp. 181-189. C. Tweepre, “The ‘Geometria Organica’ of 
Colin Maclaurin: a historical and critical survey,” R. Soc. Edinb., Proc., v. 36, pp. 87-150, 1916. 

236. “Un chef-d’oeuvre de Géométrie, qu’on peut comparer a tout ce qu’Archiméde nous a 
laissé de plus beau et de plus ingénieux” (Mém. de l’Acad. de Berlin, 1773, p. 121). A reference may 
also be given to G. A. Gisson, “Sketch of the history of mathematics in Scotland to the end of the 
18th century,” Edinb. Math. Soc., Proc., s. 2, v. 1, pp. 79-84, 1928. 

237. ARCHIBALD [69], “pedal curves,” “cissoid,” etc. 

238. R. E. LANGER, “The life of Léonard Euler,” Scripta Math., v. 3, 1935, pp. 61-66, 131-138. 
Bett [53], “Analysis incarnate-Euler,” pp. 139-152. Smitu [54]. R. Fueter, Leonhard Euler. 
(Kurze Mathematiker-Biographien, no. 3). Z. d. Elemente d. Mathematik, Beiheft, Basel, Jan. 1948, 
24 pp. There are 3 illustrs. (2 portraits and a facsimile of a page of Euler’s writing). L. G. Du 
PasguiErR, Léonard Euler et ses Amis. Paris, 1927, ix, 125 pp. R. WoLr, Biographien zur Kultur- 
geschichte der Schweiz, 4 v., Ziirich, v. 4, 1862, pp. 87-134. Festschrift zur Feier des 200. Geburtstages 
Eulers. (Abh. 2. Gesch. d. math. Wissen., Heft 25). Leipzig, 1907, iv, 137 pp.+2 portraits. [Contents: 
G. VALENTIN, “Leonhard Euler in Berlin,” pp. 1-20; A. KNEsErR, “Euler und die Variationsrech- 
nung,” pp. 21-60; F. MéLier, “Uber bahnbrechende Arbeiten Leonhard Eulers aus der reinen 
Mathematik,” pp. 61-116; E. Lampe, “Zur Entstehung der Begriffe der Exponentialfunktion und 
der logarithmischen Funktion eines komplexen Arguments bei Leonhard Euler,” pp. 117-137.] G. 
ENESTROM, Verzeichnis der Schriften Leonhard Eulers. Leipzig, 1910-1913, 388 pp. EULER’s works 
are now being published by the Society of Swiss Naturalists in Opera Omnia (33 v., 1911-1947, 
there are to be about 40 more v.), 
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SmitH [150], “Euler, proof that every integer is a sum of four squares,” ed. by E. T. BELL, 
pp. 91-94 (see also [99, 101]; “Euler’s use of the letter ¢ to represent 2.718” ed. by F. Cayjort, 
pp. 95-98; “Euler on differential equations of the second order,” ed. by F. Cayori, pp. 638-643. 
U. G. MITCHELL & M. Strain, “The number e,” Osiris, v. 1, 1936, pp. 476-496. D. H. LEHMER, 
“On the value of the Naperian base,” Amer. Jn. Math., v. 48, pp. 139-143, 1936; the value of e is 
here found to 707D to match the then supposedly accurate SHANKS value of x to 707D—see 
[201]. R. C. ARcHIBALD, “Euler’s integrals and Euler’s spiral—sometimes called Fresnel in- 
tegrals and the clothoide or Cornu’s spiral,” Amer. Math. Monthly, v. 25, 1918, pp. 276-282. This 
spiral is the elastic curve in the following: L. EuLer, “Elastic curves,” transl. and annotated by 
W. A. OLDFATHER, C. A. Ettis & D. M. Brown, Jsis, v. 20, pp. 72-160, 1933; this is a complete 
translation of “Additamentum I. De Curvis Elasticis,” pp. 245-310 of EuLER’s Methodus in- 
veniendi Lineas Curvas Maximi Minimive proprietate gaudentes. (Lausanne and Geneva, 1744). 
Everything in H. LisENBARTH’s edition of a German transl. of the text, in OSTWALD’s Klassiker 
d. exakten Wissen., v. 175 (Leipzig, 1910), has been incorporated into this translation; and there is 
little else. ORE [7b], “Euler’s theorem and its consequences,” pp. 272-310. 

238a. F. Cayori, “Frederick the Great on mathematics and mathematicians,” Amer. Math. 
Monthly, v. 34, 1927, pp. 122-130. 

239. ToDHUNTER [189], chap. XII, Euler, pp. 239-257; etc. 

240. A. ENNEPER, Elliptische Functionen. Theorie und Geschichte. Second ed. by F. MULLER, 
Halle a. S., 1890, xx, 598 pp. More than a dozen papers of EuLER are here analyzed. 

241. ARCHIBALD [57], pp. 20-21. 

242. Cajort [163], v. 1-2, see indices. 

243. F. LINDEMANN, “Ueber die Zahl x,” Mathem. Annalen, v. 20, 1882, pp. 213-225. 

244. H. S. Unter, “On the numerical value of 7*” and R. C. ArRcHIBALD, “Historical notes 
on the relation e+* =ii,” Amer. Math. Monthly, v. 28, 1921, pp. 114-121. 

245. J. S. Mackay, “An abstract of one of Euler’s papers,” Edinb. Math. Soc., Proc., v. 4, 
1886, pp. 51-55. See also Smit [150], “Feuerbach on the theorem which bears his name,” ed. by 
R. A. Jonson, pp. 339-345. And J. L. CooLipGE, A History of Geometrical Methods, Oxford, 1940, 
xviii, 452 pp.; pp. 66, 147. 

246. A. DEMorcGan, “Fourier, Joseph,” Penny Cycl., v. 10, 1838; and Engl. Cycl.-Biog., 
v. 2, 1856. BELL [53], “Friends of an emperor, Monge and Fourier,” pp. 183-203. BELL [5], pp. 292- 
294, etc. F. ARAGO, “Joseph Fourier” (read 1833) transl. into English, Smithsonian Institution, 
Annual Report, 1871, pp. 137-176; also in F. AraGo, Biographies of Distinguished Men, Boston, 
1859, v. 1, pp. 374-444. M. Bécuer, “Historical summary,” pp. 267-275, of W. E. ByERLY, An 
Elementary Treatise on Fourier Series and Spherical, Cylindrical, and Ellipsoidal Harmonics. Boston, 
1893. See also the admirable survey, R. E. LANGER, Fourier’s Series, the Genesis and Evolution of 
a Theory. (Herbert Ellsworth Slaught Memorial Papers, no. 1). Suppl. Amer. Math. Monthly, v. 54, 
1947, vi, 86 pp. Of Fourier’s great work Théorie Analytique de la Chaleur, Paris, 1822, there was an 
English translation by A. FREEMAN, The Analytic Theory of Heat, translated with Notes. Cambridge, 
Univ. Press, 1878, xxviii, 466 pp. The French edition filled the first of two v. of Oeuvres de Fourier, 
ed. by G. DarBoux. Paris 1888-1890. These v. do not include the following work not completely 
published at the time of Fourier's death: Analyse des Equations Déterminées. Premiére Partie [no 
more publ.]}. Paris 1831, xxiv, 258 pp.+1 folding plate. This v. deals with topics which had interested 
him from early manhood, and the noted theorem (perfected by Sturm in 1829, publ. in 1835) 
concerning the number of roots of an algebraic equation in a given interval, is certainly due to 
him both because it was taught to his pupils in the Ecole Polytechnique in 1796, 1797, and 1803, 
and because he first printed the theorem and its proof in 1820. (Oeuvres, v. 2, pp. 291-309). Many 
writers (including ARAGO, above) were wholly incorrect in imagining that F. D. BuDAN gave the 
theorem in his book of 1806. BupaAN did finally give a complete demonstration in 1822. P. E. B. 
Jourparn, “Note on Fourier’s influence on the conceptions of mathematics,” Intern. Congress 
Mathems., Cambridge 1912, Proc., 1912, v. 2, pp. 526-527. N. NIELSEN, Géométres Francais sous 
la Révolution. Copenhagen, 1929, viii, 251 pp. “Fourier,” pp. 88-96; “Budan,” pp. 38-39, with ac- 
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curate details regarding Fourier’s theorem. The 80 sketches in this volume include also the follow- 
ing: LAGRANGE, pp. 136-152, LAPLACE, pp. 157-163, LEGENDRE, pp. 166-174, MONGE, pp. 182- 
190, J. R. ARGAND (1768-1822), pp. 6-9, J. C. DE Borba (1733-1799), pp. 19-24, J. C. CaLLEeT 
(1744-1799) pp. 40-44, J. B. J. DELAMBRE (1749-1822), pp. 70-72, J. J. Le F. pE La Lanpg 
(1732-1807), pp. 43-45, J. E. Montucia (1725-1799), pp. 190-192. Concerning the last six we 
shall add some notes: 

ARGAND—We referred to WALLIs’s attempt to represent imaginary quantities graphically, 
ARGAND gave our modern method in 1806. He was, however, anticipated by CASPAR WESSEL 
(1745-1818) whose memoir, presented to the Danish Academy in 1797, was published in 1799. For 
a good history of geometric representation of imaginary quantities, see W. W. BemaNn, “A chapter 
in the history of mathematics,” Amer. Assoc. Adv. Sci., Proc., v. 46, 1897, pp. 33-50. An English 
translation of ARGAND’s paper is: Imaginary Quantities: their Geometrical Interpretation. Trans- 
lated from the French of M. Argand by A. S. Harpy. New York, 1881, 135 p. 

Borpa—See the sketch of Borpa by A. DEMorGav, in Penny Cycl., v. 5, 1836, and Engl. 
Cycl.-Biog., v. 1, 1856. Borpa, LAGRANGE, LAPLACE, MONGE & CONDORCET, in a report, made in 
1791 to the Academy of Sciences, Paris, recommended the decimal division of the quadrant of the 
circle (1009, 19=100', 1‘=100"). This subdivision is found in CaALLeEt’s tables, and, 1801, in 
Borpa’s posthumous: Tables Trigonométriques Décimales, ou Tables des Logarithmes, with revision 
and an explanation by DELAMBRE (iv, 637 pp.). Through recommendation of the above committee 
the meter was in 1799 adopted as the standard of length. 

CALLET—was the author of a famous volume: Tables portatives de Logarithmes, 1795, cxviii, 
680 pp., later appearing in scores of editions and impressions. 

DELAMBRE—see also the excellent sketch by A. DEMorGan, in Penny Cycl., v. 8, 1937, and 
Engl. Cycl.-Biog., v. 2, 1856. D. was chosen an associate of almost every learned body in Europe. 
He was the author of 6 great v. of History of Astronomy (1817-1827), and many other v. And 
also the author of what are known as “Gauss’s analogies” {272] in trigonometry; see I. TODHUNTER, 
“Note on the history of certain formulae in spherical trigonometry,” Phil. Mag., s. 4, v. 45, 1873, 
pp. 98-100. 

LaLanDE—see also A. DEMorGan, Penny Cycl., v. 13, 1939, and Engl. Cycl.-Biog., v. 3, 1856; 
and ARCHIBALD [163], pp. 43-45. Director of the Paris Observatory (1768-1807). Author of a v. 
of mathematical tables which went through many editions down into the 20th century (ARCHI- 
BALD [163], pp. 43-45); of Navigation its history theory and practice (1793); and of the fourth v. 
of Montucta’s History (1802). 

MontucLa—author of two noteworthy treatises on the history of mathematics. One was on 
the quadrature of the circle (1754, second ed. by Lacrorx, 1831); the other and larger work was 
the first modern history of mathematics, and it may be called a classic (2 v. Paris, 1758; second 
edition 4 v. 1799-1802. The third v. was partly printed when M. died; the rest of it (after p. 
336) was seen through the press by LALANDE who prepared the fourth v., mainly on the history 
of astronomy.) See G. Sarton, “Montucla (1725-1799): his life and works,” Osiris, v. 1, 1936, pp. 
519-567. Also D. E. Smita, “Among my autographs”: “The threatened loss of the second edition 
of Montucla’s History of Mathematics”; “Montucla’s closing years,” Amer. Math. Monthly, v. 
28, 1928, pp. 207-208; v. 29, 1929, pp. 253-255. 

247. M. Goperroy, La Fonction Gamma: Théorie, Histoire, Bibliographie. Diss. Paris. Paris, 
1901, pp. 1-6, efc., EuLER’s Beta Function, Sper —x)Idx, and the more general form, 
Sex?'dx/(1—x")-o!", were studied by EuLer in papers of 1738, 1750, 1761, and 1789; see, 
ENESTROM [238]. 

1 1 1 1 Bi B, OB; 

J. W. L. GiatsHEeR, “On the history of Euler’s constant,” Mess. Moth., v. 1, pp. 25-30, 1871. 
The constant y was calculated to 263D by J. C. Apams, B.A.A.S., Report, 1877, p. 15 and R. Soc. 
London, Proc., v. 27, 1878, pp. 93-94. 
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249. G. Sarton, “Lagrange’s personality (1736-1813),” Amer. Phil. Soc., Proc., v. 88, 1944, 
pp. 457-496+ portrait frontispiece. BELL [53], “A lofty pyramid, Lagrange,” pp. 153-171. Smita 
[54], NIELSEN [246], pp. 136-152. TurNnButt [51], “Maclaurin and Lagrange,” pp. 101-107. O. J. 
LopGE, Pioneers of Science, London, 1919; lecture XI: “Lagrange and Laplace—the stability of the 
solar system, and the nebular hypothesis,” pp. 254-271. “Bicentenary of Lagrange (1736-1813),” 
Nature, v. 137, 1936, pp. 141-142. G. Lorta, (a) “Nel secondo centenario della nascita di G. L. 
Lagrange 1736-1936,” Isis, v. 28, 1938, pp. 366-375, with interesting illustrations. (b) “G. L. 
Lagrange nella vita e nelle opere,” Annali di Matem., s. 3, v. 20, 1913, pp. IX-LII. L. G. Smons, 
“The influence of French mathematicians at the end of the eighteenth century upon the teaching of 
mathematics in American Colleges,” Isis, v. 15, 1931, pp. 104-106, 108, 109, 119. 

250. Engl. Cycl.-Biog., v. 3, 1856, “Lambert, John Henry.” J. H. LAMBERT, Opera Mathe- 
matica, Commentationes Arithmeticae Algebraicae Analyticae, ed. ANDREAS SPEISER, V. 1-2, Ziirich, 
1946-1948, xxxii, 348, xxx, 324 pp.; the introductory essays of v. 1-2 by the editor, are synopses of 
interest. Pp. 1-15 of v. 1 are occupied by “Eloge de M. LAMBERT” by J. H. S. Formey, reprinted 
from Nouv. Mém. de l’Acad. r. de Berlin 1778, Histoire, pp. 72-91. R. WoLr, Biographien sur 
Kulturgeschichte der Schweiz. 4 v., Ziirich, 1858-1862; v. 3, 1860, pp. 317-356. A sumptuous work 
dealing primarily with LAMBERT’s writings on perspective but listing all of his published and un- 
published writings is Johann Heinrich Lambert Schriften zur Perspektive. Herausgegeben und einge- 
leitet von Max Steck. Berlin, 1943, xvii, 496 pp.+21 plates, folio format. 

251. Engl. Cycl.-Biog., “Wallace, William,” v. 5, 1857. In LEyBourn’s Math. Repository, n.s., 
no. IV, Oct. 28, 1797, Wallace proposed the problem: “If three straight lines touch a parabola a 
circle described through their intersections shall pass through the focus of the parabola. Required 
the Demonstration.” In his proof (no. VI, 1798, II, pp. 54-55) he proves that the feet of the per- 
pendiculars from the focus of the parabola on the three tangents all lie on the tangent at the vertex 
of the parabola. Then in no. VII, 1799, II, p. 111 the WALLAcE Line theorem emerges. PONCELET, 
who doubtless never saw WALLACE’S articles, treats the theorems in the same way, see his Propriétés 
Projectives, 1822, §§466-468. In the latter paragraph is a generalization of the theorem, namely: 
that the perpendiculars on the sides may be replaced by obliques making (in cyclical order) equal 
angles with the sides. The same generalization was also made by STEINER in GERGONNE’S Annales, 
v. 19, 1828, pp. 37-64. STEINER remarks that the straight lines obtained in varying the angles of the 
obliques will envelop a parabola, whose focus is the point from which the obliques are drawn. 
That the envelope of all the WALLACE Lines of a circle isa three-cusped hypocycloid was shown by 
W. K. CuiFForp in 1865, Educ. Times Reprint, v. 3, pp. 81-82. The number of theorems connected 
with the WALLACE Line is very large. Some references may be found in J. S. Mackay, “The Wal- 
lace line and the Wallace point,” Edinb. Math. Soc., Proc., v. 9, 1891, pp. 83-91; and in the re- 
markable Frére GABRIEL MARIE, Exercices de Géométrie, fifth ed., Paris, 1912, §764-767. See also 
J. S. Mackay, “Bibliography of the envelope of Wallace line the three-cusped hypocycloid,” 
Edinb. Math. Soc., Proc., v. 23, 1905, pp. 80-88; and a bibliography of the extension of WALLACE’s 
Line to space by O. DEGEL, in L’Intermédiaire des Mathém., v. 18, 1911, pp. 254-255. 

, 252. F. Rupio, Archimedes, Huygens, Lambert, Legendre. Vier Abhandlungen iiber die Kreis- 
messung. Deutsch herausgegeben und mit einer Ubersicht tiber die Geschichte des Problems von der 
Quadratur des Zirkels . . . versehen von F. Rupto. Leipzig, 1892, pp. 54-58, 133-155. Compare A. 
PRINGSHEIM, “Ueber die ersten Beweise der Irrationalitit von e und x,” Bayerische Akad. d. 
Wissen., Sitzungsb., math.-phys. Classe, 1898, pp. 325-337. It is here pointed out that LAMBERT 
did not know of EuLer’s work 30 years earlier; also that LAMBERT’S proof of the irrationality of x 
is more rigorous than the later one of LEGENDRE; that LAMBERT here gave the first, and for a long 
time the only, example of the rigorous development of a particular function into a converging con- 
tinued fraction. See also J. PopKEN, “On Lambert's proof for the irrationality of x,” Akad. v. 
Wetens., Amsterdam, Proc., v. 43, 1940, pp. 712-714. The simplest proof yet found for the ir- 
rationality of + seems to be that of I. Nrven, Amer. Math. Soc., Bull., v. 53, 1947, p. 509. HER- 
MITE’s proof that x and z* were irrational is of interest both in relation to the proof of LAMBERT 
and as containing the germ of the later proof of the transcendence of ¢ and x (Jn. f. d. reine u. 
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angew. Math., v. 76, 1873, pp. 342-344); see also Oeuvres de Charles Hermite, v. 3, 1912, pp. 146- 
149. A simple proof of the irrationality of e was given in 1815 by Fourier. D. E. Situ, “The 
history of the transcendence of x,” in J. W. A. YouNG, Monographs on Topics of Modern Mathe- 
matics, New York, 1911, pp. 387-416. 

253. G. Loria, “J. Liouville and his work,” Scripta Math., v. 4, 1936, pp. 147-154, 257-262, 
301-306, and portrait plate. 

254. BELt [53], “The man, not the method—Hermite,” pp. 448-465. G. PRAsap, Some Great 
Mathematicians of the Nineteenth Century: Their Lives and Their Works. Benares, India, v. 1, 1933 
(Gauss, Cauchy, Abel, Jacobi, Weierstrass,’ Riemann),"xv, 347 pp.+6 portraits; v. 2, 1934 (Cay- 
ley, Hermite, pp. 34-59, Brioschi, Kronecker, Cremona, Darboux, Cantor, Mittag-Leffler, Klein, 
Poincaré), xviii, 324 pp.+10 portraits. G. DarBoux, Eloges académiques et Discours, Paris, 1912, pp. 
116-172. M. Noetuer, Math. Annalen, v. 55, 1901, pp. 337-385. LorEy [276], JAcos1, pp. 43-44. 

255. S. GtnTHER, Die Lehre von den gewihnlichen und verallgemeinerten Hyperbelfunktionen. 
Halle a S., 1881, x, 440 pp. 

256. C. H. DEEtTz & O. S. Apams, Elements of Map Projection with Applications to Map and 
Chart Construction. Fifth ed., rev., Washington, 1945, 256 pp.+14 plates. 

257. BELL [53], “Friends of an Emperor—Monge and Fourier,” pp. 183-205. A. DEMorGaN, 
Engl. Cycl.-Biog., v. 4, 1857, “Monge, Gaspard.” D. E. Smitu, “Gaspard Monge, politician,” 
Scripta Math., v. 1, pp. 111-122, 1932. D. E. Smita, “Among my autographs: Monge and the 
American Colonies” and “Monge the lesser,” Amer. Math. Monthly, v. 28, 1921, pp. 166, 208, 209. 
Srwons [249], pp. 115, 119. NIELSEN [244], “Monge,” pp. 182-190. L. pELauNay, Monge, Fonda- 
teur de I’ Ecole Polytechnique. Paris, 1933, 280 pp. D. F. J. ARAGO, “Biographie de Gaspard Monge,” 
Mémoires de l’Acad. d. Sci., Paris, v. 24, 1853, 157 pp.; also in ARAGO, Notices Biographiques, Paris, 
v. 2, 1853, pp. 427-592. C. Dupin, Essai Historique sur les Services et les Travaux Scientifiques de 
Gaspard Monge. Paris, 1819, viii, 316 pp. For Descriptive Geometry used by PToLEMy, see NEUGE- 
BAUER [7a], and HEATH [22], History, v. 2, pp. 286-292. 

258. D. J. StruiK, “Outline of a history of differential geometry,” Isis, v. 19, 1933, pp. 92- 
120 (1. “The time before Leibniz,” pp. 92-96; 2. “The first systematic contributions,” pp. 96-99; 
3.“The eighteenth century,” pp. 99-110; 4. “Monge and the Ecole Polytechnique,” pp. 110-113; 
5. “Monge’s pupils,” pp. 113-120), and v. 20, pp. 161-191, 1933 (6. “Gauss,” pp. 161-167; 7. 
“The French school of the forties,” pp. 167-172; 8. “Riemann,” pp. 173-177; 9. “The beginning of 
modern times,” pp. 177-184; 10. “Differential geometry from 1870 to 1900,” pp. 184-189; 11. 
“Sources,” pp. 189-191). See also J. L. CootinGe, A History of Geometrical Methods. Oxford, 1940; 
“Differential geometry,” pp. 318-421. 

259. F. Cajort, “Plans for a history of mathematics in the nineteenth century,” Science, n.s., 
v. 48, 1948, pp. 279-284; address as retiring president of the Math. Assoc. Amer. 

260. A. DEMoraan, “Laplace,” Penny Cycl., v. 13, 1839, and Engl. Cycl.-Biog., v. 3, 1856, 
cols. 800-805. BELL [53], “From peasant to snob—Laplace,” pp. 172-182. K. Pearson, “Laplace”; 
G. A. Suwon, “Les origines de Laplace: sa généalogie—ses études,” Biometrika, v. 21, 1930, pp. 202- 
216; pp. 217-230+1 plate. D. F. J. Araco, “Eulogy on Laplace,” transl. into English by B. 
PowWELL, Smithsonian Inst., Report, 1874, pp. 129-168. H. MAcPHERSON, Makers of Astronomy, 
Oxford, 1933; “Laplace,” pp. 88-93. LENARD [202], pp. 218-223+ portrait plate. SmiTH [54]. 
NIELSEN [246], “Laplace,” pp. 157-163. H. ANDoYER, “L'Oeuvre Scientifique de Laplace. Paris, 
1922, 162 pp. StruiK [6], pp. 192-199. E. S. Situ, “The tomb of Laplace,” Nature, v. 119, 1927, 
pp. 493-494; quotation (p. 494): “On 11 Dec. 1925, a fire completely destroyed the Chateau de 
Mailloc, and with this were lost all the papers and personal relics of Laplace.”; see also Nature, v. 
4, 1871, p. 108. E. EscLancon, “Hommage 4a Laplace, inauguration de sa statue, 4 Beaumont-en- 
Auge le 3 Juillet 1932,” L’Astronomie, v. 46, 1932, pp. 402-404. Oeuvres Complétes de Laplace. 14 
v., Paris, 1878-1912. 

261. ToDHUNTER [189], “Laplace,” pp. 464-613, etc. E. C. Mottna, “The theory of prob- 
ability: some comments on Laplace’s Théorie Analytique [des Probabilités],” Amer. Math. Soc., 
Bull., v. 36, 1930, pp. 369-392. The fundamental parts of LapLace’s Théorie are given by A. 
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DeMorGaN in his article “Theory of Probabilities” in Encycl. Metropolitana, 1837. LAPLACE’S 
“Essai Philosophique sur les Probabilités” was first printed as an introduction to the second edi- 
tion of the Théorie, 1814. An English translation from the-sixth French edition of the Essai (A 
Philosophical Essay on Probabilities) was published at New York, in 1902, 196 pp. SmitH [150], 
“Laplace on the probability of the errors in the mean results of a great number of observations and 
on the most advantageous mean result,” ed. by J. L. C. A. Gis, pp. 588-604. 

262. R. C. ARCHIBALD, “Bowditch, Nathaniel,” Dict. Amer. Biog., v. 2, 1929; also A Cata- 
logue of a Special Exhibition of Manuscripts, Books, Portraits and Personal Relics of Nathaniel 
Bowditch (1773-1838). Salem, Mass., 1937, iv, 40 pp.+7 plates. (“Nathaniel Bowditch,” by H. 
BowpitTcH, pp. 1-6; “The scientific achievements of Nathaniel Bowditch,” by R. C. A., pp. 7-16). 
A. STANFORD, Navigator. The Story of Nathaniel Bowditch, New York, 1937, xii, 308 pp. R. E. Berry, 
Yankee Stargazer: the Life of Nathaniel Bowditch, London, and New York, 1941, 234 pp. 

263. A. DEMorGaNn, “Legendre,” Penny Cycl., v. 13, 1839, and Engl. Cycl.-Biog., v. 3, 1856. 
J. W. L. GiatsHer, “Legendre,” Encycl. Brit. eleventh ed., Cambridge, v. 16, 1911 [G. errs in 
attributing to Sir Davip BREwsTER the transl. into English of LEGENDRE’s geometry]. L. EL1E DE 
BEAuMoNT, “Eloge historique de Adrien Marie Legendre,” Acad. d. Sci., Paris, Mémoires, v. 32, 
1864, pp. xxxvii-xciv, 56 pp.; Engl. transl. by C. A. ALEXANDER, Smithsonian Inst., Report for 1867, 
pp. 137-157. NIELSEN [246], “Legendre,” pp. 166-174. ARCHIBALD [163], pp. 45-49. C. Doris 
HELLMAN, “Legendre and the French reform of weights and measures,” Osiris, v. 1, 1936, pp. 314- 
340. I. TopHUNTER, History of the Mathematical Theories of Attraction and the Figure of the Earth. 
London 1873; in v. 2, chapters 20, 22, 24, 25, pp. 20-139, contain complete accounts of LEGENDRE’S 
memoirs on attractions of ellipsoids. I. ToDHUNTER, A History of the Progress of the Calculus of 
Variations during the Nineteenth Century, Cambridge and London, 1861, pp. 229-233, 489. L. E. 
Dickson, History of the Theory of Numbers. Washington, v. 1-3, 1919, 1920, 1927; also New York, 
Stechert ed., 1935; see various references to LEGENDRE in indices. Sm1TH [150], “Legendre’s law of 
quadratic reciprocity,” ed. by D. H. LEnMeEr, pp. 112 f. D. E. Smita, “Among my autographs: 
Legendre and Cauchy sponsor Abel,” Amer. Math. Monthly, v. 29, 1922, pp. 394-395. 

264. Legendre’s work in Elliptic Functions is summarized in ENNEPER [240], index, pp. 586- 
587. His final volumes appeared almost simultaneously with the complete theory of elliptic func- 
tions by the great Norwegian mathematical genius NfELS HENRIK ABEL, which Legendre recog- 
nized as a great advance over his own. See BELL [53], “Genius and poverty—Abel,” pp. 307-326. 
PRASAD [254], v. 1, pp. 111-165+-portrait. Smit [150], “Abel on the quintic equation” ed. by 
W. H. Lancpon & O. ORE, pp. 261-266. [It is impossible to solve the general equation of the fifth, 
or higher, degree, in terms of radicals.]; “Abel on the continuity of functions defined by power 
series,” ed. by A. A. BENNETT, pp. 286-291; “Abel on integral equations,” ed. by J. D. TAMARKIN, 
pp. 656-662. G. MirraG-LeFFLer, “Niels Henrik Abel,” La Revue du Mois, 1907, pp. 34-38. J. 
BERTRAND, Eloges Académiques, Paris, 1902; “N. H. A. Tableau de sa vie et de son action scien- 
tifique,” pp. 313-328. 

LEGENDRE was similarly impressed with the work of C. G. J. JACOBI which appeared some- 
what later (1829). Bett [53], “The great algorist—Jacobi,” pp. 327-339. Prasap [254], v. 1, pp. 
166-219+-portrait plate. SmitH [54]. StrurK [6] pp. 227-232. “Correspondance mathématique entre 
Legendre et Jacobi,” Jn. f. d. reine u. angew. Math., v. 80, 1875, pp. 205-279; also in Jacost, 
Gesammelte Werke, v. 1, Berlin, 1881, pp. 385-461. ENNEPER [240], pp. 581-583. Murr [219], 
many references in indices and contents to “Jacobians,” etc. 1. TODHUNTER, History of the Progress 
of the Calculus of Variations during the Nineteenth Century. Cambridge, 1861; “Jacobi,” pp. 243- 
253. “Commentators on Jacobi,” pp. 254-332. L. KOENIGSBERGER, Carl Gustav Jacob Jacobi... . 
Leipzig, 1904, xviii, 554 pp.+1 plate. 

265. M. MERRIMAN, “List of writings related to the method of least squares with historical 
and critical notes,” Connecticut Acad., Trans., v. 4, 1877, pp. 160-173. For a transl. of a portion 
of LEGENDRE’s “On a method of least squares,” ed. by H. A. RuGeR & H. M. WALKER, see SMITH 
[150], pp. 576-579. 

266. The first English translation of LEGENDRE’s geometry was by JOHN Farrar, of Harvard 
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University, Cambridge, Mass., 1819. The next English translation, together with an introductory 
chapter on proportion, was by THomas CaRLYLE, Edinburgh, 1824. There were 39 American edi- 
tions (6 of FARRAR and 33 of CARLYLE) 1819-1880, and the work led to the practical abandonment 
in the United States of Euctip’s Elements. See Simons [249], pp. 107-115; and L. C. Karprnsk1, 
Bibliography of Mathematical Works Pfinted in America through 1850. Ann Arbor, 1940, pp. 11, 
228-229, 292-293, 449, 459. The Thirteen Books of Euclid's Elements Translated from the Text of 
Heiberg with Introd. and Commentary by T. L. Heath, v. 1, Cambridge, 1908, pp. 112, 169, 213- 
219; second ed. rev. with additions, 1926. Bonoxa [78], pp. 55-60, etc. In a copy of THos. Simpson, 
The Doctrine and Application of Fluxions, 1776, in the Library of Brown University, is the signa- 
ture: “Thomas Carlyle, Studt. Edinb. 1814.” This is the year when Carlyle (19 years of age) was 
mathematical teacher at Annan. 

267. BELL [53], “The Copernicus of geometry—Lobatchewsky,” pp. 307-326, G. B. HALSTED, 
“Lobachevsky,” Amer. Math. Monthly, v. 2, 1895, pp. 137-139. A. V. VasiLiev, Nicolai Ivanovich 
Lobachevsky, Address pronounced at the commemorative Meeting of the Univ. of Kazan, Oct. 22, 1893, 
transl. by G. B. HALstTED, Austin, Texas, 1894, viii, 40 pp. LoBACHEVSKyY’s noneuclidean geometry 
writings included: (1) Ueber die Principien der Geometrie (Kazan, 1829-1830); (2) Geometrische 
Untersuchungen zur Theorie der Parallellinien, Berlin, 1840, French transl. by HOUEL, 1866 and 
English transl. by HALSTED, Geometrical Researches on the Theory of Parallels, Austin, Texas, 1891, 
50 pp.; new ed. with portrait and bibl., Chicago, 1914, 50 pp. L. published also (3) Pangéométrie ou 
Précis de Géométrie fondée sur une Théorie générale et rigoureuse des Paralléles, Kazan, 1855. BONOLA 
[78], pp. 84-96, etc. In 1944 the Academy of Sciences, Moscow-Leningrad. publ. a 348-page biog. 
of LoBACHEvsky by V. F. KaGan. 

268. E. T. BELL, “Father and son Wolfgang and Johann Bolyai,” Scripta Math., v. 5, 1938, 
pp. 37-44, 95-100. G. B. HatstTep, (a) “Bolyai Farkas,” and (b) “Bolyai Janos,” Amer. Math. 
Monthly, (a) v. 3, 1896, pp. 1-5; (b) v. 5, 1898, pp. 35-38. BoNnora [78], pp. 96-113, etc. JANos 
Botyat's Latin Appendix of 1832 was translated into English: The Science Absolute of Space, ... 
independent of the Truth or Falsity of Euclid’s Axiom XI (which can never be decided a priori).... 
Austin, Texas, fourth ed., 1896, 71 pp. P. G. STACKEL, Wolfgang und Johann Bolyai, geometrische 
Untersuchungen. Leipzig, 1913, 2 v., viii, 274, xii, 282 pp. Briefwechsel zwischen Carl Friedrich Gauss 
und Wolfgang Bolyai, ed. by F. Scumunt u. P. G. STACKEL, Leipzig, 1899, 220 pp.+2 plates+14 
facsimiles. 

269. D. M. Y. SoMMERVILLE, Bibliography of Non-Euclidean Geometry, including the Theory 
of Parallels, the Foundations of Geometry, and Space of n Dimensions. London, 1911, xii, 404 pp. 

270. BELL [53], “The prince of mathematicians—Gauss,” pp. 218-269. PRasaD [254], v. 1, 
pP. vii-viii, 1-67 + portrait frontispiece. LENARD [202], pp. 240-247. Carl Friedrich Gauss, Inaugural 
Lecture on Astronomy and Papers on the Foundation of Mathematics. Transl. and ed. by G. W. 
DUNNINGTON, Baton Rouge, La., 1937, xi, 91 pp.; “The early life of C. F. G.” pp. 1-32. G. W. 
DuNNINGTON, “The historical significance of C. F. G. in mathematics and some aspects of his 
work,” Math. News Letter, v. 8, 1934, pp. 175-179. F. Cayort, (a) “C. F. G. and his children,” 
Science, n.s., v. 9, 1899, pp. 697-704; (b) “Gauss and his American descendants,” Pop. Sci. Mo., 
v. 81, 1912, pp. 105-114. H. Mack, Carl Friedrich Gauss und die Seinen. Festschrift zu seinem 150. 
Geburtstage. Braunschweig, 1927, 12+-150 pp.+-12 plates; one finds here details concerning Gauss’s 
sons who settled in the United States, and their descendants. SmiTH [150], “Gauss on the con- 
gruence of numbers,” ed. R. G. ARCHIBALD, pp. 107-111; “Gauss, third proof of the law of quad- 
ratic reciprocity,” ed. D. H. LEHMER, pp. 112-118; “Gauss, second proof of the fundamental 
theorem of algebra,” ed. C. R. ADAMs, pp. 292-306; “Gauss, on conformal representation,” ed. H. 
P. Evans, pp. 463-475. Bono.a [78], pp. 64-75, etc. SrRutK [258], pp. 161-167. P. E. B. JourDAIN, 
“The theory of functions with Cauchy and Gauss,” Bibl. Math., v.6, pp. 190-207, 1905. A. PRiNGs- 
HEIM, “Kritisch-historische Bemerkungen zur Funktionentheorie. V-VI. Uber einen Gaussischen 
Beweis der Irrationalitat von tang x bei rationalem x,” Akad. d. Wissen., Munich, Sitzb., math.- 
naturw. Abt., 1932, pp. 193-200, 1933, pp. 61-70. J. Munro, Heroes of the Telegraph, London, 1891, 
pp. 269-272. R. W. Pout, “Zur Jahrhundertfeier des elektromagnetischen Telegraphen von Gauss 
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und Weber...” , Gesell. d. Wissen. zu Géttingen, Nach., Jahresb., 1933-34, pp. 48-56. F. 
Kien, Vorlesungen tiber die Entwicklung der Math. im 19. Jahrhundert, part 1. Berlin, 1926, pp. 
6-60, etc.; see also part 2, 1927, index. F. KLe1n, “Gauss’s wissenschaftliches Tagebuch, 1796- 
1814” Gottingen Gesell. d. Wissen., Festschrift, Berlin, 1901, pp. 1-44 with portr. and facs. Ma- 
terialien fiir eine wissenschaftliche Biographie von G. Leipzig, 8 parts, 1911-1920. [1. P. BACHMANN, 
Uber Gauss’ zahlentheoretische Arbeiten, 1911, iv, 54 pp. 2-3. Gauss, Fragmente zur Theorie des arith- 
metisch-geometrischen Mittels aus den Jahren 1797-1799, and L. Scutesincer, Uber Gauss’ Ar- 
beiten zur Funktionentheorie. 1912, iv, 34, 143 pp. 4-5. A. GALLE, C. F. Gauss als Zahlenrechner, and 
P. STAcKEL, C. F. Gauss als Geometer, 1918, iv, 142 pp. 6. P. MAENNCHEN, Die Wechselwirkung 
zwischen Zahlenrechnen und Zahlentheorie bei C. F. Gauss, 1918, iv, 47 pp. 7. M. BRENDEL, Uber die 
astronomischen Arbeiten von Gauss, .. . theoretische Astronomie. 1919, iv, 106 pp. 8. A. FRAENKEL, 
Zahlbegriff und Algebra bei Gauss, mit einem Anhang von A. OsTROWSKI zum ersten und vierten 
Gausschen Beweise des Fundamentalsatzes der Algebra. 1920, ii, 59 pp. L. BrEBERBACH, C. F. Gauss, 
ein deutsches Gelehrtenleben. Berlin, 1938, 178 pp. Of Gauss’s Werke, 12 v., in 14, have been publ. 
1863-1933. 

271. SmitH [150], “Gauss on the division of the circle into equal parts,” ed. J. S. TURNER, 
pp. 348-350. F. KLeE1n, Famous Problems of Elementary Geometry, transl. by W. W. BEMAN & D. E. 
Situ. Second ed. rev. and enl. with notes by R. C. ARcHIBALD, New York, 1930; “Gaussian poly- 
gons,” pp. 81-85. J. Prerpont, “On an undemonstrated theorem of the Disquisitiones Arithmeticae,” 
Amer. Math. Soc., Bull., v. 2, 1895, pp. 77-83. R. C. ArcHiBALD, G. W. Dunnincton, & H. 
GeppErRT, “Gauss’s Disquisitiones Arithmeticae and the French Academy of Sciences,” etc., Scripta 
Math., v. 3, 1935, pp. 98, 193-196, 285-286, 356-358; v. 4, 1936, p. 106; and Nat. Math. Mag., 
v. 9, 1935, pp. 187-192. 

272. An American edition of one of Gauss’s famous astronomical works was: Theory of the 
Motion of the Heavenly Bodies moving about the Sun in Conic Sections; a translation of Gauss’s 
“Theoria Motus” with an Appendix. By C. H. Davis, Cambridge, Mass., 1857, xvii, 326, 42 pp. +7 
plates. In this work are found four formulae of spherical trigonometry, often called “Gauss’s 
analogies,” although discovered considerably earlier by DELAMBRE [246]. 

273. JEAN LE Ronp, dit D’ALEMBERT (1717-1783) mathematician, philosopher, author of 
many books and articles including Opuscules Mathématiques (8 v., Paris 1776-1780), Encyclopédie 
Méthodique. Mathématiques. (5 v., 1784-97, in collaboration with others), Mélanges de Littérature, 
d'Histoire et de Philosophie (5 v., new ed., Leyden, 1782-83), and Eléments de Musique théorique 
et pratique suivant les Principes de M. Rameau éclaircis, développées et simplifiés (Paris, 1752; fourth 
ed., Lyons, 1779). There is a very interesting sketch of D’Alembert by A. DEMorGan, in Penny 
Cycl., v. 1, 1833, and Engl. Cycl.-Biog., “ALEMBERT,” v. 1, 1856. L. LEMoINE, Dictionnaire de 
Biographie Francaise, ed. by J. BALTEAU, M. Barroux, & M. Prévost, Paris, v. 1, 1933, cols. 
1397-1416; a long list of portraits of D’ALEMBERT and a bibliography of his life, cols. 1414-1416. 
J. L. F. BERTRAND, Eloges Académiques, nouv. série, Paris, 1902, “D’Alembert et Lagrange” pp. 
291-311. J. L. F. Bertranp, Les Grands Ecrivains: D’ Alembert. Paris, 1889, 206 pp. ARCHIBALD 
[57], pp. 19-21. Srrurx [7], pp. 182-184. Smits [4], v. 1, pp. 479-480. 

274. ARCHIBALD [163], pp. 21-22. E. W. Scripture, “Arithmetical prodigies,” Amer. Jn. 
Psych., v. 4, 1891, pp. 18-20, 40-41, etc. F. D. MitcHELL, “Mathematical prodigies,” Amer. Jn. 
Psych., v. 18, 1907, pp. 75-77, etc. R. C. ARCHIBALD, “Mathematicians, and poetry and drama,” 
Science, n.s., v. 89, 1939, p. 46. 

275. Be. [53], “The day of glory—Poncelet,” pp. 206-217. Encycl. Brit., eleventh ed., v. 
22. Cayort [2], pp. 287-288. SmitH [150], “Poncelet on projective geometry” ed. by V. SANFORD, 
pp. 315-323; “Brianchon and Poncelet on the nine-point circle theorem,” ed. by M. M. SLoTNIck, 
pp. 327-338. J. L. F. BERTRAND, “Eloge historique de J. V. P.,” Acad. d. Sci., Paris, Mémoires, 
v. 41, pt. 2, 1879, pp. i-xxv and Eloges Académiques, 1890, pp. 105-129. Coo.ipce [245], pp. 92- 
95. E. Kérrer, Die Entwickelung der synthetischen Geometrie. Leipzig, 1901; “Poncelet,” very 
numerous references in the index. 

276. “Steiner”; Encycl. Brit., eleventh ed., v. 25, 1911. Cayort [2], pp. 290-292. L. KoLLRos, 
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Jakob Steiner. (Kurze Mathematiker-Biographien, no. 2). Suppl. Revue de Mathématiques Elémen- 
taires, Basel, Dec. 1947, 24 pp. Thereare 3 illustrs. (2 portraits and a facsimile of a page of Steiner's 
Ms.). CooLIpGE [245], pp. 96-97. K6TTER [275], many references in the index. J. LANGE, Jacob 
Steiners Lebensjahre in Berlin, 1821-1863, nach seinen Personalakten dargestellt. Berlin, 1899, 70 
pp., portr. E. Lampe, “Zur Biographie von J. S.,” Bibl. Math., s. 3, v. 1, pp. 129-141, 1900. W. 
Lorey, Das Studium der Mathematik an den deutschen Universitaten seit Anfang des 19. Jahr- 
hunderts, Leipzig, 1916, Steiner, pp. 46-49, etc. J. STEINER, Gesammelte Werke, ed. K. WEIER- 
sTRASS, Berlin 2, v., 1881-1882. 

In 1803 G. F. Maurartt1 of the Univ. of Ferrara proposed the problem to cut three cylindrical 
holes out of a triangular prism in such a way that the cylinders and the prism have the same alti- 
tudeand that the volumes of the cylinders be a maximum. This problem was reduced to another, 
now generally known as MALFatTt1’s problem: to inscribe three circles in a triangle so that each 
circle is tangent to two sides of the triangle and to the other two circles. MALFATTI gave an an- 
alytical solution but STEINER published without proof a simple construction by synthetic geom- 
etry, remarking that there were 32 solutions, and generalized the problem by replacing the three 
lines by three circles, and solved the analogous generalized problem for three dimensions: To de- 
te.. “re the three sections of a surface of the second order, each of them touching the other two 
an .iso two of three given sections of the surface of the second order. This general problem was 
solved analytically by CayLEy and CLEBscH, for example, with the aid of the addition theorem of 
elliptic functions. The literature of MALFATTI’s problem is very large. See A. WITTSTEIN, Geschichte 
des Malfatti’schen Problems. Diss. Erlangen. Munich, 1871, 39 pp.+4 folding plates. Supplement, 
Nérdlingen, 1878, 27 pp.+2 plates. Also R. C. ARcHIBALD, “Malfatti’s problem,” Scripta Mathe- 
matica, v. 1, pp. 170-171, 1932. 

Pappus stated the theorem that of all segments of a circle whose boundaries are of equal 
length the half circle has the greatest area. The corresponding result for the sphere was stated by 
ARCHIMEDES. In 1841 STEINER gave what he believed to be complete proofs that: Of all plane 
figures of equal boundary length, the circle has the greatest area; and of all figures of equal area 
the circle has the least boundary. But the proof was faulty since he did not prove that among all 
closed plane curves of given length there exists one whose area is a maximum, and similarly for 
the sphere. F. EpLER was the first (1882) to complete STEINER’s proof for the circle. The maximum 
property for the sphere was first rigorously proved by H. A. ScHwarz (1884), using WEIERSTRAS- 
SIAN results in the field of calculus of variations. The best elementary discussion of the problems 
here mentioned is in W. BLASCHKE, Kreis und Kugel. Leipzig, 1916, x, 169 pp. See also M. Zacua- 
ras, Encykl. d. math. Wissen., v. 3;, 1921, pp. 1118-1137; and R. Sturm, Maxima und Minima in 
der elementaren Geometrie. Leipzig u. Berlin, 1910, vi, 138 pp. 

277. PONCELET, Traité des Propriétés Projectives des Figures. Paris, 1922, pp. 187-190. Also 
second ed., v. 1, 1865, pp. 181-184, 413-414. In particular all points determined with ruler and 
compasses can also be found by a carpenter’s square or a ruler with parallel edges. Since a parallelo- 
gram may be drawn with a double edged ruler we recall the problem of LAMBERT (1774), often dis- 
cussed later: Given a parallelogram, construct, with ruler only, a parallel to a given line. With 
two carpenter squares it is possible to solve the problems of trisection of an angle or duplication of 
a cube. See ARCHIBALD, “Constructions with a double edged ruler,” Amer. Math. Monthly, v. 25, 
1918, pp. 357-359. What PoNCELET suggested as possible with ruler alone was carried ot in great 
detail in a famous little book of STEINER: Die geometrischen Konstruktionen, ausgefiihrt mittelst der 
geraden Linie und eines festen Kreises. Berlin, 1833, 110 pp.+2 plates. There have been Polish, 
two Russian, and a French (partial) translations; an English edition by MARION E. Stark, with 
Introduction and Notes by R. C. ARCHIBALD is in the press. Through the efforts of Jacobi the 
Univ. of Kénigsberg in 1833 conferred the degree of Ph.D. on STEINER and in 1834 through the 
influence of Jacosi and the brothers ALEXANDER and WILLIAM voN HuMBOLDT a new chair of 
geometry was founded for him at the University of Berlin and at the same time he was elected a 
fellow of the Prussian Academy of Sciences. If, instead of the circle in the PONCELET-STEINER 
constructions be substituted a given central conic and one of its foci, then every point constructed 
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with ruler and compasses may be found with ruler alone. Also every problem of the third and fourth 
degrees could then be solved with ruler and compasses. This was first proved by H. J. S. Smiru, 
“Mémoires sur quelques problémes cubiques et biquadratiques,” Amnali di Matem., s. 2, v. 3, 
1869, pp. 112-165, 218-242, or Coll. Math. Papers, v. 2, Oxford, 1894, pp. 1-66. For this, and a 
paper by Kortum, the Prussian Academy of Sciences made a joint award of its STEINER Prize for 
1868. 

STEINER became acquainted with the Norwegian genius ABEL when he was in Berlin, and also 
with A. L. CRELLE who in 1826 founded the famous mathematical Journal f. d. reine u. angew. 
Mathematik. Four of STEINER’s papers and one of ABEL’s appeared in the first v. of this periodical. 

278. SmitH [150], “Brianchon’s theorem,” ed. N. A. Court, pp. 331-336. See also [275]. 

279. L. WANTZEL, “Recherches sur les moyens de reconnaftre si un Probléme de Géométrie 
peut se résoudre avec la régle et le compas,” Jn. de Math. (LIOUVILLE), v. 2, 1837, pp. 366-372, 
particularly pp. 369 f. F. Cayort, “Pierre Laurent Wantzel,” Amer. Math. Soc., Bull., v. 24, pp. 
339-347, 1918. 

279a. APOLLoNtus of Perga in his Plane Loci showed that the inverse of a circle is a circle. 
It is prop. 17, bk. 1, in the restoration, ROBERT Simson, A pollonii Pergaei Locorum Planorum Liber 
ITI, Glasgow, 1749; German translation by J. W. CAMERER, Leipzig, 1796. In effect the proposition 
is as follows: If from any two points A, B, lines AC, =7,, BC.=r2, are drawn, making a constant 
angle with one another, if 7:72 =*, a constant, and if the locus of C; isa circle, so also is the locus of 
C:, in general. For the more general proposition see Pappus, Collection, ed. by F. Huttscu, Berlin, 
v. 2, 1877, pp. 661f; VER Eecke’s French translation, Paris and Bruges, 1933, v. 2, p. 495. 

280. PEAUCELLIER, a French army officer, announced his wonderful invention of a compass to 
draw a straight line, in a letter published in Nouv. Annales de Math., s. 2, v. 3, 1864, p. 414. PEAu- 
CELLIER there merely proposed asa problem to find a “compas” to describe in a continuous manner 
(1) a right line, (2) a circle, whatever its radius, (3) the conics. The letter concludes “Le mode de 
construction de ce genre du compas, supprimant tout mouvement de glissement, le tracé des 
courbes precitées est susceptible d’une extréme précision.” 

Announcement of PEAUCELLIER’s invention of 1864 was made in 1867, without description, by 
a brother officer of engineers, A. MANNHEIM, at a meeting of the Paris Philomathic Society; but 
this announcement attracted no particular attention until 1871 when the mechanism was redis- 
covered by a young man named Lipkin (Akad. Nauk., St. Petersburg, Bull., v. 16, 1871, pp. 57- 
60) a pupil of the celebrated CHEBYSHEV (of the Univ. of St. Petersburg) who had been laboring 
to demonstrate the impossibility of that which his pupil thus achieved. LrpKIN got a substantial 
reward from the Russian Government for his supposed originality. Thereafter PEAUCELLIER’S 
merit was at last recognized and he was awarded the “Prix Montyon”—the great mechanical prize 
of the Institut de France. PEAUCELLIER’s first paper on the linkage was published in Nouv. Annales 
de Math., s. 2, v. 12, 1873, pp. 71-78, and linkages for conic sections, conchoids of a circle, cissoid, 
were described. SYLVESTER proposed (with interesting comment) the PEAUCELLIER cell as a prob- 
lem in the Educ. Times (Reprint, v. 21, 1874, p. 58). PEAUCELLIER’S cell had 7 links. It was HARRY 
Hart who discovered the five-bar linkage (Cambr. Mess. Math., v. 4, pp. 82-88, 116-120, 1874). 

* 281. D. H. LEAVENS, “Linkages,” Amer. Math. Monthly, v. 22, 1915, pp. 330-334; and C. M. 
HEBBERT, “A cardiograph,” idem, pp. 12-13. A. EMcu, An Introduction to Projective Geometry, New 
York, 1905, pp. 242-260. V. Licuine, “Liste des travaux sur les systémes articulés” Bull. d. Sct. 
Math., v. 18, 1883, pp. 145-160; [151 titles published before 1883.] In Téhoku Math. Jn., v. 37, 
1933, pp. 294-319, R. KANAYAMA gave a bibliography of 306 titles (1631-1931) including those of 
Licuinr’s list. That even this last list is not by any means exhaustive even to the end of 1931, 
is shown in Scripta Math., v. 2, pp. 293-294, 1934. 

282. Cajorti [2], pp. 349-350. The proof of RuFFIN1 appears in his book Teoria generale delle 
Equazioni, Bologna, 1799, and in later articles on the subject. H. BurKHarpT, “Die Anfange der 
Gruppentheorie und P. R.,” Abh. 2. Gesch. d. mathem. Wissen., Heft 6, 1892, pp. 119-159. E. 
Borto.otti, Influenza dell’'Opera matematica di Paolo Ruffini sullo svolgimento delle teorie alge- 
briche. Modena, 1902, 57 pp. See also (215). 
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283. W. A. J. ARCHBOLD, “W. G. Horner,” Dict. Nat. Biog., v. 27, 1891; Smita [150], “Horn- 
er’s method,” ed. by M. McGurre, pp. 232-252. HorNER’s first paper on the subject was publ. 
in R. Soc. London, Trans., v. 109, 1819, pp. 308-335. It was reprinted, with some additional matter 
in Ladies Diary, 1838, pp. 49-72. Two revisions appeared in LEyBourN’s Math. Repository, v. 5, 
1830, part II, pp. 21-75, and in The Mathematician, “On algebraic transformations,” v. 1, 1845, 
pp. 108-116, 136-142, 311-316. F. Cayorr, “Horner’s method of approximation anticipated by 
Ruffini,” Amer. Math. Soc., Bull., v. 17, 409-414, 1911. See also [215]. 

284. Cayjort [2], pp. 363-364. WoLF [222], v. 4, 1862, pp. 375-389. M. B6cHER, “The published 
and unpublished work of Charles Sturm on algebraic and differential equations,” Amer. Math. 
Soc., Bull., v. 18, pp. 1-18, 1911. G. Loria, “Charles Sturm et son oeuvre mathématique,” L’En- 
seign. Math., v. 37, 1939, pp. 249-272+-portrait plate [246]. 

285. If the roots of the equation f(x) =0 are under consideration the theorem states that if N 
is the number of roots in the complex plane within a closed circuit A, not passing through any of 
the roots, then 

N= 
f(x) 


the integral being taken around A. More generally, if f(x) is continuous except for a finite number 
of poles, N is the difference between the number of poles and the number of zeros of f(x). See 
Caucny, Bull. Sci. Math., v. 16, 1831, pp. 116-128; Paris, Ecole Polytechnique, Jn., cahier 25, 
v. 15, 1837, pp. 176-193; C. Sturm & J. Liouvit.e. “Démonstration d’un théoréme de M. Cauchy, 
relatif aux racines imaginaires des équations,” Jn. d. Math. (LIOUVILLE), v. 1, 1836, pp. 278- 
289, and C. Sturm, “Autres démonstrations du méme théoréme,” idem, pp. 290-308. A refer- 
ence may also be given to E. McCuintock, “A method for calculating simultaneously all the roots 
of an equation,” Amer. Jn. Math., v. 17, 1895, pp. 89-110. 

286. BELL [53], “Mathematics and windmills—Cauchy,” pp. 294-306. PrasaD [254], v. 1, pp. 
68-110. SmitH [54]. Cayort [2], pp. 368-370. R. Strrurk & D. J. StrurK, “Cauchy and Bolzano in 
Prague,” Isis, v. 11, pp. 364-366, 1928. J. BERTRAND, Eloges Académiques, Nouv. série. Paris, 1902, 
“Floge de Augustin Louis Cauchy,” pp. 101-120. P. E. B. Jourpain, “The origin of Cauchy’s con- 
ceptions of a definite integral and of the continuity of a function,” Isis, v. 1, pp. 661-703, 1914. 
SmitH [150], “Mébius, Cayley, Cauchy, Sylvester, and Clifford on geometry of four or more dimen- 
sions,” ed. by H. P. MANNING, p. 524; “Cauchy on higher space” ed. by H. P. MANNING, pp. 
530-531; “Cauchy on the derivatives and differentials of functions of a single variable,” ed. by 
E. WALEER, pp. 635-637. I. ToDHUNTER, A History of the Progress of the Calculus of Variations in 
the Nineteenth Century. Cambridge and London, 1861, pp. 210-228. etc. C. A. VaLson, La Vie et les 
Travaux du Baron Cauchy. Paris, 2 v., 1868, xxiv, 290, xxiv, 178 pp. Caucuy, Oeuvres Completes. 
25 v. Paris, 1882-1938, to the end of 1947. 

287. A. SACHSE, “Versuch einer Geschichte der Darstellung willkiirlicher Functionen einer 
Variablen durch trigonometrische Reihen,” Abh. 2. Gesch. d. Math., Heft 3, 1880, pp. 229-276. 
BOécHER [246]. LANGER [246]. 

288. Herewith is a selected list of references on this topic, also indicating its history: HILDA 
Hupson, Ruler and Compasses, London, 1916, pp. 112-117. J. S. Mackay, “Geometrography of 
Euclid’s problems,” Edinb. Math. Soc., Proc., v. 12, 1894, pp. 2-16. J. L. CootipGe, A Treatise on 
the Circle and the Sphere. Oxford, 1916, pp. 166-179; applications to the problem of APOLLONIUS 
and Ma.ratti’s problem. E, Lemoine, “De la mésure de la simplicité dans les constructions 
géométriques,” Acad. d. Sci., Paris, Comptes Rendus, v. 107, 1888, pp. 169-171. E. Lemorne, 
Géométrographie ou Art des Constructions Géométriques. (Scientia series, no. 18). Paris, 1902, 87 pp. 
Roucué & CoMBEROUsSE, Traité de Géométrie. Paris, seventh ed., 1900; Note IV: “Sur la géométro- 
graphie,” by E. L., pp. 517-548. A. ADLER, Theorie der geometrischen Konstruktionen. Leipzig, 1906, 
pp. 277-301. T. VAHLEN, Konstruktionen und Approximationen in systematischer Darstellung. 
Leipzig 1911; “Geometrographie und Fehlertheorie,” pp. 121-128. E. Paprreritz, “Darstellende 
Geometrie,” Encykl. d. math. Wissen., v. 3,, part 4, 1910, pp. 529-531, 536. C. Atasta, La recente 
Geometria del Triangolo. Citta di Castello, 1900, xvi, 339 pp.; “La geometrografia,” pp. 29-49, 282- 
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283. A different system from that of Lemoine is set forth in A. GrtTTNER, Die Grundlagen der 
Geometrographie. Progr. Breslau. Leipzig, 1912, 54 pp. On pp. 7-8 GRUTTNER remarks that already 
in 1833, in his work on Geometrical Constructions [277], STEINER formulated the thought which is 
the basis of geometrography. LEMOINE wrote also on geometrography of three dimensions, 
Mathesis, 1902, pp. 105-107. LEMoINE was really the founder of L’Intermédiaire d. Mathématiciens, 
of which he and his friend C. A. Laisant were the editors, v. 1-17, 1894-1910. For sketches, each 
witha portrait of LEMOINE, see D. E. Smitu, Amer. Math. Monthly, v. 3, 1896, pp. 29-33, and C. A. 
LaIsANT, L’Enseignement Math., v. 14, 1912, pp. 177-183. Then the v. by L. AuGf bE Lassvus, 
La Trompette un demisiécle de musique de Chambre, Paris, 1911, ii, 239 pp., tells of the remarkable 
half-century of gatherings at LEMoINE’s home of a good part of the scientific, literary, and artistic 
circles of Paris, for the celebrated musical soirées. 

289. For example, there are Points associated with such names as: BROCARD, CRELLE, GAUSS, 
JeRABEK, Lemorne, NAGEL, STEINER, TARRY; among Lines: antiparallel, BROcARD, isogonal, 
LEMOINE, PHILO, symmedian; among Triangles: BROCARD, FUHRMANN, KIEPERT, LIONNET, 
Morey; among Circles: APOLLONIUS, JOACHIMSTHAL, LonccHamps, M’Cay, SCHOUTE, SPIEKER, 
TAYLOR, TUCKER; among Ellipses: BRocARD, CESARO, STEINER; among Hyperbolas: APOLLONIUS, 
FEVERBACH, KIEPERT; among Parabolas: Artz, KIEPERT, MANDART, NEUBERG; and among 
Theorems: CATALAN, CEVA, CHAPPLE, Lucas, MENELAUS, SCHLOMILCH. 

A few selected references in this field are as follows: Cayor [3], pp. 259-263. C. Atastia, La 
Recente Geometria del Triangolo. Citta di Castello, 1900, xvi, 339 pp.; there are 566 formulae for the 
triangle, pp. 309-339. C. Atasta, Saggio Terminologico-Bibliografico sulla Recente Geometria del 
Triangolo. Bergamo, 1902, iv, 43 pp. J. CAsEy, (a) A Sequel to the First Six Books of the Elements of 
Euclid. Fifth edition rev. and enl. Dublin and London, 1888, pp. 165-248; not in earlier or later 
English eds.—French ed. Ghent and Paris, 1890, 80 pp. of the pages 165-248, and of an unpubl. 
supplement by Casey. (b) A Treatise on the Analytical Geometry of the Point, Line, Circle and 
Conic Sections. Second ed. rev. and enl., Dublin and London, 1893, pp. 418-461. J. S. Mackay, 
(a) History of the nine point circle,” pp. 19-57; (b) “Early history of the symmedian point, pp. 
92-103, Edinb. Math. Soc., Proc., v. 11, 1893. A. Emmericn, Die Brocardschen Gebilde und ihre 
Beziehungen 2u den verwandten merkwiirdigen Punkten und Kreisen des Dreiecks. Berlin, 1891, 154 
pp.+1 folding plate. R. A. Jounson, Modern Geometry of the Triangle and the Circle. Boston, 1929. 
xiv, 319 pp. W. J. M’CLELLAND, A Treatise on the Geometry of the Circle... . London, 1891, pp. 
60-120, 207-217, etc. J. J. MitNE, Companion to the Weekly Problem Papers. London, 1888, pp. 
99-191, by T. C. Simmons. R. C. J. Nrxon, Euclid Revised. Third ed. Oxford, 1899; “The modern 
geometry of the triangle,” pp. 378-403. 

290. E. B. WiLson, “Reminiscences of Gibbs by a student and colleague,” Amer. Math. Soc., 
Bull., v. 37, pp. 401-416, 1931. R. E. LANGER, “Josiah Willard Gibbs,” Amer. Math. Monthly, v. 
46, 1939, pp. 75-84. E. B. Witson, Dict. Amer. Biog., “Gibbs,” v. 7, 1931, pp. 248-251. H. A. 
BumsTEaD, biographical sketch and bibliography in (a) Amer. Jn. Sci., s. 4, v. 16, 1903, pp. 187- 
202; (b) The Collected Works of J. Willard Gibbs, 2 v., v. 1, New York, 1928, pp. xiii-xxviii. A Com- 
mentary on the Scientific Writings of J. Willard Gibbs. Edited by F. G. DoNNAN and A. Haas. 2 v., 
New Haven, 1936; each of these v. deals with the corresponding v. of the Collected Works. MURIEL 
RUKEYSER, Willard Gibbs, New York, 1942, xi, 465 pp.; an interesting (though far from competent) 
biography written by a poet. In 1923 the American Mathematical Society established the JosiaAn 
WILLARD Gr1BBs [honorary] Lectureship, for annual semi-popular lectures on various aspects of 
mathematics and its applications. 

291. H. APPLEYARD, Dict. Nat. Biog. 1922-1930, 1937. A. RussELt, “Mr. Oliver Heaviside, 
F.R.S.,” Nature, v. 115, 1925, pp. 237-238. E. T. WHITTAKER, “Oliver Heaviside,” Calcutta Math. 
Soc., Bull., v. 20, 1930, pp. 199-220. 

292. At three years of age HAMILTON was a superior reader of English and considerably ad- 
vanced in arithmetic; at four a good geographer; at five able to read and translate Latin, Greek 
and Hebrew and liked to recite DRYDEN, CoLLins, MILTON, and Homer; at eight a reader of 
Italian and French and giving vent to his feelings in extemporized Latin; at ten a student of Arabic 
and Sanscrit. His career at Trinity College, Dublin, was extraordinary in that he achieved the 
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previously unheard of distinction of winning the highest possible marks, both in mathematical 
physics and in Greek. A Collection of Papers in memory of Sir William Rowan Hamilton (Scripta 
Mathematica Studies, no. 2). New York, 1945, 82 pp.+2 plates. [Partial contents: Facsimile pages 
from HamiLton’s Notebooks, pp. 12, 36. J. L. Synce, “The life and early work of W. R. H.,” pp. 
13-24. C. C. MacDurFeE, “Algebra’s debt to Hamilton,” pp. 25-35; F. D. MURNAGHAN, “An 
elementary presentation of the theory of quaternions,” pp. 37-49; “Poems by William Rowan 
Hamilton,” p. 50. H. BATEMAN, “Hamilton’s work in dynamics and its influence on modern 
thought,” pp. 51-63. “The Hamilton postage stamp” pp. 81—82.] A. MACFARLANE, Lectures on Ten 
British Mathematicians of the Nineteenth Century. New York, 1916, 148 pp. W. R. H., pp. 34-39; 
[the other sketches are of G. Peacock, A. DEMorGan, G. Booze, A. CayLey, W. K. CLiFrForp, 
H. J. S. Situ, J. J. Sy-vester, T. P. KirxMan, I. TopHuNTER]. Smita [54]. Bett [53], “An 
Irish tragedy—Hamilton,” pp. 340-361. “Quaternion centenary celebration [8 Nov. 1943],” R. 
Irish Acad., Proc., v. 50A., pp. 69-122+2 plates, 1945. [Partial contents: Opening remarks by the 
president; messages from J. L. SyNGE and G. D. BirxnorF; “The Dublin mathematical school in 
the first half of the nineteenth century” by A. J. MCCONNELL, pp. 75-88; “Quaternions” HAMILTON 
ms. 16 Oct., 1843, pp. 89-90; “The sequence of ideas in the discovery of quaternions,” pp. 93-98.] 
H. T. H. Praceio, “The significance and development of Hamilton’s quaternions,” Nature, v. 152, 
1943, pp. 553-555. R. P. Graves, Life of Sir William Rowan Hamilton .. . including Selections 
from his Poems, Correspondence and Miscellaneous Writings. Dublin, v. 1, 1882, 698 pp.+plate; 
v. 2, 1885, xvi, 719 pp.+plates; v. 3, 1889, xxxvi, 673 pp.+plates; Addendum, 1891, 17 pp. with 
particular reference to corrections of R. E. ANDERSON, Dict. Nat. Biog., W. R. H., v. 24, 1890. R. C. 
ARCHIBALD, “Mathematicians, and poetry and drama,” Science, v. 89, 1939, pp. 19-26, 46-50; 
W. R. H., pp. 25-26. Two v. of The Mathematical Papers of Sir William Rowan Hamilton have 
been published: v. 1, Geometrical Optics, ed. by A. W. Conway & J. L. SyncE. Cambridge, 1931, 
xxx, 534 pp.; Eloge by CHARLES GRAVES, pp. xvii-xxviii; v. 2, Dynamics, ed. by A. W. Conway & 
A. J. McConneE LL, 1940, xviii, 656 pp. 

Having referred to GipBs, HEAVISIDE, and HAMILTON, I should also, perhaps, have mentioned 
a German genius, HERMANN GUNTHER GRASSMANN (1809-77) and his two “Ausdehnungslehren” 
(1844, 1862), forming the basis of vector analysis. The first work in English on this subject was 
The Directional Calculus Based upon the Methods of Hermann Grassmann by E. W. Hyde, Boston, 
1890, xii, 247 pp. SmitH [150], “Grassmann on the Ausdehnungslehre” ed. by M. KormeEs, pp. 684- 
696. Commenting on GRASSMANN’S many-sided make-up and enormous industry (Amer. Math. 
Soc., Bull., v. 22, 1916, pp. 150), E. B. WiLson noted that he started as a theologian, invented his 
analysis of extension, wrote on physics, composed class texts for the study of German, Latin, and 
mathematics, edited a political paper and a missionary paper, investigated phonetic laws, pub- 
lished a dictionary of the Rig-Veda and a translation of it into verse, harmonized folk-songs in 
three voices—in addition to carrying on successfully his regular work as a teacher and an adminis- 
trator, and to bringing up nine of his eleven children. 

293. Mathematical Tables and Other Aids to Computation, nos. 1-24 (Jan. 1943-Oct. 1948). 

294. D. H. LEnMeEr, Washington, D. C., 1941, xiv, 177 pp. 

295. R. C. ARCHIBALD, “The New York Mathematical Tables Project,” Science, n. s., v. 96, 
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